
ABSOLUTE PROFINITE RIGIDITY, DIRECT PRODUCTS, AND FINITE

PRESENTABILITY

M. R. BRIDSON, A. W. REID, AND R. SPITLER

Abstract. We prove that there exist finitely presented, residually finite groups that are profinitely

rigid in the class of all finitely presented groups but not in the class of all finitely generated groups.

These groups are of the form Γ × Γ where Γ is a profinitely rigid 3-manifold group; we describe
a family of such groups with the property that if P is a finitely generated, residually finite group

with P̂ ∼= Γ̂× Γ then there is an embedding P ↪→ Γ × Γ that induces the profinite isomorphism;

in each case there are infinitely many non-isomorphic possibilities for P .

1. Introduction

The quest to understand the extent to which finitely generated groups are determined by their
finite images has been greatly invigorated in recent years with input from low-dimensional geometry
and topology. In our papers [14] and [15] with D. B. McReynolds, we provided the first examples of
finitely generated, residually finite, full-sized groups Γ that are profinitely rigid: for finitely gener-

ated, residually finite groups Λ, if Λ̂ ∼= Γ̂ then Λ ∼= Γ, where Λ̂ denotes the profinite completion of Λ.
The following theorem provides the first examples of finitely presented groups that are profinitely
rigid among finitely presented groups but not among finitely generated groups. Like the examples
in [14, 15, 16, 18], the groups Γ in this theorem are 3-manifold groups with particular arithmetic
properties. Here, S2(p, q, r) denotes the quotient H2/∆(p, q, r) of the hyperbolic plane by the trian-
gle group ∆(p, q, r) (the index-2 orientation-preserving subgroup of the reflection group associated
to a hyperbolic triangle with interior angles π/p, π/q and π/r).

Theorem 1.1. There exist finitely presented, residually finite groups Γ with the following properties:

(1) Γ× Γ is profinitely rigid among all finitely presented, residually finite groups.

(2) There exist infinitely many non-isomorphic finitely generated groups Λ such that Λ̂ ∼= Γ̂× Γ̂.
(3) If Λ is as in (2), then there is an embedding Λ ↪→ Γ × Γ that induces the isomorphism

Λ̂ ∼= Γ̂× Γ (in other words, Λ ↪→ Γ× Γ is a Grothendieck pair).

If M is any Seifert fibred space with base orbifold S2(3, 3, 4) or S2(3, 3, 6) or S2(2, 5, 5), then Γ =
π1M has these properties.

In this theorem, one can replace Γ × Γ by a direct product of finitely many copies of Γ; we
concentrate on the two-factor case to enhance the clarity of the exposition.

In general, for a fixed group Γ, there can be uncountably many finitely generated, residually finite

groups H with Ĥ ∼= Γ̂; see [35] and [41] for example. In other settings, for example nilpotent groups
[38], there can be only finitely many such H, up to isomorphism. The groups Γ × Γ in Theorem
1.1 provide the first examples of groups where the number of such H is countably infinite; this
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property is assured by parts (2) and (3) of Theorem 1.1. We express this in the language of [26],
where the profinite genus of a finitely generated, residually finite group Γ is defined to be the set of

isomorphism classes of finitely generated, residually finite groups H such that Ĥ ∼= Γ̂.

Corollary 1.2. There exist finitely presented, residually finite groups whose profinite genus is count-
ably infinite.

A motivating question in the study of profinite rigidity is to determine whether the free group
Fr is profinitely rigid when r ≥ 2. It is known that Fr ×Fr is not profinitely rigid, indeed there are
Grothendieck pairs P ↪→ Fr×Fr with P 6∼= Fr×Fr finitely generated. There are no such pairs with
P finitely presented, and it seems reasonable to conjecture that Fr satisfies Theorem 1.1. In order
to prove this, one would first have to show that Fr was profinitely rigid, but even this would not be
enough.

The groups Γ for which we shall prove Theorem 1.1 are fundamental groups of Seifert fibred
spaces whose base orbifold is S2(p, q, r) = H2/∆(p, q, r), where ∆(p, q, r) is one of

(1.1) ∆(3, 3, 4),∆(3, 3, 5), ∆(3, 3, 6), ∆(2, 5, 5), ∆(4, 4, 4).

Theorem 1.1 summarizes the main contribution of this paper, but we shall prove a number of
other results that are of independent interest. First, we prove the following theorem, which provides
the first infinite family of closed 3-manifolds whose fundamental groups are full sized (i.e. they
contain a free subgroup of rank 2) and profinitely rigid. For this, we augment the above list with

(1.2) ∆(2, 3, 8),∆(2, 3, 10), ∆(2, 3, 12), ∆(2, 4, 5), ∆(2, 4, 8).

Theorem 1.3. Let ∆(p, q, r) be a triangle group from list (1.1) or (1.2), and let M be a Seifert
fibred space with base S2(p, q, r). Then π1M is profinitely rigid.

The following pair of contrasting theorems explain how finite presentability emerges as a key
determinant of profinite rigidity. The first of these theorems is the key to promoting abstract
isomorphism of profinite completions to isomorphisms induced by inclusions (i.e. Grothendieck
pairs). This control is vital in the proofs of parts (1) and (2) of Theorem 1.1.

Theorem 1.4. Let ∆(p, q, r) be a triangle group from list (1.1) or (1.2), let M be a Seifert fibred
space with base orbifold S2(p, q, r) and let Γ = π1M . Then, for every finitely generated, residually

finite group Λ with Λ̂ ∼= Γ̂× Γ, there is an embedding Λ ↪→ Γ× Γ that induces the isomorphism.

Recall that a subgroup of PSL(2,C) is termed elementary if its limit set in CP1 consists of at
most two points. Otherwise, the group is called non-elementary. Throughout, by a Fuchsian group
we will always mean a finitely generated, discrete, non-elementary subgroup of PSL(2,R).

Theorem 1.5. For every Fuchsian group F and every Seifert fibred space M with base orbifold
H2/F , there are no Grothendieck pairs Λ ↪→ π1M × π1M with Λ 6= π1M × π1M finitely presented.

To complete the proof of Theorem 1.1 we prove the following result.

Theorem 1.6. If ∆(p, q, r) is a triangle group from list (1.1), then there are infinitely many Seifert
fibred spaces with base orbifold S2(p, q, r) whose fundamental group Γ has the property that there
are infinitely many non-isomorphic, finitely generated groups Λ and inclusions Λ ↪→ Γ×Γ inducing

isomorphisms Λ̂ ∼= Γ̂× Γ.

For the moment, S2(3, 3, 4), S2(3, 3, 6) and S2(2, 5, 5) are the only orbifolds for which we can
prove that the conclusion of Theorem 1.1 holds for the fundamental group of every Seifert fibred
space with the given base. The obstruction to extending this statement to the other bases from lists
(1.1) and (1.2) is discussed in Section 11.

Let us turn to some of the key ideas behind these results. In [15] we proved that the triangle
groups ∆ in lists (1.1) and (1.2) are profinitely rigid. We did so by employing the template from
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[14], starting with a proof that the groups in (1.1) are Galois rigid (this notion is recalled in Section
3). Theorem 1.3 follows a similar path, and we begin by establishing Galois rigidity for the groups
π1M in Theorem 1.3. It is not the case that an arbitrary central extension of ∆ will be profinitely
rigid [39], but we shall prove that it does follow when the centre is cyclic. To do this, we appeal to
the work of Wilkes [47] (recalled in Theorem 4.2 below), who proved that the fundamental groups
of most Seifert fibred spaces can be distinguished from the fundamental groups of other compact
3-manifolds by their profinite completions.

The key step of reducing abstract profinite isomorphism to the study of Grothendieck pairs
(Theorem 1.4) is explained in Section 6. Roughly speaking, we extend the ideas used in [14] to

cover direct products of Galois rigid groups, promoting profinite isomorphisms P̂ ∼= ∆̂×∆ to
Grothendieck pairs P ↪→ ∆×∆ under suitable arithmetic conditions. We then consider the effect
of taking central extensions.

For Theorem 1.6, not all of the groups from Theorem 1.3 can be used: we need constraints on
the Seifert invariants that ensure Γ = π1M has finite index in [G,G] where G is a group that maps
onto a non-elementary hyperbolic group and has H1(G,Z) finite and H2(G,Z) = 0

These conditions allow us to apply a homological argument, adapted from an idea of Bass and
Lubotzky [4], that constructs an epimorphism π1M → Q where Q is a finitely presented infinite

group with Q̂ = 1 and H2(Q,Z) = 0; this is explained in Section 8. With this epimorphism in
hand, an argument originating in the work of Platonov and Tavgen [40] and developed in [11] and
[4], allows us to construct a finitely generated Grothendieck pair Λ ↪→ Γ×Γ by taking a fibre prod-
uct. In fact, we are able to construct infinitely many non-isomorphic Q and from these we obtain
infinitely many possibilities for P , with Γ fixed. In the language of [9], this shows that Γ × Γ has
infinite strong profinite genus among finitely generated groups. The fact that there are no finitely
presented Grothendieck pairs Λ ↪→ Γ× Γ ultimately boils down to the fact every finitely presented
subgroup of a direct product of Fuchsian groups is closed in the profinite topology [12]; see Section
7. We shall prove in Theorem 7.3 that the statement of Theorem 1.5 remains valid for products of
any finite number of copies of π1M .

Acknowledgements: We are grateful to multiple institutions and hosts for their hospitality and
support as this work developed: the Mathematisches Forschungsinstitut Oberwolfach; the Max-
Planck-Institut für Mathematik, Bonn; the University of Auckland; the University of Oxford; the
organizers of the conference, “Groups of Dynamical Origins, Automata and Spectra” in Les Dia-
blerets; the Instituto de Ciencias Matemáticas, Madrid, particularly the AgolLab; and finally, the
organizers of the conference “Group actions and low-dimensional topology” in El Barco de Ávila,
and the townspeople of El Barco de Ávila. The third author would also like to thank Neil Hoffman
for asking about whether Theorem 1.3 might hold.

2. Preliminaries

Throughout this section, Γ will be a finitely generated, residually finite group and Γ̂ its profinite

completion. We will denote by Z(Γ) and Z(Γ̂) the centres of Γ and Γ̂ respectively. Throughout the
paper, if G is a profinite group and K ⊂ G a subset, then K will denote the closure of K in G.

2.1. Centres. The relationship between the centre of Γ and the centre of Γ̂ can be somewhat
complicated, but the following observation is straightforward.

Lemma 2.1. Z(Γ) = Z(Γ̂) ∩ Γ.

Proof. As Γ < Γ̂ is a subgroup, that Z(Γ̂) ∩ Γ ⊂ Z(Γ) is clear. On the other hand, since Γ < Γ̂ is

dense, any element of Γ̂ fixed by the conjugation action of Γ will be fixed by the conjugation action

of all of Γ̂. Thus Z(Γ) ⊂ Z(Γ̂). tu
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A similar argument shows that Z(Γ) ⊂ Z(Γ̂), but in general this inclusion may be strict. The
centre of the profinite completion can become unexpectedly larger as the following example shows.

Example 2.2. If Γ = SL(3,Z), then Z(Γ) = {1} is trivial. On the other hand, there are infinitely
many p for which Zp (the p-adic integers) contains a primitive cube root of unity, in which case the

centre of SL(3,Zp) is a cyclic group C3 of order 3. Therefore Z(Γ̂) = Z(
∏
p SL(3,Zp)) contains a

countable direct product of copies of C3.

We will need the following result on the centres of profinite completions of Fuchsian groups. This
seems to be well-known, but we could not find a reference and therefore include a proof.

Theorem 2.3. Let Γ be a finitely generated Fuchsian group. Then Z(Γ̂) = {1}.

Proof. We first assume that Γ is torsion-free, so Γ is either a free group or surface group. In the case

when Γ is free, that Γ̂ is centre-free follows directly from [33, Theorem 3.16]. When Γ is a surface
group, we can decompose Γ = A ∗C B where A and B are free groups and C is infinite cyclic. By
[44] Γ is LERF, and so the profinite topology on Γ induces the full profinite topology on A, B and

C and, furthermore, Γ̂ decomposes as the profinite free product with amalgamation Â tĈ B̂ (see
[43, Chapter 9.2]). Using the previously established centre-freeness of the profinite completion of

free groups, we can apply [33, Theorem 3.16] once again to deduce that Γ̂ is also centre-free.
We now assume that Γ contains elements of finite order. It is well-known that Γ admits surjections

onto finite simple groups of the form PSL(2, q) whose kernel is torsion-free (and hence a free group

or a surface group). Since PSL(2, q) is centre-free, Γ̂ is an extension of a centre-free group by a
centre-free group so is itself centre-free. tu

2.2. Goodness. A group Γ is good in the sense of Serre [45] if for any finite Γ-module M , the

natural map Γ→ Γ̂ induces isomorphisms:

Hq(Γ̂,M)
∼−→ Hq(Γ,M)

from the continuous cohomology of Γ̂ to the group cohomology of Γ, both with coefficients in M .
We will need the following examples of good groups (see [25] for the case of Fuchsian groups and

[42, Theorem 7.3] for the case of fundamental groups of compact 3-manifolds).

Theorem 2.4. If Γ is a finitely generated Fuchsian group or the fundamental group of a compact
3-manifold, then Γ is good.

A useful consequence of goodness that we will make use of is the following (see [42, Theorem 7.6]
for instance).

Theorem 2.5. If Γ is a finitely generated torsion-free group that is good, then Γ̂ is torsion-free.

2.3. Central Extensions. A further consequence of goodness is the following (see [25, Corollary
6.2]): if G is a residually finite, good group and H → G is an epimorphism with finitely generated,
residually finite kernel, then H is residually finite. We make use of this in the following way.

Lemma 2.6. Suppose that H is residually finite with finitely generated centre Z, and that H/Z is
good. Then H induces the full profinite topology on Z.

Proof. If Z ′ < Z is a subgroup of finite index in Z, then Z ′ is normal in H and we have a central
extension

1→ Z/Z ′ → H/Z ′ → H/Z → 1.

By the remark above, since H/Z is good, we deduce that H/Z ′ is also residually finite. Hence there
is a homomorphism from H/Z ′ to a finite group that is injective on Z/Z ′. If K is the kernel of the
composition of this map with H → H/Z ′, then K ∩ Z = Z ′. tu
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Corollary 2.7. 1→ Ẑ → Ĥ → Ĥ/Z → 1 is exact.

Remark 2.8. The exactness in Corollary 2.7 holds more generally as can be seen from [45, Exercise
2b]: if 1→ K → Γ→ Q→ 1 is exact with Q and K finitely generated and residually finite, and if

Q is good, then K̂ ∼= K in Γ̂.

Proposition 2.9. Let B be a good group such that B̂ has trivial centre and let E1, E2 be central

extensions of B with finitely generated kernels Z1, Z2. Then Ê1
∼= Ê2 implies Z1

∼= Z2.

Proof. For each extension we obtain a short exact sequence as in Corollary 2.7. Because B̂ has

trivial centre, Ẑi is the centre of Êi, so Ê1
∼= Ê2 implies Ẑ1

∼= Ẑ2, hence Z1
∼= Z2. tu

The hypothesis that Z1 and Z2 are finitely generated is unnecessary if we assume B is finitely
presented and E1, E2 are finitely generated because of the following well known fact.

Lemma 2.10. Let 1→ Z → B → C → 1 be exact with Z central. If C is finitely presented and B
is finitely generated then Z is finitely generated.

Proof. Since C is finitely presented and B is finitely generated, Z is finitely generated as a normal
subgroup of B. But the action of B by conjugation on Z is trivial, so any finite subset of Z that
generates it as a normal subgroup already generates it as a subgroup. tu

3. Galois Rigidity

We begin by recalling what we need about Galois rigidity from [14] and [15]. As in these papers, let
φ : SL(2,C)→ PSL(2,C) be the quotient homomorphism, and if H is a finitely generated subgroup
of PSL(2,C), set H1 = φ−1(H). It will be convenient to say that H is Zariski-dense in PSL(2,C)
when what we actually mean is that H1 is a Zariski-dense subgroup of SL(2,C). The trace-field of
H is defined to be the field

KH = Q(tr(γ) : γ ∈ H1).

If KH is a number field with ring of integers RKH , we say that H has integral traces if tr (γ) ∈ RKH
for all γ ∈ H1.

Suppose thatH is a finitely generated group and ρ : H → PSL(2,C) a Zariski-dense representation
with K = Kρ(H) a number field of degree nK . If K = Q(θ) for some algebraic number θ, then the
Galois conjugates of θ, say θ = θ1, . . . , θnK provide embeddings σi : K → C defined by θ 7→ θi. These
in turn can be used to build nK Zariski-dense non-conjugate representations ρσi : H → PSL(2,C)
with the property that tr (ρσi(γ)) = σi(tr ρ(γ)) for all γ ∈ H. We refer to these as Galois conjugate
representations. The existence of these Galois conjugates shows that |Xzar(H,C)| ≥ nKρ(H)

, where

Xzar(H,C) denotes the set of Zariski dense representations H → PSL(2,C) up to conjugacy.

Definition 3.1. Let Γ be a finitely generated group and ρ : Γ → PSL(2,C) a Zariski-dense repre-
sentation whose trace field Kρ(Γ) is a number field. If |Xzar(Γ,C)| = nKρ(Γ)

, we say that Γ is Galois

rigid (with associated field KΓ).

Zariski-dense representations β : Γ → PSL(2,C) are irreducible, so it follows from [19] (see also
[8, Section 3]) that they are determined up to conjugacy by their character. With this in mind,
we shall sometimes abuse notation by writing β ∈ Xzar(Γ,C) when what we mean is that β is a
Zariski-dense representation. Likewise, it is sometimes convenient to refer to elements of Xzar(Γ,C)
as if they were representations.

In our papers [14, 15] with McReynolds, the Galois rigidity of certain Fuchsian and Kleinian
groups played a crucial role in the proof of profinite rigidity. We will need to extend some of [14, 15]
to the settings of central extensions of certain Fuchsian groups and direct products of these Fuchsian
groups. The discussion below, in particular the number theoretic set-up, is guided by [15].
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We fix a real quadratic number field K ⊂ R with σ : K → R the non-trivial Galois embedding,
a quaternion algebra B/K, and a maximal order O < B. Since K has two real places v1 (the
identity place) and v2 (associated to σ), we can prescribe that B be ramified at either of v1 or v2,
and unramified at the other; denote these two possibilities by B1 and B2 respectively. If these Bi
are only additionally ramified at a finite place ω with residue field of characteristic p and ω is the
unique such place, then although B1 and B2 are not isomorphic (over K), there is an extension of
σ that maps B1 to B2. In this situation, and up to this ambiguity, we can identify B with either of
the Bi (for i = 1, 2).

Now suppose that ρ : B →M(2,R) is a representation so that ρ(O1) < SL(2,R), and let Γ be a
finitely generated, residually finite group with a representation f : Γ→ Pρ(O1) < PSL(2,C) whose
image is Zariski-dense with trace-field K (in fact this is automatic given the hypothesis that B is
ramified at a real place of K). With this preamble established, the following result can be readily
extracted from [14, Theorem 4.8 and Corollary 4.11].

Theorem 3.2. Let f : Γ→ Pρ(O1) be as above and assume that Γ is Galois rigid. If Σ is a finitely

generated, residually finite group such that Σ̂ ∼= Γ̂, then:

(i) Σ is Galois rigid with associated field K and quaternion algebra B.
(ii) If B has type number 1, and if Ram(B) = {v2, ω} where v2 is the real place described above,

and ω is a finite place as above, then there is a homomorphism f ′ : Σ→ Pρ(O1) ⊂ PSL(2,C)
with Zariski-dense image.

We now investigate direct products and Galois rigidity. We continue to assume that Γ is a finitely
generated, residually finite group that is Galois rigid, with a representation f : Γ → Pρ(O1) <
PSL(2,C) (with O ⊂ B as described above) whose image is Zariski-dense. We will consider Γ× Γ.
Let Γ1 = Γ × 1 and Γ2 = 1 × Γ, and for i = 1, 2 let πi : Γ × Γ → Γi denote the projection
homomorphism. For each i, let φi = f ◦ πi and φi = f ◦ πi where f is the Galois conjugate of the
representation f . Note that although Γ is Galois rigid, Γ× Γ is not.

Lemma 3.3. (1) For every representation of a direct product α : H1 × H2 → PSL(2,C), if
im(α) is non-elementary, then α(Hi) = 1 for exactly one of i = 1 or i = 2.

(2) If a group H has non-trivial centre Z, then α(Z) = 1 for every representation α : H →
PSL(2,C) with im(α) non-elementary.

Proof. If γ ∈ α(H1) is non-trivial, then α(H2) lies in the centraliser of γ in PSL(2,C), which is
abelian. Thus α(H2) is a normal abelian subgroup of the non-elementary group α(H1 ×H2). But
non-elementary subgroups of PSL(2,C) do not contain any non-trivial subgroups of this form, since
limit sets are preserved by normalisers, and so (1) is proved. The proof of (2) is similar. tu

Corollary 3.4. For each ψ ∈ Xzar(Γ × Γ,C) there is a unique i so that ψ is conjugate to exactly
one of φi or φi. Thus Γ × Γ has exactly 2 distinct Zariski-dense representations in PSL(2,C) up
to conjugation and taking Galois conjugates. In particular, |Xzar(Γ × Γ,C)| = 4 and all of these
representations have integral traces.

Proof. Let ψ ∈ Xzar(Γ×Γ,C). Since im(ψ) is Zariski-dense, it is also non-elementary. From Lemma
3.3, there is a unique i so that ψ factors through πi. And by hypothesis, every Zariski-dense
representation of Γi is conjugate to exactly one of f or f . Hence ψ is conjugate to exactly one of
φi or φi. Because representations factoring through distinct Γi have distinct kernels, they cannot
be conjugate. Also φi and φi cannot be conjugate as they induce distinct characters, so we have
|Xzar(Γ× Γ,C)| = 4. Each φi and φi has integral traces because f and f do. tu

This corollary tells us that although Γ × Γ is not Galois rigid, it still has only finitely many
Zariski-dense representations in PSL(2,C) up to conjugation, and we can account for them. Using
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ideas from [14] and [46] that extend Theorem 3.2, we can exploit this representation rigidity for
Γ× Γ to prove the following theorem.

Theorem 3.5. With f : Γ→ Pρ(O1) and Γ× Γ as above, and the continuing assumption that Γ is

Galois rigid, let Σ be a finitely generated, residually finite group such that Σ̂ ∼= Γ̂× Γ. Then

(i) Σ has exactly 2 distinct Zariski-dense representations, ψj : Σ → PSL(2,C), j = 1, 2, up to
conjugation and the taking of Galois conjugates.

(ii) |Xzar(Σ,C)| = 4 and the image of each Zariski-dense representation has trace field K.
(iii) If B has type number 1 and if Ram(B) = {v2, ω} where v2 is the real place described above,

and if ω is a finite place as above, then for j = 1, 2, the image of ψj is contained in Pρ(O1).

Proof. For i = 1, 2 we have the representations φi and φi of Γ×Γ in PB1 < PSL(2,C) and the trace
field of the image of each is K. From Corollary 3.4, we know that these are the only Zariski-dense
representations of Γ× Γ in PSL(2,C) up to conjugation. Each of these representations has integral
traces, so the image of Γ× Γ in each case will be p-adically bounded for any p-adic place of K.

With this information in hand, one can apply the arguments from [14, Theorem 4.8] and [46,

Theorem 6.1] to the fixed profinite isomorphism Σ̂ ∼= Γ̂× Γ to obtain similar collections for Σ. The
precise statement is as follows:

Proposition 3.6. For j = 1, 2 there is a number field Lj, a quaternion algebra Aj, and a Zariski-
dense representation ψj : Σ→ PA1

j < PSL(2,C) such that ψj(Σ) has trace field Lj. Furthermore,

(a) every Zariski-dense representation of Σ is conjugate in PSL(2,C) to a Galois conjugate of
ψ1 or ψ2;

(b) there is a bijection between sets of finite places, τ : V f
L1
tV f

L2
→ V f

KtV f
K so that if v is a p-adic

place of Lj, then τ(v) is a p-adic place of K with Lj,v ∼= Kτ(v) and Aj⊗LjLj,v ∼= B⊗KKτ(v);
(c) each ψj(Σ) has integral traces.

Continuing with the proof of Theorem 3.5, note that a priori the bijection τ in (b) does not need
to restrict to separate bijections of the V f

Lj
with V f

K , as Lj may be paired with different copies of V f
K

as the place v varies. Also note that it is not a priori necessary that the number fields L1 and L2 or
the quaternions algebras A1 and A2 be isomorphic. However, with the strict arithmetic assumptions
we have made on K and B we will shortly show that in fact Lj ∼= K and Aj ∼= B for each j.

Now we can immediately see that (i) of the theorem follows from (a) of the proposition. To prove
(ii) it is sufficient to show that each Lj ∼= K. Without loss of generality, we will show it for L1.
Note that if p is a rational prime which splits in K, then for each p-adic place w of K we have
Kw
∼= Qp. Thus condition (b) above implies L1 is completely split over p. Since this holds for every

split prime p, and K is Galois over Q, by [32, p. 108, Cor to Thm 31] we know that L1 is isomorphic
to a subfield of the quadratic field K. Next, if p is a prime that is inert in K, then for each p-adic
place w of K we have [Kw,Qp] = 2. So from condition (b) again, there is a p-adic place v of L1 so
that [L1,v,Qp] = 2, hence [L1,Q] ≥ 2 and L1

∼= K.
To show (iii), we first show that each Aj ∼= B, and again without loss of generality will show it

for A1. After showing (ii), we now know that A1 can also be considered as a quaternion algebra over
K, so we need only to determine its ramification set. By assumption, Ram(B) = {v2, ω} where v2 is
a real place of K and ω is a finite place such that it is the unique q-adic place of K for some specific
prime q. This means that for every prime p other than q, each p-adic place w of K has B ⊗K Kw

which is not a division algebra. From (b) above, this implies A1 is not ramified at any p-adic place
for any prime other than q. On the other hand, for each q-adic place w of K, we know B ⊗K Kw is
a division algebra. Hence A1 is ramified at ω, the unique q-adic place of K. Finally, because A1 is
ramified at only a single finite place of K, and K has only two real places, and the set of ramified
places must be even, we see that Ram(A1) = {r, ω} for one of the real places r of K. So up to the
previously mentioned ambiguity for such quaternion algebras over K, we have A1

∼= B.
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To finish (iii), we observe that from (c) we know that ψj(Σ) is contained in the image of some
order of Aj ∼= B. Since B has type number 1, it has a unique maximal order up to conjugation, so
after conjugating within PSL(2,C) we may assume that ψj(Σ) < Pρ(O1) as desired. tu

4. Seifert fibred spaces

For the reader’s convenience, we briefly recall some of the theory of Seifert fibred spaces, see [29,
Chapter VI], [30] or [44, §3] for more details.

4.1. Some basic facts about Seifert fibred spaces. A closed orientable 3-manifold M is a
Seifert fibred space if and only if M is foliated by circles. The leaves of this foliation are either
regular fibres or exceptional fibres. To describe this more carefully, we recall the following.

Let D2 denote the unit disc. By a trivially fibred solid torus we mean D2 × S1 with the product
foliation by circles; i.e. the fibres are the circles {x}×S1. A fibred solid torus is a solid torus with a
foliation by circles that is finitely covered by a trivially fibred solid torus. Such a solid torus can be
obtained from a trivially fibred solid torus by cutting it open along D2 × {y} for some y ∈ S1 and
gluing the ends of the solid cylinder by a 2qπ/p twist where p, q ∈ Z are coprime. These integers
can be normalized so that 0 < q < p.

Returning to the Seifert fibred space M , a regular fibre is one which has a trivially fibred solid
torus neighborhood, and otherwise it is an exceptional fibre, of which there are only finitely many.
Forming the quotient space of the Seifert fibred space by collapsing each fibre to a point, the result
is a 2-manifold with an orbifold structure (which we refer to as the base orbifold). When π1(M) is
infinite with t exceptional fibres and the base orbifold is orientable with underlying surface of genus
g, then π1(M) has a presentation

π1(M) = 〈x1, y1, . . . , xg, yg, c1, . . . , ct, z | z is central, c
pj
j z

qj = 1,
∏

[xi, yi]c1c2 . . . ct = zd〉,

where 0 < qj < pj for j = 1, . . . t, with qj coprime to pj , and d is an integer. The central generator
z is the homotopy class of any regular fibre. The set of pairs {(pj , qj) : j = 1, . . . , t} is called the
Seifert invariants of M , and following [30, 44], we define the euler number e(M) = −(d+Σtj=1qj/pj).
Note that when g = 0, the case of primary interest for us, the manifold is determined by the data
(e(M); (p1, q1), . . . (pt, qt)).

The Seifert fibred space M as above is geometric in the sense of Thurston (see [44]), and if the
base is a hyperbolic 2-orbifold (which will be the case of interest to us), then M admits a H2 × R
geometry or P̃SL2 geometry according to whether the euler number of M is zero or not. We also
point out for future reference that if a Seifert fibred space M with base a hyperbolic 2-orbifold fibres
over the circle, then e(M) = 0 and M has H2 × R geometry (see [44, Theorem 5.4]).

4.2. Finite extensions of Seifert fibred spaces. It will be important for us to identify when
central extensions of Fuchsian groups are the fundamental groups of Seifert fibred spaces, and to
that end we will make crucial use of the next result, which is [24, Lemma 5.15]. We include a sketch
of the proof for completeness.

Lemma 4.1. Suppose that G fits into a short exact sequence

1→ Z→ G→ F → 1,

where F is a cocompact Fuchsian group. Then G is the fundamental group of a Seifert fibred space
if and only if G is torsion-free.

Proof. If G is the fundamental group of a Seifert fibred space M with hyperbolic base, then M is
an aspherical manifold and so G is torsion-free.
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For the converse, let p : G → F denote the quotient homomorphism. We pass to a finite index
torsion-free normal subgroup F0 = π1(Σ) of F where Σ is a closed, orientable, surface of genus at
least 2. Let K = p−1(F0) which fits into an induced short exact sequence

1→ Z→ K → F0 → 1.

K is isomorphic to the fundamental group of an orientable circle bundle over Σ, which is Haken.
The key point now is that the extension

1→ K → G→ G/K → 1

is effective in the language of [24], and as such one can apply a theorem of Zimmermann [48, Satz
0.2] to conclude that since G is torsion-free, it is the fundamental group of a closed aspherical
3-manifold, which is necessarily Seifert fibred since it contains an infinite cyclic normal subgroup. tu

4.3. A result of Wilkes. We now recall a result of Wilkes [47] which identifies precisely the class of
Seifert fibred spaces whose fundamental groups are profinitely rigid within the class of fundamental
groups of compact 3-manifolds.

Theorem 4.2. Let M be a closed aspherical Seifert fibred space, and let N be a compact 3-manifold

with π̂1(M) ∼= π̂1(N). Then, either N ∼= M or else N is a Seifert fibred space and both M and N are
among the surface bundles over the circle with periodic monodromy that arise in the construction

of [28]. In particular, when π̂1(M) ∼= π̂1(N) and M and N are not homeomorphic, both M and N
have H2 × R geometry and e(M) = e(N) = 0.

We shall use this in combination with the following lemma.

Lemma 4.3. Let Λ and Γ be the fundamental groups of Seifert fibred spaces over a hyperbolic base

orbifold that has fundamental group ∆. Then, every homomorphism j : Λ→ Γ̂ with dense image is

injective and induces an isomorphism ĵ : Λ̂→ Γ̂

Proof. We have short exact sequences 1→ Z→ Λ→ ∆→ 1 and 1→ Z→ Γ→ ∆→ 1. As j(Λ) is

dense in Γ̂, its centre must map to the centre of Γ̂, so j induces a map π : ∆→ ∆̂ with dense image
such that the following diagram commutes.

1 −→ Z −→ Λ −→ ∆ −→ 1y yj yπ
1 −→ Ẑ −→ Γ̂ −→ ∆̂ −→ 1

Since the image of π is dense, it extends to an epimorphism π̂ : ∆̂→ ∆̂, and since ∆̂ is Hopfian, this
must be an isomorphism. Thus, with an appeal to Corollary 2.7, we obtain a commutative diagram

1 −→ Ẑ −→ Λ̂ −→ ∆̂ −→ 1y yĵ yπ̂
1 −→ Ẑ −→ Γ̂ −→ ∆̂ −→ 1

with ĵ a surjection and π̂ an isomorphism. It follows that the restriction of ĵ to Ẑ is an epimor-

phism. By the Hopf property for Ẑ, this restriction must be an isomorphism, and therefore ĵ is an
isomorphism. tu

Corollary 4.4. Under the hypotheses of Lemma 4.3, if the euler number of either Seifert fibred
space is non-zero then Λ ∼= Γ.
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4.4. Some calculations. We will need information about the abelianizations of the fundamental
groups of Seifert fibred spaces with base orbifolds S2(p, q, r) drawn from list (1.1), and control over
the euler numbers of Seifert fibred spaces with base from lists (1.1) and (1.2).

Here and throughout this article, we write Cn to denote the cyclic group of order n.

Lemma 4.5. Let M be a Seifert fibred space with base orbifold S2(p, q, r) where ∆(p, q, r) is drawn
from (1.1): i.e. is one of

∆(3, 3, 4),∆(3, 3, 5),∆(3, 3, 6),∆(2, 5, 5),∆(4, 4, 4).

Then, e(M) 6= 0 and H1(M,Z) is finite. In more detail, if

π1(M) = 〈c1, c2, c3, z | z is central, cp1z
e1 = cq2z

e2 = cr3z
e3 = 1, c1c2c3 = zd〉

then, in the various cases, H1(M,Z) is:

(1) ∆(3, 3, 4): C3k1
where k1 = 4e1 + 4e2 + 3e3 + 12d

(2) ∆(3, 3, 5): C3k2
where k2 = 5e1 + 5e2 + 3e3 + 15d

(3) ∆(3, 3, 6): C3 × C3k3
where k3 = 2e1 + 2e2 + e3 + 6d

(4) ∆(2, 5, 5): C5k4 where k4 = 5e1 + 2e2 + 2e3 + 10d
(5) ∆(4, 4, 4): C4 × C4k5 where k5 = e1 + e2 + e3 + 4d.

Proof. As M is a Seifert fibred space over S2(p, q, r), it has Heegaard genus 2 (see [5]), and hence
π1(M) has rank 2. It follows that if H1(M,Z) is not cyclic, then H1(M,Z) ∼= Cm × Cn. The
abelianizations of the five triangle groups that we are considering are, in order, C3, C3, C3 × C3,
C5 and C4×C4, and the abelianization of π1M surjects the abelianization of its base. Abelianizing
the fundamental group of π1M in the five cases gives the relation matrices shown below:

e1 3 0 0
e2 0 3 0
e3 0 0 4
−d 1 1 1

 ,


e1 3 0 0
e2 0 3 0
e3 0 0 5
−d 1 1 1

 ,


e1 3 0 0
e2 0 3 0
e3 0 0 6
−d 1 1 1

 ,


e1 2 0 0
e2 0 5 0
e3 0 0 5
−d 1 1 1

 ,


e1 4 0 0
e2 0 4 0
e3 0 0 4
−d 1 1 1

 .

These have determinants 3(4e1 + 4e2 + 3e3 + 12d), 3(5e1 + 5e2 + 3e3 + 15d), 9(2e1 + 2e2 + e3 + 6d),
5(5e1 + 2e2 + 2e3 + 10d) and 16(e1 + e2 + e3 + 4d) respectively.

For H1(M,Z) to be infinite these determinants must vanish. Setting these determinants to zero,
and rearranging, we see that in the case of the first four equations it follows that 4|e3, 5|e3 2|e3 and
2|e1. However, by definition of the Seifert invariants (the coprimeness of p, q r with the ei), none of
these conditions is satisfied. For the final case, by definition of the Seifert invariants, each ei = 1 or
3, and so e1 + e2 + e3 is always odd, and hence the determinant cannot vanish in this case either.
It follows that these determinants are the orders of the abelianizations, as claimed.

As noted, for M a Seifert fibred space as above, π1(M) has rank 2, and so the structure of the
abelianizations in cases (3) and (5) of Lemma 4.5 follows immediately. We also note that using
the coprimeness condition on the Seifert invariants in these cases that k3 is coprime to 3 and k5 is
coprime to 2.

For the remaining cases of Lemma 4.5, we note that if Z denotes the image of the centre in
H1(M,Z) then we have an exact sequence (where C ∼= C3 or C ∼= C5 is the abelianization of the
triangle group base)

1→ Z → H1(M,Z)→ C → 1.

Once again, using the coprimeness condition on the Seifert invariants we deduce that (4e1 + 4e2 +
3e3 + 12d) and (5e1 + 5e2 + 3e3 + 15d) are coprime to 3 and (5e1 + 5e2 + 3e3 + 15d) is coprime to 5.
Hence the order of Z is coprime to |C| = 3, 5, and it follows that the abelianizations in these three
cases are as claimed.

That e(M) 6= 0 now follows easily since it is known (see [28, Theorem 4.1] or [44, Theorem 5.4])
that if M is a closed orientable Seifert fibred space with orientable base then M is also a surface
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bundle over the circle with periodic monodromy if and only if e(M) = 0. In our case, since H1(M,Z)
is finite, it cannot be a surface bundle over the circle and therefore e(M) 6= 0. tu

Lemma 4.6. Let M be a Seifert fibred space with base orbifold S2(p, q, r) where ∆(p, q, r) is from
(1.2), i.e. is one of

∆(2, 3, 8),∆(2, 3, 10),∆(2, 3, 12),∆(2, 4, 5),∆(2, 4, 8).

Then e(M) 6= 0.

Proof. Each triangle group in the statement of Lemma 4.6 has a subgroup of index 2, namely the
corresponding triangle group from list (1.1). Thus M has a double cover M ′ which is a Seifert
fibred space with base S2(p′, q′, r′) from (1.1). For euler numbers we have e(M ′) = 2e(M) (see [44,
Theorem 3.6] for example), and Lemma 4.5 tells us that e(M ′) 6= 0. tu

5. Profinite rigidity of certain Seifert fibred spaces

For the convenience of the reader, we begin by recalling from [15] that the triangle groups on
which we are focussing are profinitely rigid.

Theorem 5.1. Each of the triangle groups in (1.1) and (1.2) is arithmetic and profinitely rigid.

5.1. Reducing to the relative case. Let ∆ = ∆(p, q, r) be one of the triangle groups from
Theorem 5.1, let M be a Seifert fibred space with base S2(p, q, r), and Γ = π1M . As a first
step towards proving that Γ is profinitely rigid, we reduce to a “relative situation” by proving the
following result.

Theorem 5.2. For Γ as above and Λ a finitely generated, residually finite group with Γ̂ ∼= Λ̂, there
is a Seifert fibred space N with base S2(p, q, r) such that Λ ∼= π1(N).

The main idea here is that the Galois rigidity of ∆ can be upgraded to Galois rigidity for Γ.
Arguments similar to those in [15] can then be used to show that Λ must itself surject ∆, giving Λ
as a Z-central extension of ∆.

Lemma 5.3. If ∆ is Galois rigid, then Γ is Galois rigid with the same associated trace-field and
quaternion algebra as ∆.

Proof. We have a surjection p : Γ → ∆. Each Zariski-dense representation ∆ → PSL(2,C) pulls
back to a Zariski-dense representation Γ → PSL(2,C). Since ∆ is assumed to be Galois rigid, it
suffices to show that every Zariski-dense representation f : Γ → PSL(2,C) factors through p. But
since a Zariski-dense representation has non-elementary image, this follows from Lemma 3.3(2). tu

Following the strategy from [15], it will be convenient to first prove Theorem 5.2 for the a limited
list of the bases S2(p, q, r). The remaining triangle groups in Theorem 5.1 will be handled in
Proposition 5.5. However, we first comment upon and correct some statements from [15].

The reader may have observed that the triangle groups in (1.1) are a proper subset of those listed
in [15, Proposition 3.3] where Galois rigidity is asserted. This is because it was wrong to assert that
the proof applied to ∆(3, 5, 5) and ∆(5, 5, 5); indeed these groups are not Galois rigid. In hindsight,
this is clear for ∆(5, 5, 5) since it is an index-2 subgroup of ∆(2, 5, 10) and ∆(2, 5, 10) surjects the
triangle group ∆(2, 5, 5), which has no subgroup of index-2. The additional characters that show
∆(3, 5, 5) is not Galois rigid are less obvious; they are described in the erratum to [15]. The proof
of [15, Proposition 3.3] is valid for the groups in list (1.1). A very pleasing and clean account of
the set of characters of all PSL(2,C) representations of triangle groups is given in [1, Proposition
D] and the Galois rigidity of the groups in (1.1), proved in [15], can be verified using this account.

Proposition 5.4. When ∆ = ∆(p, q, r) is a triangle group from list (1.1), the conclusion of Theorem
5.2 holds.
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Proof. The preceding discussion tells us that each of these triangle groups is Galois rigid. In addition,
from [15, §3.2], the invariant trace-fields and quaternion algebras of these triangle groups all satisfy
the hypothesis described in the preamble to Theorem 3.2. Thus, Lemma 5.3 shows that Γ is Galois
rigid with the same invariant trace-field and quaternion algebra as ∆.

We now imitate the proof of [15, Theorem 1.1], for which we first assume that ∆ is one of the
first four triangle groups in (1.1). From [15, Theorem 3.2], each of these triangle groups is exactly
the image in PSL(2,C) of the group of norm 1 elements in the unique (up to conjugation) maximal
order of their quaternion algebra. In this context, Theorem 3.2 provides a finitely generated non-

elementary subgroup L < ∆ and a surjection ρ : Λ � L inducing a continuous surjection ρ̂ : Λ̂ � L̂.

Because Γ is a central extension 1→ Z→ Γ→ ∆→ 1, Corollary 2.7 shows that Λ̂ ∼= Γ̂ is also a

central extension 1 → Ẑ → Λ̂ → ∆̂ → 1, and so the kernel of the surjection f : Λ̂ → ∆̂ is central.

Since L is Fuchsian, L̂ is centre-free by Theorem 2.3, so that ρ̂ descends along f to give a surjection

h : ∆̂ � L̂ with ρ̂ = h ◦ f . From [15, Corollary 3.8], this implies that L = ∆, and by the Hopfian

property for finitely generated profinite groups, h : ∆̂ � L̂ = ∆̂ must also be injective. Since h is
an isomorphism and ρ̂ = h ◦ f , we can see that ρ̂ has the same kernel as f , which we know is central

in Λ̂. Thus the kernel of ρ itself is central in Λ.
So far we have shown that ρ gives a surjection of Λ onto ∆ with central kernel. It now follows

from Proposition 2.9 that the center of Λ must be isomorphic to that of Γ, namely Z. Since Γ is
torsion free, Theorems 2.4 and 2.5 imply that Λ is also torsion-free. Putting this together with
Lemma 4.1 implies that Λ is isomorphic to the fundamental group of a Seifert fibred space, whose
base has orbifold group isomorphic to ∆. This completes the proof for the first four triangle groups
in (1.1).

We next consider the case of ∆ = ∆(4, 4, 4). Now, ∆ ⊂ ∆(3, 3, 4) is a normal subgroup of index
3, and in this case the methods of [15] only provide a surjection ρ : Λ → L and a priori we only

know L < ∆(3, 3, 4). As above, we can construct ρ̂ : Λ̂ � L̂ and h : ∆̂ � L̂ with ρ̂ = h◦f . However,
as in [15], if L were not contained in ∆, then L would have a Z/3Z quotient which would pull back
to ∆ along h, and ∆ has no such quotient. Thus we see that L < ∆, and the rest of the proof now
proceeds as in the previous cases: we conclude that L = ∆, that Λ is a central extension of ∆ by
Z, and that Λ is isomorphic to the fundamental group of a Seifert fibred space with the appropriate
base. tu

The triangle groups in (1.2) can now be handled as in [15] by understanding the index-2 extensions
of the cases already proven in Proposition 5.4.

Proposition 5.5. When ∆ = ∆(p, q, r) is a triangle group in (1.2), the conclusion of Theorem 5.2
holds.

Proof. Let ∆ denote any one of the triangle groups (1.2), and let ∆′ be the unique triangle group
appearing in (1.1) which is an index-2 subgroup of ∆. Let Γ′ < Γ be the index-2 subgroup whose

image in ∆ is ∆′. From the isomorphism Λ̂ ∼= Γ̂ we obtain a corresponding index-2 subgroup Λ′ < Λ

so that Λ̂′ ∼= Γ̂′. In particular, Λ̂′ contains the central Ẑ which is the kernel of the surjection Λ̂ � ∆̂

and the image of Λ̂′ under this surjection is ∆̂′.
Now Γ′ is the fundamental group of a Seifert fibred space whose base is the triangle orbifold

corresponding to ∆′, and we may apply Theorem 5.4 to see that Λ′ is also isomorphic to the
fundamental group of such a Seifert fibred space. In particular, Λ′ is a central Z-extension of ∆′.

Because ∆̂ is centre free, by Theorem 2.3, Λ′ contains the centre of Λ. Hence Λ is a central Z-

extension of some group, G = Λ/Z, which is an index-2 extension of ∆′, and Ĝ ∼= ∆̂. By [15,
Lemma 4.3], this implies G ∼= ∆, so Λ is also a central Z extension of ∆. Just as in the end of the
proof of Proposition 5.4, we can now apply Theorem 2.4 and Theorem 2.5 to show that Λ torsion-free
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and Lemma 4.1 to show that Λ is isomorphic to the fundamental group of a Seifert fibred space as
claimed. This finishes the proof of Theorem 5.2. tu

5.2. Completing the proof of profinite rigidity. In this subsection we put together the results
from the previous sections to prove Theorem 1.3, which we restate for the reader’s conveneince.

Theorem 5.6. Let M be a Seifert fibred space with base orbifold S2(p, q, r) associated to a triangle
group in (1.1) or (1.2). Then Γ = π1M is profinitely rigid.

Proof. Suppose that Λ is a finitely generated, residually finite group with Λ̂ ∼= Γ̂. We know from
Theorem 5.2 that Λ is isomorphic to the fundamental group of a Seifert fibred space with the same
base S2(p, q, r) as M . From Lemmas 4.5 and 4.6 we know e(M) 6= 0, so we can apply Theorem 4.2
to deduce that Λ ∼= Γ. tu

6. Reducing to Grothendieck rigidity: proof of Theorem 1.4

We remind the reader of the statement of Theorem 1.4 from the introduction.

Theorem 6.1. Let ∆(p, q, r) be a triangle group from (1.1) or (1.2), let M be a Seifert fibred space
with base orbifold S2(p, q, r) and let Γ = π1M . Then, for every finitely generated, residually finite

group Λ with Λ̂ ∼= Γ̂× Γ, there is an embedding Λ ↪→ Γ× Γ that induces the isomorphism.

We begin by establishing some notation that will enable us to describe the outline of the proof.

Given a finitely generated, residually finite group Λ with Λ̂ ∼= Γ̂× Γ, we fix an isomorphism and

use the inclusion Λ ↪→ Λ̂ ∼= Γ̂× Γ to identify Λ with its image in Γ̂× Γ. To lighten the notation,

we write Γ̂1 = Γ̂ × 1 and Γ̂2 = 1 × Γ̂. Let Λi (i = 1, 2) denote the projections of Λ to Γ̂1 and Γ̂2

respectively. Our ultimate goal, for suitable Γ, is to prove that Λ1
∼= Λ2

∼= Γ and that Λ ↪→ Λ1×Λ2

is a Grothendieck pair.
The main arguments in this section build on Theorem 3.5 to establish the following proposition.

This covers the ∆(p, q, r) drawn from (1.1); we deal with (1.2) at the end of this section.

Proposition 6.2. Let Γ be the fundamental group of a Seifert fibred space whose base orbifold is
S2(p, q, r) with ∆(p, q, r) from (1.1) and let Λ be as above. Then,

(1) Λi is dense in Γ̂i, for i = 1, 2;
(2) Λi is the fundamental group of a Seifert fibred space with base S2(p, q, r).

Before proving this proposition, we explain why it implies Theorem 1.4 for those ∆(p, q, r) from
(1.1).

Proof of Theorem 1.4 (=6.1) for those ∆(p, q, r) from (1.1). With the notation established
above, Proposition 6.2 allows us to apply Corollary 4.4 and conclude that Λ1

∼= Λ2
∼= Γ. By

construction, the inclusion Λ ↪→ Γ̂× Γ, which realises the given isomorphism Λ̂ ∼= Γ̂× Γ, factors

through Λ ↪→ Λ1 × Λ2. And since Λ1
∼= Λ2

∼= Γ, the Hopf property for Γ̂× Γ implies that there is

an automorphism of Γ̂× Γ taking Λ1 × Λ2 to Γ× Γ. tu

6.1. Proof of Proposition 6.2. We continue with the notation established above: Γ will be the
fundamental group of a Seifert fibred space over a base with fundamental group ∆,

(6.1) 1→ Z→ Γ→ ∆→ 1,

and Λi ⊂ Γ̂i is the image of Λ < Γ̂× Γ̂ under coordinate projection. Item (1) of Proposition 6.2 is
obvious, given these definitions, and our task is to prove Proposition 6.2(2).

We now define Ni = Λ ∩ Γ̂i, so Λ1 = Λ/N2 and Λ2 = Λ/N1, and we define Li < ∆̂ to be the

image of Λi under Γ̂i → ∆̂, where Γ × Γ → ∆ × ∆ is the product of two copies of the map from
(6.1).
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Lemma 6.3. Every representation ρ : Λ → PSL(2,C) with non-elementary image factors through
one of the projections Λ→ Λ1 or Λ→ Λ2.

Proof. Apply Lemma 3.3(1) with Hi = Ni = Λ ∩ Γ̂i to see that one of the Ni must map trivially,
hence ρ factors through Λ→ Λj 6=i. tu

We also need a profinite analogue of Lemma 3.3.

Lemma 6.4. Let ∆ be a non-elementary Fuchsian group and let G1 and G2 be finitely generated
profinite groups.

(1) For every continuous epimorphism φ : G1 ×G2 � ∆̂, either φ(G1) = 1 or φ(G2) = 1.

(2) If ∆̂ ∼= G1/Z with Z < G1 central, then Z is the centre of G1 and kerψ = Z for every

epimorphism ψ : G1 → ∆̂.

Proof. First we prove (1). The embedding ∆ → ∆̂ induces a bijection between the conjugacy
classes of finite subgroups [13, Theorem 5.1]. In particular, since ∆ does not contain a finite normal

subgroup, neither does ∆̂, so if the assertion of (1) were false, then both φ(G1) and φ(G2) would be
infinite. Passing to a subgroup of finite index in ∆ and replacing G1 and G2 by the pre-images of
this subgroup reduces us to the case where ∆ is torsion-free, i.e. is a free or surface group. But a
non-trivial, finitely generated, closed normal subgroup of the profinite completion of such a group
(indeed of any limit group [27, Theorem B]) is of finite index. But φ(G1) and φ(G2) commute, so
cannot both be of finite index, otherwise, φ(G1) ∩ φ(G2) is an abelian subgroup of finite index in

∆̂, which is a contradiction.

For (2), from Theorem 2.3 we know that ∆̂ is centreless, hence Z = Z(G1) and Z ≤ kerψ

for all epimorphisms ψ : G1 � ∆̂. In particular, ψ factors through G1/Z and the induced map

ψ : G1/Z � ∆̂ gives rise to an epimorphism

∆̂
∼=→ G1/Z

ψ
� ∆̂.

As ∆̂ is Hopfian, we deduce that ψ is injective, hence kerψ = Z. tu

Proposition 6.5. Let ∆ be a hyperbolic triangle group and let Γ be a finitely generated central

extension of ∆. If Λ is a finitely generated group with Λ̂ ∼= Γ̂× Γ, then there does not exist a
homomorphism h : Λ→ ∆ with image a non-elementary proper subgroup.

Proof. If there were such a homomorphism h, with image S say, then Lemma 6.4(1) would tell us

that ĥ factored through one of the coordinate projections in Γ̂× Γ. And since, by Theorem 2.3, the

centre of Ŝ is trivial, ĥ would actually factor through Γ̂ modulo its centre, which is ∆̂. But [15,

Corollary 3.7] shows that there is no epimorphism from ∆̂ to Ŝ. tu

We now assume that ∆ = ∆(p, q, r) is one of the triangle groups from list (1.1), the key feature of
these groups is again their Galois rigidity and specific arithmetic properties which ensure Theorem
3.5 can be applied.

Proposition 6.6. Suppose that ∆ = ∆(p, q, r) is from list (1.1) and that Γ is the fundamental group
of a Seifert fibred space whose base orbifold is S2(p, q, r). If Λ is a finitely generated, residually finite

group with Λ̂ ∼= Γ̂× Γ and Λi is its projection to Γ̂i, then there exist epimorphisms gi : Λi → ∆ and
hence a homomorphism

g : Λ ↪→ Λ1 × Λ2
(g1,g2)→ ∆×∆

with image a full subdirect product.
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Proof. Arguing as in the first paragraph of the proof of Proposition 5.4, we see that Γ satisfies
the hypotheses of Theorem 3.5. Thus, from Theorem 3.5(i) we obtain representations ψi : Λ →
Pρ(O1) < PSL(2,C) for i = 1, 2, with ψ1 and ψ2 distinct up to conjugation in PSL(2,C). Crucially,
∆ = Pρ(O1) for all of the triangle groups ∆ in list (1.1) except ∆(4, 4, 4), so ψi has image in ∆.
An additional argument is required in the case ∆(4, 4, 4), which is a normal subgroup of index 3 in
the corresponding unit group Pρ(O1) = ∆(3, 3, 4). In this case, if I := imψi were not contained in

∆(4, 4, 4), then we would have a surjection Λ → I → C3 and hence Λ̂ → Î → C3. But this is not

possible, because Î has trivial centre, by Theorem 2.3, and Λ̂ = Γ̂× Γ̂ modulo its centre is ∆̂× ∆̂,

where ∆ = ∆(4, 4, 4), and ∆̂× ∆̂ does not map onto C3 since ∆(4, 4, 4) does not.
We have argued that in all cases ψi has image in ∆. The images of these representations ψi are

non-elementary, and by Proposition 6.5 each must be a surjection. Thus we obtain a homomorphism

ψ : Λ
(ψ1,ψ2)→ ∆×∆ whose image is a subdirect product. We claim that in fact this is a full subdirect

product, i.e. that the image of ψ = (ψ1, ψ2) intersects both factors of ∆×∆. To see why this is true,
consider what would happen if imψ were to intersect ∆×1 trivially. In this case, the restriction of the
projection ∆×∆ → 1×∆ to imψ would be an isomorphism with inverse ψ2(λ) 7→ (ψ1(λ), ψ2(λ)).
The composition of this last map with the projection ∆ × ∆ → ∆ × 1 would give a surjection
ψ2(λ) 7→ ψ1(λ) from ∆ to ∆. As ∆ is Hopfian, this surjection must be an automorphism. However,
∆ is rigid, in the sense that the faithful discrete representation of ∆ in PSL(2,C) is unique up to
conjugacy in PSL(2,C), so that this automorphism of ∆ must be the restriction of a conjugation in
PSL(2,C). But there is no such conjugation, because ψ1 and ψ2 are distinct up to conjugation in
PSL(2,C), hence there can be no such automorphism.

Lemma 6.3 tells us that each ψi must factor through at least one of the maps Λ → Λj(i), while

Lemma 6.4(1) tells us that each ψ̂i must factor through exactly one of the maps Λ̂→ Γ̂j . We shall

complete the proof by arguing that we can choose {j(1), j(2)} = {1, 2}. It is clear that if ψ̂i factors

through Λ̂→ Γ̂j then ψi factors through Λ→ Λj , so we will be done if we can derive a contradiction

from the assumption that ψ̂1 and ψ̂2 both factor through Λ̂→ Γ̂1. Suppose, then, that for i = 1, 2 we

have an epimorphism Ψ̂i : Γ̂1 → ∆̂ so that ψ̂i = Ψ̂i ◦p where p : Λ̂→ Γ̂1 is the coordinate projection.

Lemma 6.4(2) tells us that ker Ψ̂1 = ker Ψ̂2 = Z(Γ̂1). Therefore, im(ψ̂1, ψ̂2) = im(Ψ̂1, Ψ̂2) < ∆̂× ∆̂
does not intersect either factor, contradicting the fact that the image of (ψ1, ψ2) in ∆×∆ intersects
both factors.

The map gj(i) in the statement of the proposition is the restriction to Λi of the map Γ̂j(i) → ∆
defined above. tu

We have constructed, for i = 1, 2, an epimorphism Λi → ∆ that extends to a continuous epimor-

phism Γ̂i → ∆̂. Lemma 6.4(2) tells us that the kernel of this second map is central, so we get a
short exact sequence

(6.2) 1→ Z → Λi → ∆→ 1

with Z central in Λi.

Lemma 6.7. Z is infinite cyclic.

Proof. Associated to the short exact sequence we have the following 5-term exact sequence in ho-
mology, noting that Z = H0(∆, Z) since Z is central.

H2(∆,Z)→ Z → H1(Λi,Z)→ H1(∆,Z)→ 0.

Z is torsion-free, H2(∆,Z) ∼= Z and H1(Λi,Z) is finite, since it is a quotient of H1(Λ,Z) ∼= H1(Γ×
Γ,Z). Therefore Z ∼= Z. tu
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End of the proof of Proposition 6.2: With the short exact sequence (6.2) and Lemma 6.7 in

hand, all that remains to be observed is that Λi is torsion-free, which follows from Γ̂i being torsion-
free; this being a consequence of the goodness of Γ (Theorems 2.4 and 2.5). Hence we can appeal
to Lemma 4.1 and the proof is complete. tu

To complete the proof of Theorem 6.1 we deal with those Seifert fibred spaces with base orbifolds
associated to triangle groups from (1.2).

Proposition 6.8. Let ∆ = ∆(p, q, r) be a triangle group from (1.2), let M be a Seifert fibred space
with base orbifold S2(p, q, r) and let Γ = π1M . Then, for every finitely generated, residually finite

group Λ with Λ̂ ∼= Γ̂× Γ, there is an embedding Λ ↪→ Γ× Γ that induces the isomorphism.

Proof. For a group ∆ from (1.2) we can find a group ∆′ from (1.1) with [∆ : ∆′] = 2, and hence a
Seifert fibred space M ′ with fundamental group Γ′ and [Γ : Γ′] = 2. Note that Γ×Γ contains Γ′×Γ′

as a normal subgroup of index-4, and hence with Λ as in the statement of Proposition 6.8, we also

have an index-4 normal subgroup Λ′ < Λ with Λ̂′ ∼= Γ̂′ × Γ′.
Now from what we have already proved about the groups from (1.1), it follows that Λ′ ↪→ Γ′×Γ′

is a Grothendieck pair. Let p1 : Γ̂× Γ → Γ̂ × 1 and p2 : Γ̂× Γ → 1 × Γ̂, and set pi(Λ) = Λi for

i = 1, 2 (where we view Λ ⊂ Γ̂× Γ). By Proposition 6.2 and the proof of Theorem 1.4 we have that
pi(Λ

′) = Γ′ for i = 1, 2. Note that Λ1 and Λ2 are dense in each factor, and so properly contain the

group Γ′ of finite index. By Theorems 2.4 and 2.5, Γ̂ is torsion-free and hence we may deduce from
Lemma 4.1 that Λ1 and Λ2 are the fundamental groups of Seifert fibred spaces with base S2(p, q, r).
It now follows from Lemma 4.3 and Corollary 4.4 that Λ1

∼= Λ2
∼= Γ, and the argument is completed

as we did previously in the proof of Theorem 1.4 (in the case of the triangle groups from (1.1)). tu

Remark 6.9. The arguments in this section adapt to products Γ× · · · × Γ with r ≥ 2 factors.

7. No finitely presented Grothendieck pairs

In this section we prove a strengthened version of Theorem 1.5: there are no Grothendieck pairs
Λ ↪→ Γ × · · · × Γ with Γ the fundamental group of a Seifert fibred space and Λ a proper, finitely
presented subgroup. We shall see that this follows from the corresponding result for Fuchsian groups
that comes from [12] and [10].

We will make use of the following lemma, whose proof is straightforward.

Lemma 7.1. Let A and B be finitely generated groups. If f : A→ B induces an isomorphism Â→
B̂, and B0 < B has finite index, then f |A0

induces an isomorphism Â0 → B̂0, where A0 = f−1(B0).

Proposition 7.2 ([12]). Let ∆ be a non-elementary Fuchsian group, let D be the direct product of
finitely many copies of ∆, and let Λ < D be a subgroup such that the inclusion Λ ↪→ D induces an

isomorphism of profinite completions Λ̂ ∼= D̂. If Λ is finitely presented, then Λ = D.

Proof. Let S < ∆ be a torsion-free subgroup of finite index, let D0 = S×· · ·×S and let Λ0 = Λ∩D0.
Note that S is either a surface group or a finitely generated free group. Λ0 is finitely presented and

the restriction of the inclusion ι : Λ → D induces an isomorphism ι̂0 : Λ̂0
∼= D̂0 (by Lemma 7.1).

But in a direct product of free and surface groups (more generally, a product of limit groups) all
finitely presented subgroups are closed in the profinite topology – see [12] and [10] – so ι̂0 being an
isomorphism implies Λ0 = D0. Thus Λ has finite index in D, and since ι̂ is an isomorphism, we
conclude that Λ = D. tu

Theorem 1.5 from the introduction is a special case of the following result.
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Theorem 7.3. Let M be a Seifert fibred space with hyperbolic base orbifold, let Γ = π1M , let D be
the direct product of finitely many copies of Γ, and let Λ < D be a subgroup such that the inclusion
induces an isomorphism of profinite completions. If Λ is finitely presented, then Λ = D.

Proof. If Γ is virtually a product (a surface or free group times Z), since the product of surface
groups, free groups and copies of Z is a limit group, as noted above, it follows that every finitely
presented subgroup of D is closed in the profinite topology. Thus we may assume that M is not
finitely covered by a product bundle, and therefore the base orbifold is closed.

We first project Λ to the product of the base groups B = ∆× · · · ×∆, and note that the image
group is still finitely presented since the kernel is finitely generated (being in the centre). Thus as
in the proof of Proposition 7.2, we deduce this mapping is onto (since the image of Λ will be dense

in B̂).

We now have an epimorphism Λ̂ → B̂. We claim that this implies that Λ contains the centre
Z = Zr < D (where r is the number of factors). To see this, first note that if Λ∩Z has finite index

in Z, then Λ ∩ Z = Z, because otherwise [D : Λ] < ∞, and this contradicts Λ̂ = D̂. With this
observation, the only concern is that Λ meets one of the direct factors of Z trivially. We claim that
this cannot happen. The reason is this: Since M is a Seifert fibred space, Γ is good by Theorem 2.4,
hence D is also good by [25, Proposition 3.4], and so in particular the fact that D has cohomological

dimension 3r is witnessed by the continuous cohomology of ∆̂ with finite field coefficients. If Λ
meets one of the factors of Z trivially, then Λ will be an extension of B by Zs, with s < r, and in
particular will be good (using Theorem 2.4, by another application of [25, Proposition 3.4]). But,

in this case Λ has cohomological dimension less than 3r, and therefore so does Λ̂, a contradiction.
tu

8. Constructing Grothendieck Pairs in Products of Central Extensions of
Hyperbolic Groups

Our purpose in this section is to establish the following criterion for showing that the (strong)
profinite genus of certain direct products is infinite. In the next section we shall explain why this
criterion applies to the fundamental groups of many Seifert fibred spaces whose base orbifold is a
hyperbolic triangle group.

Theorem 8.1. Let ∆ be a non-elementary hyperbolic group and let Γ be a group with H2(Γ,Z) = 0
that maps onto ∆. Let G be a finitely generated group that maps onto a subgroup of finite index in
[Γ,Γ]. Then,

(1) there exists an infinite sequence of distinct finitely generated subgroups Pn < G × G such
each inclusion un : Pn ↪→ G×G induces an isomorphism of profinite completions.

(2) If G is a central extension of a hyperbolic group and centralizers of elements in that hyperbolic
group are virtually cyclic, then Pn is not abstractly isomorphic to Pm when n 6= m.

The subgroups Pi will not be finitely presented in general, even if G is finitely presented (cf. [9]).
This criterion extends a well-established train of ideas, which we now explain. Grothendieck [22]

asked if there exist Grothendieck pairs of finitely presented groups. This problem was eventually
solved by Bridson and Grunewald [11]. Their proof builds on an earlier argument of Platonov and
Tavgen [40] who constructed the first Grothendieck pair of finitely generated groups. They did this
by appealing to a special case of the following proposition, taking G to be a free group and Q to be

Higman’s famous example of a 4-generator, 4-relator group with Q̂ = 1 and H2(Q,Z) = 0.

Proposition 8.2. Let f : G → Q be an epimorphism of groups, with G finitely generated and Q
finitely presented. Consider the fibre product P = {(g, h) | f(g) = f(h)} < G×G. Then,

(1) P is finitely generated;
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(2) if Q̂ = 1 and H2(Q,Z) = 0, then P ↪→ G×G induces an isomorphism P̂
∼=
↪→ Ĝ×G.

In the course of constructing counterexamples to the Platonov Conjecture, Bass and Lubotzky [4]
described infinitely many Grothendieck pairs by applying the full force of Proposition 8.2. In order
to do this, they needed a technique for mapping hyperbolic groups onto finitely presented groups Q

with Q̂ = 1 and H2(Q,Z) = 0. This was achieved in two stages. First, a bespoke small-cancellation
argument due to Olshanskii [36] shows that every non-elementary hyperbolic group G maps onto a

finitely presented group with Q̂ = 1, but one does not have control over H2(Q,Z). If G is free, this

is not a serious problem – one can replace Q by its universal central extension Q̃ and lift G→ Q to a

surjection G→ Q̃ – but for an arbitrary hyperbolic group G one cannot do this. Bass and Lubotzky
got around this by using specific homological properties of the groups that were their concern, with
an argument that inspired Lemma 8.4 below.

Advances in the understanding of hyperbolic and related groups mean that today one can replace
Olshanskii’s carefully crafted argument with a more flexible and conceptually-easier construction.
We shall use this flexibiity to prove that if Γ is a non-elementary hyperbolic group with trivial
centre, then there is an infinite sequence of non-isomorphic, finitely presented, centerless groups Qi
and epimorphisms G→ Qi with Qi 6∼= Qj if i 6= j (Theorem 8.6 below). The proof draws heavily on
ideas from [3] and [2].

8.1. Homology of groups and central extensions. We assume that the reader is familiar with
the homology of groups, as explained in [17]. For the theory of universal central extensions, the
standard reference is [34, pp. 43-47]. We shall need only the following basic facts.

Lemma 8.3. If Q is a perfect group, then there is a central extension 1→ Z → Q̃
p→ Q→ 1 where

(1) Q̃
p→ Q is universal: if the kernel of E

r
� Q is central in E, then there is a unique

homomorphism f : Q̃→ E such that p = r ◦ f .

(2) H1(Q̃,Z) = H2(Q̃,Z) = 0.

(3) If Q has no non-trivial finite quotients, then neither does Q̃.

If Q is finitely presented, then H2(Q,Z) is finitely generated and Q̃ is finitely presented.

Lemma 8.4. Let Q be a perfect group with universal central extension p : Q̃→ Q, let G be a group
with H2(G,Z) = 0 and let F : G → Q be an epimorphism that restricts to f : [G,G] → Q. Then,

there exists an epimorphism f̃ : [G,G]→ Q̃ with p ◦ f̃ = f .

Proof. The fibre product of the maps F and p is the subgroup Ğ = {(x, y) | F (x) = p(y)} < G× Q̃.

By projecting to the first factor we see that Ğ is a central extension

0→ Z → Ğ→ G→ 1,

where Z = ker p ∼= H2(Q,Z).
The following standard exact sequence is extracted from the corner of the first quadrant of the

Lyndon-Hochschild-Serre spectral sequence for the extension.

H2(G,Z)→ Z → H1(Ğ,Z)→ H1(G,Z)→ 0.

The first term is zero by hypothesis, so Z injects into H1(Ğ,Z) – in other words Z ∩ [Ğ, Ğ] is

trivial. Thus Ğ� G restricts to an isomorphism [Ğ, Ğ]→ [G,G]. By composing the inverse of this

isomorphism with the coordinate projection Ğ→ 1× Q̃ we obtain the desired map f̃ : [G,G]→ Q̃,

which is onto because its image contains [Q̃, Q̃] and Q̃ is perfect. tu
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8.2. Common quotients of relatively hyperbolic groups. The theory of relatively hyperbolic
groups was outlined by Gromov [21] and developed by Farb [20], Bowditch [7] and others. Roughly
speaking, a group is hyperbolic relative to a system of peripheral subgroups if it acts in a controlled
manner on a Gromov-hyperbolic metric space with conjugates of the peripheral subgroups as isotropy
subgroups. The only examples that we shall need to consider are (i) hyperbolic groups, in which
case the system of peripheral subgroups is trivial, and (ii) non-trivial free products G1 ∗G2, in which
case the system of peripheral subgroups is {G1, G2}.

Theorem 1.4 of [3], which is an application of Theorem 2.4 from [37], states that every pair of
properly relatively hyperbolic groups has a common quotient that is properly relatively hyperbolic,
with control on the peripheral subgroups. Theorem 8.5 is a special case of this, with some adornments
that are implicit in [3]: torsion is not discussed in [3] but Theorem 2.4(5) of [37] controls the elements
of finite order in the common quotient Q; our assertion about centres is not discussed in [37] or [3],
but it follows easily from (3), (4) and the fact that Q, being relatively hyperbolic, has finite centre,
hence each element of the centre must be conjugate into a copy of Hi or G, and these have trivial
centre. The hypothesis that G has trivial centre is needed only for this argument, and it can be
removed by passing from G to its quotient modulo its maximal finite normal subgroup.

Theorem 8.5 ([37], [3]). Let G be a non-elementary hyperbolic group with trivial centre and let
H = H1 ∗H2 be a free product of non-trivial finitely presented groups that have trivial centre. Then
there is an epimorphism µ : G ∗H → Q, such that

(1) Q is finitely presented;
(2) the restriction of µ to each of G and H is surjective;
(3) the restriction of µ to H1 and H2 is injective;
(4) every element of finite order in Q is the image of an element of finite order in H or G;
(5) the centre of Q is trivial.

8.3. Infinitely many profinitely-trivial quotients. The main difficulty in the following proof is
proving that the groups Qi are not abstractly isomorphic, even though one expects this to be true
in great generality.

Theorem 8.6. If ∆ is a non-elementary hyperbolic group, then there is an infinite sequence of non-

isomorphic, finitely presented groups Qi and epimorphisms ∆ → Qi such that Q̂i = 1. Moreover,
each Qi has trivial center.

Proof. Taking the quotient of ∆ by a maximal finite normal subgroup, we may assume that it has
trivial center. ∆ has only finitely many conjugacy classes of torsion elements; let N be the maximum
of their orders. We fix a sequence of odd primes N < p1 < p2 < . . . and let Di be the dihedral
group of order 2pi (which is centerless). Define Gi = Di ∗Di. Let B be a finitely presented infinite
group that is torsion-free and has no finite quotients; many such groups are known – see [11], for
example. We apply Theorem 8.5 with G = Gi and H = B ∗ B; let Ri be the resulting finitely
presented common quotient. As Ri is a quotient of B ∗ B, it has no non-trivial finite quotients;
moreover, by item (3) of Theorem 8.5 it contains a copy of B. As Ri is a quotient of Di ∗Di which
is not virtually cyclic, it contains torsion elements of order pi. And item (4) of Theorem 8.5 tells us
that the maximum order among the torsion elements of Ri is pi.

Applying Theorem 8.5 again with G = ∆ and H = Ri∗Ri, we obtain a finitely presented common
quotient Qi that has no non-trivial finite quotients. Moreover, Qi is not isomorphic to Qj if i 6= j,
because the maximum of the order of torsion elements of Qi is pi. tu

8.4. Super-perfect quotients.

Theorem 8.7. Let Γ be a finitely generated group that maps onto a non-elementary hyperbolic
group. Suppose that H2(Γ,Z) = 0. Then, there is an infinite sequence of epimorphisms [Γ,Γ]→ Q̃i
so that, for all i ≥ 1,
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(1) H1(Q̃i,Z) = H2(Q̃i,Z) = 0;

(2) Q̃i is a finitely presented group with no non-trivial finite quotients; and

(3) Q̃i/Zi 6∼= Q̃j/Zj for all i 6= j and all central Zi < Q̃i and Zj < Q̃j.

Proof. As in the previous proof, we may assume Γ maps onto a non-elementary hyperbolic group
∆ with trivial center. Let Qi be as in Theorem 8.6 and let Q̃i be the universal central extension of
Qi. As Qi is centerless, it is the quotient of Q̃i by its center, and indeed the quotient of Q̃i/Zi by

its centre for any central Zi < Q̃i. Therefore Q̃i/Zi 6∼= Q̃j/Zj if i 6= j.
We compose Γ → ∆ with ∆ → Qi to obtain f : Γ → Qi. As Qi is perfect, this restricts to

an epimorphism [Γ,Γ] → Qi. Lemma 8.4 assures us this last map lifts to an epimorphism to the

universal central extension [Γ,Γ]→ Q̃i. Assertions (1) and (2) now follow from Lemma 8.3. tu

8.5. Ensuring that fibre products are not abstractly isomorphic. The awkward hypothesis
on centralisers in the following lemma avoids the problem that the centralisers of torsion elements
in hyperbolic groups can be large. This lemma will be used in much the same manner as it was in
[9, Lemma 5.1].

Lemma 8.8. Let ∆ be a non-elementary hyperbolic group in which the centraliser of every non-
trivial element is virtually cyclic. For i = 1, 2 let pi : ∆ → Qi be an epimorphism with infinite
kernel and fibre product Pi < ∆×∆. If P1

∼= P2 then Q1
∼= Q2.

Proof. We follow the ideas in the proof of [9, Lemma 5.1]. Let Ni = (∆×1)∩Pi and Mi = (1×∆)∩Pi.
We first claim that if P1

∼= P2 then N1 ×M1
∼= N2 ×M2. As in the proof of [9, Lemma 5.1], we

provide a property that characterises elements of Ni ∪Mi that is preserved by an isomorphism.
In our case the property is: x ∈ Ni ∪Mi if and only if the centraliser of x ∈ Pi is not virtually
abelian. To see that this characterisation is valid, note that our assumption on ∆ tells us that the
elements of ∆×∆ (hence P ) that do not lie in the direct factors have virtually abelian centralisers,
while the centraliser in P of any element of Ni (resp. Mi) contains Mi (resp. Ni), which is not
virtually abelian since it is an infinite normal subgroup of the non-elementary hyperbolic group ∆.
This follows since the elements of the direct factors of Pi are precisely those elements of Pi whose
centraliser is not virtually abelian (by the assumption on ∆).

Now Ni ×Mi is the kernel of the restriction to Pi of (pi, pi) : ∆ × ∆ → Qi × Qi. The image
of Pi in ∆ × ∆ is the diagonal copy of Qi, and so putting all of this together we deduce that
Qi ∼= Pi/(Ni ×Mi) is an invariant of the abstract isomorphism type of Pi. tu

Lemma 8.9. Let ∆ be a non-elementary hyperbolic group in which the centraliser of every non-
trivial element is virtually cyclic. Let φ : G→ ∆ be a finitely generated central extension of ∆ and
for i = 1, 2 let pi : G → Qi be an epimorphism with fibre product Pi < G × G. If P1

∼= P2 then
Q1/Z1

∼= Q2/Z2, where Zi is central in Qi.

Proof. We have ∆ = G/ζ where ζ < G is central. Let Zi = pi(ζ). Let P i be the image of Pi in
∆ × ∆. By hypothesis, the centre of ∆ is trivial, and since P i < ∆ × ∆ is a subdirect product,
its centre is also trivial. Thus P i is the quotient of Pi by its centre; in particular, P1

∼= P2 implies
P 1
∼= P 2.
P i is the fibre product of ∆ → Qi/Zi, so P 1

∼= P 2 implies Q1/Z1
∼= Q2/Z2, by the previous

lemma. tu

8.6. Proof of Theorem 8.1. Corollary 8.7 furnishes us with a sequence of epimorphisms G →
[Γ,Γ] → Q̃i where each Q̃i is a super-perfect group with no non-trivial finite quotients and where

no central quotient of Q̃i is isomorphic to a central quotient of Q̃j if i 6= j. Let Pn < G×G be the

fibre product of G→ Q̃n. Proposition 8.2 tells us that Pi is finitely generated and that Pi → G×G
induces an isomorphism P̂n

∼=→ Ĝ×G. Lemma 8.9 completes the proof. tu
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9. Constructing Grothendieck pairs: the last step for Theorem 1.1

We would like to apply Theorem 8.1 to the fundamental groups of arbitrary Seifert fibre spaces
over the base orbifolds S2(p, q, r) listed in (1.1). More specifically, in the notation of Theorem 8.1,
we would like to take ∆ = ∆(p, q, r) and G = Γ = π1M . But we cannot do this because H1(M,Z),
although finite, is not trivial. Instead, we have to identify a suitable intermediate group Λ with
finite abelianization and with H2(Λ,Z) = 0 so that Λ maps onto a non-elementary hyperbolic group
and G = π1M maps onto a subgroup of finite index in Γ. In this section we shall introduce a device
that allows us to achieve this for infinitely many Seifert fibred spaces over each of the orbifolds in
(1.1). In this section our main concern is with Seifert fibred space over S2(3, 3, 4), S2(3, 3, 6) and
S2(2, 5, 5). The following theorem completes the proof of Theorem 1.1.

Theorem 9.1. If Π is the fundamental group of a Seifert fibred space whose base orbifold is
S2(3, 3, 4), S2(3, 3, 6) or S2(2, 5, 5), then there are infinitely many, pairwise non-isomorphic, finitely

generated groups P ↪→ Π×Π such that the inclusion induces an isomorphism P̂ ∼= Π̂×Π.

We begin with a homological observation.

Lemma 9.2. Let G be a finitely generated group and suppose that N < G has index 2. If H2(N,Z) =
0 and H1(N,Z) is a finite group of odd order, then H2(G,Z) = 0.

Proof. We consider the LHS spectral sequence in homology for 1→ N → G→ C2 → 1, where C2 is
cyclic of order 2. The terms on the E2-page that might contribute to H2(G,Z) are H0(C2, H2(N,Z))
and H1(C2, H1(N,Z)) and H2(C2,Z) = 0. The first is obviously zero and the second is zero because
for any coefficent module M one has H1(C2,M) = M/2M , and we have assumed |M | is odd. tu

9.1. Convenient orbifold quotients of certain Seifert fibred spaces. The hypothesis on
|H1(M,Z)| in the following proposition forces at least two of p, q, r to be odd and it also forces
the homology class of the regular fibre (representing the centre of π1M) to have odd order in
H1(M,Z); this is a serious constraint (see Proposition 10.1).

Proposition 9.3. Let Π be the fundamental group of a Seifert fibred space M with base orbifold
S2(p, q, r). If |H1(M,Z)| is finite and odd, then there is a group Λ > Π with the following properties:

(1) Π = [Λ,Λ];
(2) H1(Λ,Z) is cyclic of order 2;
(3) H2(Λ,Z) = 0;
(4) Λ maps onto ∆(p, q, r) o C2.

Proof. ∆ = ∆(p, q, r) is the orientation preserving subgroup of the group ∆− = ∆−(p, q, r) generated
by reflections in the sides of the hyperbolic triangle T = T (p, q, r). The short exact sequence
1 → ∆ → ∆− → C2 → 1 can be split by lifting the generator of C2 to any one of the three basic
reflections; we choose to lift it to the reflection τ in the edge connecting the vertices fixed by the
rotations a and b (in the standard notation). Thus ∆− = ∆ o C2 where the action of C2 on ∆− is
(a, b, c) 7→ (a−1, b−1, bc−1b−1).

The reflection τ descends to a reflection of the orbifold S2(p, q, r) that interchanges the two
connected components of the complement of ∂T , and this is covered by an orientation preserving
involution τ̃ : M → M that reverses the orientation of fibres. The action of τ̃ on Π = π1M , in the
standard notation, is τ∗ : (a, b, c, z) 7→ (a−1, b−1, bc−1b−1, z−1). We define Λ = Π oτ∗ C2 to be the
resulting semidirect product (i.e. the fundamental group of the orbifold quotient of M by τ̃).

Conjugation by the generator of C2 sends each generator of Π to a conjugate of its inverse, so
the image of Π in H1(Λ,Z) is a 2-group, and since |H1(Π,Z)| is odd, this image must be trivial.
This proves (1) and (2), and (3) follows from the preceding lemma, because H1(M,Z) is finite, so by
Poincaré duality H2(M,Z) = H1(M,Z) = 0, and H2(Λ,Z) is a quotient of H2(M,Z) (with equality
if 1
p + 1

q + 1
r < 1, because then M is aspherical). tu
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9.2. Proof of Theorem 9.1. As was explained in Section 4, an arbitrary Seifert fibred space over
S2(3, 3, 4) has fundamental group

Π = 〈a, b, c, z | z is central , a3ze1 = b3ze2 = c4ze3 = 1, abc = zd〉

where e1, e2 ∈ {1, 2} and e3 ∈ {1, 3}. We calculated in Lemma 4.5 that the abelianisation of Π has
order 3(4e1+4e2+3e3+12d), which is odd in all cases. Likewise, the calculations in Lemma 4.5 show
that for every Seifert fibred space M with base S2(3, 3, 6) or S2(2, 5, 5), the order of H1(M,Z) is odd:
for (3, 3, 6) we have 9(2e1 +2e2 +e3 +6d) with e3 odd, and for (2, 5, 5) we have 5(5+2e2 +2e3 +10d).
Thus, in all cases, Π satisfies the hypotheses of Proposition 9.3, which furnishes us with a group Λ
so that Theorem 8.1 applies with the appropriate ∆(p, q, r) in the role of ∆, Π in the role of G and
Λ in the role of Γ. tu

10. Infinitely many examples over each base orbifold in list (1.1)

When combined with Theorems 1.4, 9.1 and 1.5, the results in this section show that for infinitely
many Seifert fibred space M over each of the bases listed in (1.1), the fundamental group Γ = π1M
satisfies Theorem 1.1 parts (1), (2) and (3).

10.1. Infinitely many examples over S2(3, 3, 5).

Proposition 10.1. If p, q and r are odd, then for every d ∈ Z the Seifert fibred space over S2(p, q, r)
with fundamental group

Π = 〈a, b, c, z | ap = bq = cr = z, abc = z2d〉

is such that Π × Π has infinitely many non-isomorphic, finitely generated subgroups P such that
P ↪→ Π×Π is a Grothendieck pair.

Proof. As in the proof of Lemma 4.5, the determinant of the relation matrix can be computed and
equals (in absolute value) r(q + p) + pq − 2pqrd, which is odd. Thus Π satisfies the hypotheses of
Proposition 9.3. That proposition furnishes us with a group Λ so that Theorem 8.1 applies with the
appropriate ∆(p, q, r) in the role of ∆, Π in the role of G and Λ in the role of Γ. tu

Corollary 10.2. For infinitely many Seifert fibred spaces M over S2(3, 3, 5), the fundamental group
Γ = π1M satisfies the requirements of Theorem 1.1.

Proof. Theorem 1.4 tells us that any finitely generated, residually finite group P with the same
profinite completion as Γ × Γ arises from a Grothendieck pair, and Theorem 1.5 tells us that P
cannot be finitely presented if it is not isomorphic to Γ × Γ. Proposition 10.1 provides infinitely
many possibilities for P . tu

Remark 10.3. A slight variation on the proof of Proposition 10.1 shows that if p and q are odd
and r is even, then for every d ∈ Z the Seifert fibred space over S2(p, q, r) with fundamental group

Π = 〈a, b, c, z | ap = bq = cr = z, abc = zd〉

is such that Π × Π has infinitely many non-isomorphic, finitely generated subgroups P such that
P ↪→ Π × Π is a Grothendieck pair. The reader will readily devise other conditions on the Seifert
data that ensure the same conclusion, but some care is needed. For instance, it is important
in Proposition 10.1 that the exponent of z in the relations ap = bq = cr = z is 1. By way
of contrast, with p = q = r = 5, the Seifert fibred space M over S2(5, 5, 5) with Seifert invariants
(5, 2), (5, 2), (5, 1) and d = 1 has H1(M,Z) infinite and e(M) = 0. In this case π1M is not profinitely
rigid, by [28].
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10.2. Infinitely many examples over S2(4, 4, 4). We want to exhibit infinitely many Seifert
fibred space M over S2(4, 4, 4) so that the fundamental group Γ = π1M satisfies the requirements
of Theorem 1.6 and hence Theorem 1.1 parts (1), (2) and (3). In the light of Lemma 7.1 and
Theorem 9.1, it suffices to prove that infinitely many such Γ arise as a subgroup of finite index in
the fundamental group Π of a Seifert fibred space with base S2(3, 3, 4). To do this, we simply pull
back the commutator subgroup ∆(4, 4, 4) < ∆(3, 3, 4), which has index 3.

1 −→ Z −→ Γ −→ ∆(4, 4, 4) −→ 1

=

y y y
1 −→ Z −→ Π −→ ∆(3, 3, 4) −→ 1

The euler number e(Γ) = 3e(Π) varies without bound as we vary Π, so we obtain infinitely many
possibilities for Γ. Indeed one can calculate that Γ can be any of the groups

Γ+(d) = 〈a, b, c, z | a4z, b4z, c4z, abczd〉.

The Seifert fibred space that are not covered by this argument are those whose fundamental group
lies in the family

Γ−(d) = 〈a, b, c, z | a4z−1, b4z, c4z, abczd〉.

11. Closing Remarks

It seems reasonable to expect that the fundamental group Γ of every Seifert fibred space over
each of the base orbifolds from lists (1.1) and (1.2) satisfies the conclusion of Theorem 1.1. At this
point, we are unable to prove that any Seifert fibred space over a base orbifold from (1.2) satisfies
the conclusion of Theorem 1.1, but with our other results in hand, we would be able to do this

if we could map Γ onto infinitely many, finitely presented, non-isomorphic groups Q with Q̂ = 1
and H2(Q,Z) = 0. The nub of our remaining difficulties is that we do not see how to arrange the
condition H2(Q,Z) = 0 in sufficient generality. We have exploited Theorem 8.1 to overcome this
difficulty in many case but Seifert fibred spaces over bases in (1.2) are not covered by the arguments
that we have presented. If one could construct suitable quotients Q for one Seifert fibred space over
any base orbifold, then one could construct infinitely many such Seifert fibred spaces over the same
base, as we shall now explain.

11.1. Finite extensions and circle actions. We begin with a general tool for promoting the
existence of Grothendieck pairs in a group to the existence of pairs in certain finite extensions of
the group.

Lemma 11.1. Let 1 → G0 → G → Q → 1 be a short exact sequence of groups with G finitely
generated and residually finite, and assume that Q is a finite group generated by the image of a
finitely generated normal subgroup S < G. Suppose that P0 ↪→ G0 is a Grothendieck pair with P0

finitely generated and that S ∩G0 ⊂ P0. Let P = 〈P0, S〉. Then P ↪→ G is a Grothendieck pair.

Proof. As S ∩ G0 ⊂ P0, we have P ∩ G0 = P0 and therefore P0 has finite index in P . In more
detail, each g ∈ P can be written g = sg0 with g0 ∈ P0 < G0 and s ∈ S, so if g ∈ P ∩ G0 then
s ∈ S ∩ G0 ⊂ P0, hence g ∈ P0. We are assuming S maps onto Q, so we have the following
commutative diagram, where the vertical maps are inclusions

1 −→ P0 −→ P −→ Q −→ 1y y y=

1 −→ G0 −→ G −→ Q −→ 1.
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As P0 has finite index in the finitely generated group P , the subspace topology on the closure of P0

in P̂ is the full profinite topology, and similarly for G0 < G. Thus we have a commutative diagram
of profinite groups

1 −→ P̂0 −→ P̂ −→ Q −→ 1y y y=

1 −→ Ĝ0 −→ Ĝ −→ Q −→ 1.

The first vertical map is an isomorphism, by hypothesis, and hence the second vertical map is as
well. tu

We apply this lemma to the map on fundamental groups induced by a regular covering arising from
the natural circle action on a Seifert fibred space. Recall (from [30], for example) that associated to
any Seifert fibred space M one has a continuous action of S1 that preserves the circle fibres; regular
fibres of the fibration are free orbits, while a singular fibre over a cone point of order p will have a
stabilizer that is cyclic of order p. If N is an integer that is coprime to the orders of all of the cone
points, then the cyclic group CN < S1 consisting of N -th roots of unity will act freely on M and
we can form the quotient manifold MN = M/CN . At the level of π1, passing from π1M to π1MN

corresponds to augmenting the centre (which is the homotopy class of a regular fibre) by adjoining
a central N -th root. Thus if

π1M = 〈a, b, c, z | z is central, ap = zβ1 , bq = zβ2 , cr = zβ3 , abc = zd〉,
then

π1MN = 〈a, b, c, ζ | ζ is central, ap = ζNβ1 , bq = ζNβ2 , cr = ζNβ3 , abc = ζNd〉,
where ζN = z.

The euler numbers e(MN ) = N e(M) assure us that the manifolds MN are pairwise distinct if
e(M) 6= 0.

The labelling of generators defines a short exact sequence

(11.1) 1→ π1M → π1MN → CN → 1,

where CN is the image of ζ ∈ π1M . The key point to observe is that this sequence and its square
provide us with settings in which Lemma 11.1 can be applied. Note that all of the groups π1MN

are distinct because they have different euler numbers. Thus we obtain:

Proposition 11.2. Let M be a Seifert fibred space with base oribifold O and euler number e(M) 6= 0.
If there are finitely many (respectively, infinitely many) Grothendieck pairs P ↪→ π1M × π1M with
P finitely generated, then there are finitely many (respectively, infinitely many) Grothendieck pairs
PN ↪→ π1MN × π1MN for infinitely many Seifert fibred spaces MN over O.

Example 11.3. Let M be the Seifert fibred space over S2(4, 4, 4) with fundamental group

Γ+(1) = 〈a, b, c, z | z is central , a4 = b4 = c4 = z = abc〉.
Following the construction described above, we add N -th roots to the centre with N a positive odd
integer. If N = 4k + 1, then setting ζN = z and writing A = aζ−k, B = bζ−k, C = cζ−k we get

Γ+(k + 1) = 〈A,B,C, ζ | A4 = B4 = C4 = ζ, ABC = ζk+1〉.
For N = 4k − 1, setting ζN = z−1 and writing A = aζk, B = bζk, C = cζk we get

Γ+(−k + 1) = 〈A,B,C, ζ | A4 = B4 = C4 = ζ ABC = ζ−k+1〉.
Γ+(1) is the commutator subgroup of a Seifert fibred space over S2(3, 3, 4), so we obtain infinitely
many Grothendieck pairs in Γ+(1)×Γ+(1) by applying Theorem 8.1. Proposition 11.2 tells us that
the same is true of all of the groups Γ+(d), and this gives a second proof of Theorem 1.1 for these
groups.
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11.2. A more direct argument for Seifert fibred spaces over S2(4, 4, 4) and S2(3, 3, 4). In
our proof of Theorem 1.1, we appealed to the work of Wilkes on the relative profinite rigidity of
Seifert fibred spaces [47]: we invoked it to prove Lemma 4.3. This appeal to [47] can be avoided
in the case of Seifert fibred spaces over S2(4, 4, 4) and S2(3, 3, 4), as we shall now explain. The
fundamental group of each Seifert fibred space over S2(4, 4, 4) is isomorphic to one of the following
groups

Γ+(d) = 〈a, b, c, z | a4z, b4z, c4z, abczd〉,
Γ−(d) = 〈a, b, c, z | a4z−1, b4z, c4z, abczd〉.

For a prime p, the exponent-p lower central series of a group Γ is defined recursively by Γ0 = Γ

and Γi+1 = Γ
(p)
i [Γi,Γ], where the superscript denotes the group generated by p-th powers. Let

NΓ
i = Γ/Γi. For us, p = 2; for emphasis, we may write Γi(2) and NΓ

i (2) instead of Γi and NΓ
i .

Theorem 11.4. A Seifert fibred space with base orbifold S2(4, 4, 4) and fundamental group Γ is
uniquely determined by H1(Γ,Z) and NΓ

5 (2), and in all cases |NΓ
5 (2)| = 217.

Sketch of proof. The abelianisation of Γ+(d) is C4 ×C4 ×C|4d−3| while the abelianisation of Γ−(d)
is C4 × C4 × C|4d−1|, so abelianization alone reduces our task to distinguishing between Γ+(d) and

Γ−(1− d). It is easy to verify that for all integers d, the quotient Γ+(d)/〈z8〉 is isomorphic to either
Γ+(0)/〈z8〉 or Γ+(1)/〈z8〉, while Γ−(d)/〈z8〉 is isomorphic to Γ−(0)/〈z8〉 or Γ−(1)/〈z8〉. So if we
can argue that for every Γ = Γ±(d), the order of the image of z in NΓ

5 (2) = Γ/Γ5(2) divides 8,

then it will be enough to verify (i) that |NΓ
5 (2)| = 217 for Γ±(0) and Γ±(1), and (ii) that N

G+

5 (2)

is not isomorphic to N
G−
5 (2) if G+ ∈ {Γ+(0), Γ+(1)} and G− ∈ {Γ−(0), Γ−(1)}; this verification

can be made using the pQuotient package in Magma [6]. To see that the order of the image z does
divide 8, note that since z has odd order in H1(Γ,Z), its image in NΓ

1 = C2×C2 is trivial, and since
z±1 = a4 ∈ Γ2

1 < Γ2, the image of z in Γ/Γ2 is also trivial. It follows that the image of z in NΓ
3 has

order at most 2, while in NΓ
4 its order divides 4, and in NΓ

5 its order divides 8. tu
This provides the desired substitute for Lemma 4.3.

Corollary 11.5. If M 6= M ′ are Seifert fibred spaces with base orbifold S2(4, 4, 4) and H1(M,Z) ∼=
H1(M ′,Z), then π1M

′ does not embed densely in π̂1M .

Proof. Let Γ = π1M and Γ′ = π1M
′. If Γ′ were to embed densely in Γ, it would map onto NΓ

5 (2).

But such a map Γ′ → NΓ
5 (2) has to factor through NΓ′

5 (2). Since |NΓ
5 (2))| = |NΓ′

5 (2)|, these groups
must be equal, which forces Γ = Γ′ and M = M ′. tu

One can deduce the same result for Seifert fibred spaces with base orbifold S2(3, 3, 4) by exploiting
the fact that ∆(4, 4, 4) has index 3 in ∆(3, 3, 4). We omit the details.
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