REDUCTION OF BRAUER CLASSES ON K3 SURFACES,
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ABSTRACT. We consider the reduction modulo places of Brauer classes on surfaces, with a
view toward applications to rationality and derived equivalence. We show that a Brauer class
on a very general polarized K3 surface over a number field becomes trivial upon reduction
for a set of places of positive natural density. As a consequence, there are cubic fourfolds
which become rational upon reduction for a positive proportion of places, and there are
twisted derived equivalent K3 surfaces which become derived equivalent upon reduction for
a positive proportion of places.

1. INTRODUCTION

Suppose that X is a smooth projective surface over a number field k; write Br(X) :=
HZ (X, G, )tors for its Brauer group. For a place p of k of good reduction for X, let Xy
denote the reduction modulo p. Similarly, for v € Br(X), we let , be the image of o under
the reduction map Br(X) — Br(X,). What can we say about the density of the set

S(X,a) :={p:0oy=0¢eBr(X,)}?

We might also ask for algebraicity, i.e., a,, = 0 € Br(X,) on passing to an algebraic closure.
Rationality questions for fourfolds give an impetus for considering problems of this kind
[AIM]. Several papers [Has99, Kuz10, HPT18, AHTVA19] illustrate how the rationality of
complex fourfolds may be controlled by Brauer classes on surfaces: For certain smooth
projective fourfolds Y, there exist a surface X and a Brauer class a on X such that Y is
rational whenever a = 0. When Y is defined over a number field, we may also consider

R(Y) :={p : Y} is smooth and rational}.

Totaro’s specialization technique [Tot16], applied where rationality is not a deformation
invariant, gives examples where R(Y') # () with Y is irrational. Can R(Y) be infinite when
Y is not rational? Can it have positive natural density?

1.1. K3 surfaces. Now let X be a K3 surface. Let T(X) be the transcendental cohomology
of X, i.e., the orthogonal complement of the Néron-Severi group NS(X¢) € H*(X(C),Z).

Date: October 12, 2021.
S. F. was partially supported by NSF grant DMS-1745670.

B. H. was partially supported by NSF grant DMS-1701659 and Simons Foundation Award 546235.

A. V.-A. was partially supported by NSF grants DMS-1352291 and DMS-1902274.
1



2 SARAH FREI, BRENDAN HASSETT, AND ANTHONY VARILLY-ALVARADO

Since T(X)g := T(X) ® Q is a rational Hodge structure of K3 type, the endomorphism
algebra E := Endpqg(T(X)g) is a totally real or a CM field [Zar83, Theorem 1.5.1].

Theorem 1.1. Let X be a K3 surface over a number field k. Assume that E is totally real,
and that dimg(T(X)g) is odd. Let o € Br(X). Then the set S(X, ) of places p such that
a, € Br(X,) vanishes has positive natural density.

Remark 1.2. For a very general polarized K3 surface X, we have NS(X¢) ~ Z, in which case
dimp(T(X)g) is odd and E is totally real [Huy16, Remark 3.3.14(ii)]. Thus, the conclusion
of Theorem 1.1 holds in this setting.

Without the assumptions that E is totally real and that dimg(T(X)g) is odd, Theorem 1.1
is false. By [Chal4, Theorem 1(2)], if £ is a CM field or dimg(T(X)g) is even, then
after a finite field extension, there is a set of places S of natural density one for which
rkNS(X) = rkNS(X,). On the other hand, a jump in the Picard rank upon reduction is
required for a transcendental Brauer class to become algebraic (or vanish). For a prime ¢,
it is well known that NS(X) ® Z, < NS(X,) ® Z, which by the Kummer sequence forces
a nontrivial kernel for the map Br(X)[¢*] — Br(X,)[¢*], so when the Picard rank jumps
upon reduction, the Brauer group must shrink. Thus, there is necessarily a trade-off between
Brauer classes modulo p and algebraic classes in NS(X,).

Costa and Tschinkel [CT14] found experimentally that the Picard rank may jump over a
positive-density set of places for some K3 surfaces of rank two: jumping occurs at half of
all primes. This was explained by Costa, Elsenhans, and Jahnel [CEJ20] using the concept
of the jump character, which encodes the discriminant of the Galois representation on tran-
scendental cohomology. The finite extension stipulated in [Chal4, Theorem 1(2)] trivializes
this character.

Example 1.3. Let X’ be the double cover of ]P’?@ cut out by
w? = zyz(2x + 4y — 32) (v — 5y — 32)(z + 3y + 32),

whose minimal desingularization X is a K3 surface over Q. In [EJ21, Example 5.5] Elsenhans
and Jahnel show that rk NS(X) = rk NS(X) = 16 and E = Q, so that dimy(T(X)q) is even.
They further show, using [EJ21, Corollary 4.7] and computations for the jump character,
that the finite field extension of [Chal4, Theorem 1(2)] is trivial, so that there is a set of
places § of QQ of natural density one for which the Picard rank does not jump upon reduction,
and hence any nontrivial Brauer class remains nontrivial.

Remark 1.4. In light of Example 1.3, it would be very interesting to show that, if one
relaxes the requirement that S(X, «) have positive natural density to the weaker statement
that it is infinite, then Theorem 1.1 holds when E is a CM field or dimg(T(X)g) is even.
Recent work of Shankar, Shankar, Tang and Tayou [SSTT19] suggests that such a statement
may be within reach.

It would also be interesting to extend Theorem 1.1 to cases where the jump character
explains jumping of the Picard rank.
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1.2. Application: cubic fourfolds. Special cubic fourfolds of certain discriminants com-
prise natural classes of fourfolds Y C P} to which one can associate a pair (X, «), where X is
a K3 surface and a € Br(X). It is expected that a very general such Y is irrational [Kuz10];
however, if @ = 0 then in some cases it is possible to show that Y is rational ([HPT18],
[AHTVA19)).

Let h be the restriction to Y of a hyperplane class in P°. We consider Y for which there
exists a saturated lattice K, C H*(Y, Q%) € H*(Y,Z) of rank 2 equal to

31 3.6
Kg = (h*,P) ~ <1 3) or  Kig=(hT)~ (6 18).

Write Ck, and Cg,, for the respective moduli spaces of pairs (Y, Ky).

Theorem 1.5 (< Theorem 5.5). Let Y C P} be a cubic fourfold over a number field. Assume
that Y is a very general fourfold in Cr, or Ck,,. Then there exists a set of places S of k of
positive natural density for which the reduction Y, is rational for every p € S.

1.3. Application: derived equivalences. Let X be a K3 surface with a polarization h of
degree 2d, and let (r,m,s) € Z2, be a triple of nonnegative coprime integers. The moduli
space M of Gieseker semi-stable sheaves on X of rank r, first Chern class mh and Euler
characteristic r + s is itself a K3 surface if dm? —rs = 0 and h is sufficiently generic [Muk84].
The space M need not be fine: there is a natural Brauer class o € Br(M) that can obstruct
the existence of a universal sheaf on X x M. However, there is a k-linear derived equivalence

DM, ) ~ D(X),

first observed by Caldararu [Cal02] in the case k = C. We call the pair (M, «) a twisted K3
surface associated to X.

Theorem 1.6 (< Theorem 6.3). Let X be a very general K3 surface of degree 2d over a
number field k, and let (M, «) be an associated twisted K3 surface parametrizing geometrically
stable sheaves on X . Then there exists a set of places S of k of positive natural density such
that for p € S, the reduction M, is a fine moduli space, and there is an F,-linear derived

equivalence D°(X,) = D*(M,).

1.4. Outine of the paper. In §§2-4 we present the proof of Theorem 1.1. It relies on
extracting information on the Picard groups of reductions modulo places from the action of
Frobenius on finite Galois modules. To draw such conclusions, we need information about
the Mumford-Tate groups. Other technical inputs include the integral Tate conjecture for K3
surfaces over finite fields and open image theorems for K3 surfaces over number fields. We
present the two applications above in §§5-6. In §5 we address specialization of rationality for
cubic fourfolds; unfortunately, no smooth complex cubic fourfolds are known to be irrational.
In §6 we illustrate how twisted derived equivalences of K3 surfaces specialize to finite fields.
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Notation. For a field k, we write k for a fixed algebraic closure of k. For a k-variety X, we
let X := X x;, k. When k is a number field, we write k, for the completion of k£ with respect
to the prime ideal p C Oy, and F, for the residue field.

For a number field &k, we say that a place p is a place of good reduction for a smooth
proper k-variety X there is a smooth proper morphism X — Spec Oy, such that &y, ~ X, .
In this case, we write X, for the closed fiber over F,. We say that a place is finite if its
residue field is finite.

For an endomorphism f: M — M of a free module M over a ring R, we write E(f, \) for
the eigenspace of A € R, where )\ is not a zero divisor.

Acknowledgments. We thank Ravi Vakil for asking the third named author whether a
statement like Theorem 1.5 could be true at the 2015 Arizona Winter School. We thank
Nicolas Addington, Edgar Costa, and Yuri Tschinkel for valuable mathematical discussions,
and Isabel Vogt for pointing out the reference [AIM].

2. INGREDIENTS FOR THE PROOF
2.1. Mumford-Tate groups. Let
S = ReSC/RGm7@

be the Deligne torus, and write w: G,,g — S for the weight cocharacter, which is given on
R-points by the natural inclusion R* = G,,,g(R) < S(R) = C*. Given a finite-dimensional
Q-vector space V, a Q-Hodge structure of weight m on V determines and is determined by
a representation h: S — GL(VR) such that h o w is given on R-points by a — a=™ - Idy. A
Z-Hodge structure is defined analogously, starting with a free Z-module V' of finite rank. We
refer to a Q- or a Z-Hodge structure as simply a Hodge structure to avoid clutter.

Example 2.1. For a smooth projective complex variety X, the singular cohomology V' :=
H™(X(C),Q) gives rise to a Q-Hodge structure of weight m. The intersection pairing,
appropriately modified by a sign, defines a polarization on H¥™* (X (C), Q). When m = 2n
is even, applying an n-fold Tate twist, we obtain a Hodge structure V := H**(X(C),Q(n))
of weight 0.

Example 2.2. For a complex K3 surface X the Q-Hodge structure H = H*(X(C), Q(1)) of
weight 0 arising from singular cohomology splits as a direct sum NS(X)g(1)®T(X)g(1). The
vector space T(X)q itself carries a polarized Hodge structure, polarized by the restriction
¢ to T(X)g of the cup product on H*(X(C),Q). The ring O := Endyae(T(X)) of integral
Hodge endomorphisms is an order of the endomorphism algebra E := Endygq, (T(X)g). In
[Zar83, Theorem 1.5.1], Zarhin shows that E is either a totally real or a CM field.

Definition 2.3. For a Q-Hodge structure V', the Mumford-Tate group MT(V') of V is the
smallest algebraic subgroup of GL(V') over Q such that A(S(R)) € MT(V)(R). For a Z-
Hodge structure V, the integral Mumford-Tate group MT (V) of V' is the group subscheme
of GL(V') over Z constructed as the Zariski closure of MT(Vg) in GL(V).
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When V' is polarizable, MT(V) is a reductive connected linear algebraic group over Q
[Sch11, Prop. 2]. When X is a complex K3 surface, MT(H?*(X(C),Q)) admits a representa-
tion into an orthogonal group of dimension 22, and MT(H?*(X(C),Q)) = MT(T(X)q).

Theorem 2.4 ([Zar83]). Let X be a complex K3 surface such that the endomorphism algebra
E is a totally real field. Then MT(T(X)q) is isomorphic to the centralizer of E in the group
of orthogonal similitudes GO(T(X)q, ¢).

Proof. Recall that the Hodge group Hdg(T(X)g) € MT(T(X)g) is the smallest algebraic
subgroup defined over Q containing h(U(R)), where U C S is the unit circle [Zar83, p. 196]. In
[Zar83, §2.1, Theorem 2.2.1], Zarhin shows that there is a unique E-bilinear form ®: T(X)gXx
T(X)g — E such that ¢ = Trgg(®P), and that Hdg(T(X)g) is isomorphic to the Weil
restriction of scalars Resg/q(SOg(T(X)g, ®)). This is clearly contained in the centralizer of
E in SO(T(X)g, ¢); Zarhin’s proof shows the reverse inclusion. By [Spr09, Theorem 6.4.7(i)],
the centralizer of E is connected. Thus the assertion for MT(T(X)g) follows. O

Corollary 2.5. If E is totally real, then the Mumford-Tate group MT(T(X)q(1)) is isomor-
phic to the centralizer of E in the special orthogonal group SO(T(X)q, ¢q)-

Proof. Since T(X)g(1) is a Hodge structure of weight 0, we know by [Sch1ll, Proposition
2(i)] that MT(T(X)g(1)) C SL(T(X)g). Now the result follows from Theorem 2.4. O

2.2. (-adic representations and the Mumford-Tate conjecture. Let X be a smooth
projective variety defined over a number field k. Fix a prime ¢, and let

pe: Gal(k/k) — GL(HZ(X, Za(0))) (2.1)

be the (-adic Galois representation arising from the action of the absolute Galois group
Gal(k/k) on the cohomology group H% (X, Z,(i)). The Zariski closure of im(p) is the ¢-adic
algebraic monodromy group, which we denote by G,. Let G, denote the generic fiber of Gy,
which is the Zariski closure of the image of the Galois representation for H% (X, Qq(i)). The
Mumford-Tate Conjecture predicts a connection between the Mumford-Tate group of H :=
H* (X (C),Q(i)), whose formulation is Hodge-theoretic, and the ¢-adic algebraic monodromy
group, defined arithmetically.

Conjecture 2.6 (Mumford-Tate Conjecture, [Ser86]). Under the comparison isomorphism
H2(X,Qy(4)) = H®Qy, the Mumford-Tate group MT(H) xoQy is isomorphic (as an algebraic
group) to the identity component G§ of the (-adic algebraic monodromy group.

The conjecture has been proved for K3 surfaces over number fields:

Theorem 2.7 ([Tan90], [Tan95], and independently [And96]). The Mumford-Tate conjecture
holds for K3 surfaces over number fields: that is, for a K3 surface X defined over a number
field, we have

Gy ~MT(H) xgQ, for  H=H*(X(C),Q(1)). O
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2.3. The Integral Mumford-Tate conjecture. For a smooth projective variety X de-
fined over a number field k, the Mumford-Tate conjecture can also be stated integrally:
MT (H*(X(C),Z(i)) xz Zy is isomorphic to G¢. This version of the conjecture is equivalent
to statement above: given the isomorphism of Q;-group schemes, taking their Zariski closures
gives the Z,-isomorphism, and given the isomorphism of Z,-group schemes, take the generic
fibers. For a thorough and illuminating discussion of this version of the Mumford-Tate
conjecture, as well as other variants, see [CM20].

2.4. Open image theorems. From the integral version of the Mumford-Tate conjecture for
K3 surfaces over number fields, we would like to make a conclusion about how a component
of the image of py sits inside G = MT (H*(X(C),Z(1))) Xz Zy.

First, as a consequence of the Hodge-Tate decomposition [Fal88], the representation (2.1)
is of Hodge-Tate type. By [Bog80, Theorem 1], it follows that im(p,) is open in G(Qy). Since
there is a finite field extension k°/k for which after base changing to k¢, the image of the
Galois representation is connected, we know that G has finitely many connected components.
Thus im(p,) has a finite index subgroup that is open in G7(Qy). By construction Gj(Qy)
is open in Gy (Z,), so the integral version of the Mumford-Tate conjecture for K3 surfaces
implies:

Corollary 2.8. If X is a K3 surface over a number field, then im(p,) has a finite index
subgroup that is isomorphic to an open subgroup of MT (H*(X(C),Z(1))) %z Z¢(Zy). O

Let X be a K3 surface over a number field. Setting ¢ = 1, the representation p, introduced
in §2.2 is the inverse limit of the finite-level representations

pen: Gal(k/k) — O(HZ (X, pun))
The images of p, and the p,,, are contained in the orthogonal group because the Galois action

on H2 (X, 7Z,(1)) respects cup products. Letting 7’ : O(HZ (X, Z(1))) — O(HZ (X, pien))
denote the projections of this inverse system, the following diagram

Gal(k/k) "~ O(H% (X, Z(1)))

£
T,
Pen l "

O(HZ(X, pien))

commutes for all n. For n’ > n we denote by =/, O(HZ (X, ptyn)) — O(HZ, (X, p1n)) the
intermediate projection of the inverse system. In this context, the openness of im p; in G,(Zy)
implies the following more explicit statement.

Proposition 2.9 ({-adic open image theorem). There ezists an integer ng > 0 such that

Hn(ﬂf) = (Wf;o)il(im(p&no))' In particular, lm(pﬁ,n) = (ﬂ-i,no)il(im(pf,no)) fOT alln > Ng. O

2.5. Frobenius conjugacy classes. Let X be a smooth and proper scheme over a number
field k, and fix a finite place p of good reduction for X. For any choice of inclusion k < k,,



REDUCTION OF BRAUER CLASSES 7

the image of Gal(k,/k,) — Gal(k/k) is a decomposition group D,. Different choices for
this embedding give rise to conjugate decomposition groups. The kernel of the natural,
continuous surjective map
Gal(Ep/k’p) - Gal(Fp/Fp),

is the inertia group I,. The group Gal(F,/F,) is topologically generated by the Frobenius
endomorphism, which we call Frob. Via the surjection above, we may pick a lift of this
generator to D, = Gal(k,/k,), which we call Frob, € Gal(k/k), a lift of Frobenius to
characteristic zero. By [CEJ20, Lemma 2.2.3(a)], the Gal(k/k)-representation is unramified
at p, and so while Frob, is only defined up multiplication by elements in I,, the resulting
action on HZ (X, Z(1)), for £ # charF,, does not depend on this choice. However, it does
depend on the choice of embedding k — Ep, which is discussed more below.

The embedding k < k, induces an isomorphism HZ (X, Z(i)) = HZ (X, » Ze(1)) [SGAIV-
1, Exp. XII, Corollaire 5.4] for which the action of D, on the left agrees via the isomorphism
with the action of Gal(k,/k,) on the right. There is also an isomorphism ng(XEp, Z(i)) =
HZ (X, Z(i)) [SGAIV-1, Exp. XVI, Corollaire 2.2] for which the action of Gal(k/k)/I, =
Gal(ky™ /k,) is compatible with that of Gal(FF,/F,). Thus we see that via these isomorphisms,
the action of Frob, on HZ (X, Z(i)) and of Frob on H2(X,,Z(i)) agree.

We are interested in properties of an element Frob, that may be extracted from its action
on HZ% (X, Z(i)). If we care only about, e.g., the characteristic polynomial of p,(Frob,) then
we can read this off from any element conjugate to py(Froby,) by a linear automorphism of
the cohomology defined over Q,.

However, we might ask for more refined data such as the position of an eigenspace of
pe(Froby) in H2(X,,Z(i)) associated with a given root of the characteristic polynomial,
and wish to read that off from the eigenspaces for p,(Frob,). Understanding how much this
data depends on the choice of element Frob, requires understanding p,(Frob,) up to finer
equivalence relations, e.g., conjugation by linear automorphisms of H%(X,,Z(i)), by the
image of Gal(k/k) in this linear group, or by a suitable congruence subgroup for the integral
Mumford-Tate group contained in this image. The open image theorem (Prop. 2.9) permits
this reduction in our situation. There is an extensive literature on classifying elements of
matrix groups over various rings up to conjugacy by prescribed subgroups e.g. [GS80,A083].

By considering the Galois action on H2, (X, j1¢n) with n large, the representation pen factors
through Gal(K/k) for K some finite Galois extension of k. We will express our desired
properties so that we may extract the needed information from these finite representations.

We make use of this circle of ideas to identify eigenspaces of Frob, with root-of-unity eigen-
values. By the Tate Conjecture for K3 surfaces over finite fields, which has been proved by
the combined works of [Chal3], [LMS14], [MP15], and [KMP16], and the Integral Tate Con-
jecture [Tat68, Theorem 5.2, these eigenspaces will correspond to subspaces in HZ (X, Z,(1))
which become algebraic upon reduction modulo p.
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3. PRELIMINARIES

In what follows, we call admissible roots of unity of a free module T of finite rank those
roots of unity of order less than or equal to ®(rk(7")), where ® is Euler’s totient function.

We let X be a K3 surface over a number field k. Let H = H*(X(C),Z(1)), which is a
Z-Hodge structure of weight 0. Its corresponding integral Mumford-Tate group M7 (H) C
GL(H) is the Zariski closure in GL(H) of the Mumford-Tate group MT(Hg) C GL(Hg), as in
Definition 2.3. Since T(X)g(1) and NS(X¢)g(1) are orthogonal direct summands of Hg and
Mumford-Tate groups act trivially on weight-zero Hodge classes, we have an isomorphism

MT(Hg) ~ MT(T(X)q(1)).
Over Z we lack direct sum decompositions but still obtain a homomorphism of group schemes

MT(H) = MT(T(X)(1)). (3.1)

Proposition 3.1. Assume that the Hodge endomorphism algebra E of X is totally real, and
that dimg T(X)q is odd. Let U € MT (H) be the set of elements ¢ such that:

(1) the action of 1 on H*(X(C),Q(1))/ (NS(X¢) ® Q(1)) has a (+1)-eigenspace of dimen-
sion 1 as a vector space over E;
(2) the only admissible Toot of unity that is an eigenvalue for v is 1.

Then U is a Zariski dense open subset of MT (H).

We remark that this proposition is a slight generalization of [Chal4, Proposition 15(2)].

Proof. Let U, D U denote the locus obtained by weakening the first condition, so that (+1)
has algebraic multiplicity < 1 for ¢ over E. We show that U, is Zariski open. Prescribing
an eigenvalue, or imposing a lower bound on its multiplicity as a root of the characteristic
polynomial, cuts out a Zariski-closed subset, so avoiding certain eigenvalues or imposing
upper bounds on their algebraic multiplicity is a Zariski-open condition.

Next, we show that U, = U, i.e., the action of any ¢ € U, on T(X)g(1) has a nonzero (41)-
eigenspace over E. Let T = T(X). There is a unique E-bilinear form ®: Tg x Tg — E,
compatible with the pairing ¢: Tg x Tg — @, in the sense that Trp,g(®) = ¢ [Zar83,
§2.1]. Hence, the centralizer of E in SO(Tg,¢) coincides with the Weil restriction of
scalars Resp/q(SOg(Tq, ®)), as subgroups of GL(Tg). On the other hand, by Corollary 2.5,
MT(Hg) = MT(Tg(1)) is the centralizer of E in SO(Tg, ¢). Since Ty has odd dimension
over E, every element of SOg(Tq, ®) has 1 as an eigenvalue. We conclude that U, = U, as
desired.

To see that U is nonempty, the argument given in [Chal4, Proposition 15(2)] over Q, also
works over Q to produce a Q-point of U. Thus U is Zariski dense, as desired. U

For a prime number ¢ and positive integer e, let a be a Galois-invariant class in HZ, (X, i)
which is not contained in the image of NS(X) ® Z/(°Z. In §4, this will be a choice of lift of
a class in Br(X)[¢].
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We fix, for each n > 1, compatible isomorphisms between the HZ (X, fien) and a system
of standard free (Z/¢¢"Z)-modules P ,. The image of each Galois representation

pren: Gal(k/k) — Aut (H2 (X, pygen))

then lies in the finite group Autz penz(Ppe ). Let T, © Auty peny(Ppe ;) denote the image
under this identification. We are interested in I'ye ,-conjugacy classes of elements of I'e ,
that may be realized as images of Frobenius conjugacy classes [Frob,] for X, with p a finite
place of k.

Using the universal coefficient theorem and the comparison results for analytic and étale
cohomology with torsion coefficients, we have reduction morphisms

H*(X(C),Z(1)) — H*(X(C), (Z/¢"Z)(1)) ~ H2 (X, ptgen) =~ Ppep,

whence a map

MT(H) C GL(H) — Aut (Hzt(Y, /,Lgen)) :
Let Uge,, C I'ge,, denote the elements of I'¢e , whose preimages under this map all lie in the
set U constructed in Proposition 3.1, i.e., the only eigenvalue that is an admissible root of
unity is 1, with minimal multiplicity. This is nonempty for n > 0 because U is f-adically
open and elements of Uy ,, correspond to ¢-adic open balls in U. Finally, let Ay, be the set
of elements in P ,, that are congruent to a mod ¢°.

Lemma 3.2. There is ann > 0 and a class vy € Uye,, such that any v € U lying over v has
(+1)-eigenspace whose reduction mod (¢ contains «.

Proof. By Proposition 2.9, there exists an ng > 0 such that im(pg ,,) = (75,,,)) " (im(pge )

for all n > ng, and in particular, the image im(pge )

contains all elements of M7 (H)(Z/(“"Z) that are congruent to the identity mod ™.

We claim that for some n > ng there is an element v € MT (H)(Z/{"7Z) equivalent to the
identity mod ¢¢™, and an o/ € Ay, such that v € U, and y(a/) = «'.

Take a sufficiently small ¢-adic open neighborhood W, of the identity in MT (H)z,(Z), so
that the matrices are congruent to the identity mod ™. The set W will intersect the Zariski
open set U, and elements in the intersection reduce mod ¢°" to elements in im(pge ) = Tpe
for n > ng. Making n larger if necessary, elements in the intersection reduce mod ¢*" to
elements in U ,. Take another small f-adic neighborhood of the identity W, defined by
those elements of MT (H)z,(Z,) that fix o mod ¢¢. Then the intersection U N Wy N Wy is
nonempty, so it contains an element 7 whose mod (" reduction v is in U, and it fixes
some vector o/, which by definition of W5 has the property that o/ = «a mod ¢¢.

O

4. PROOF OF THEOREM 1.1

In this section we use the notation of Theorem 1.1. Suppose o € Br(X) has order m, and

consider the image of a € Br(X)[m] under the natural map Br(X) — Br(X), which we will
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continue to call a. Note that in Br(X), a has order m’ for some m’ dividing! m. If m’ = 1,
then « is algebraic. We begin the proof of Theorem 1.1 by handling this case.

Lemma 4.1. If the class a € Br(X)[m] is algebraic, then there is a set S of places of k of
positive natural density such that oy, = 0 in Br(X,) for allp € S.

Proof. Let K/k be a finite Galois extension that splits NS(X), i.e., an extension for which
NS(Xg) ~ NS(X) (that such a Galois extension exists follows from [BLvL20, Lemma 3.1]).
We claim that for p € O, that split completely in Ok, the class o, € Br(X,) is trivial. The
set of such p has positive natural density, by the Chebotarev density theorem. To see that
ay is trivial for such p, we make use of the following commutative diagram, where ‘B is any
place in Ok lying over p:

Br(X)[m] —— Br(X,)[m]

| |

Br(Xg)[m] — Br(Xg)[m].
Since p is completely split, we know that F, = Fyq, hence X, = Xy, and so the right vertical

arrow is an isomorphism. Since « is algebraic, the image ax € Br(Xg)[m] is already zero,
and so it maps to zero in Br(Xg)[m|. Hence oo maps to zero in Br(X,)[m]. O

By Lemma 4.1, it suffices to prove Theorem 1.1 under the assumption that the order m

of a in Br(X) is unchanged upon passage to Br(X).
By the commutativity of the diagram

0 NS(X) ® Z/mZ H2 (X, ) Br(X)[m)]

| | |

0 —— (NS(X) ® Z/mZ)* ) 12 (X, ) ) — (B (X)[m])

Gal(k/k)

with exact rows, we can pick a lift of a € Br(X) to a Galois-invariant class in HZ (X, i),
which we will again call a.

Write m = (7' --- (¢ with ¢; distinct primes, 1 < ¢ < r. Analogous to the notation
introduced in §§2-3, we will write A,,, C P, for o/ € P,,,, which reduce to o mod m and
Ly C Autzmnz (P ) for the image of py,,. By identifying P,,, with @;_, Pe;_ii o
that a = (o) 1<i<, for oy € H2 (X, j1pe:).

For each oy, 1 < i < r, fix the n; and v € UZ:'L 1, coming from Lemma 3.2. By taking any

we find

of the n; larger if necessary, we can assume without loss of generality that n; =ny = ... = n,,
and we will call this common integer n. By the proof of Lemma 3.2, there is an o € Agi
such that v;(a}) = af. Set

o = (a;)lﬁiér S Am,n; and v:= (7i>1§i§” = Fmv”’

Tt is possible to have 1 < m’ < m; see, e.g., [GS19)]
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so that v(a’) = o/. We note there is no guarantee that o’ is Galois-invariant. Recall from
§ 2.5 that choosing an embedding k — Ep is equivalent to choosing an element

Frob, € Gal(k,/ky) — Gal(k/k)

that reduces to Frob € Gal(F,/F,), well-defined up to the inertia group I,.

Since o’ need not be Galois invariant, its modp image in HZ (X,, f,,n) depends on the
above choice of element in the conjugacy class [Frob,] C Gal(k/k). However, o’ reduces to
o € Py =2 H2 (X, ji,,), which is Galois invariant. As a consequence, the image of a modulo
p is well-defined: call it o,.

Proposition 4.2. Suppose that the T, ,-conjugacy class py,,([Froby]) coincides with the
L'y n-congugacy class of v. Then oy, is algebraic.

Proof. We begin with an outline of the proof. First, we show that there is a choice of element
o € [Froby], corresponding to v, for which o/ maps to an algebraic class under the induced
isomorphism P, , = Hzt(yp, fmn) of cyclic modules. Then we show that, for any other
element in the I',, ,-conjugacy class py, ,([Froby]), there is a choice of element in [Frob,| for
which a different class in the orbit I',,,, - o/ maps to an algebraic class in HZ (X, ftn). The
last step is to observe that every class in I',, ,, - @' is equal to a mod m, so independently of
the choice of element in p,, ,([Froby]), the image of o in HZ (X, fim) is well-defined and o
maps to an algebraic class in HZ (X, fim)-

Since v € pmn([Froby]), choose o € [Froby] so that py,,(0) = 7. This choice determines
the horizontal isomorphisms in the following commutative diagram

D Ho (X, 2, (1) — D, H (X, Ze, (1)) (4.1)

R

Hgt (77 fmn) Hzt (733 s Hmn)

in such a way that the action of ([]/_, ps,) (¢) on @;_, HZ (X, Z,(1)) is compatible with
the diagonal action of Frob on @_, H2 (X, Z¢, (1)) (see §2.5). The vertical surjections are
induced by the surjection

H Z&'(l) - fmn,
i=1

so the action of ([]/_, pr,) (¢) on @)_, HZ (X, Z, (1)) is compatible via the surjection with
the action of p,,,(0) on HZ (X, fiyn).

Since py, (o) reduces to pgei (o) and ppei (o) = v € Upgiy, for 1 < @ < v, we have
pe. (o) € U(Zy,).

By the Integral Tate conjecture, the classes in HZ (X, Z,(1)) on which Frob acts by roots
of unity are exactly the algebraic classes. Hence the classes of H2 (X, Zy, (1)) on which py, (o)
acts by roots of unity are exactly the classes that map to algebraic classes in H2,(X,, Z,(1)).
Since py,(0) € U(Zy,), the only eigenvalue of py, (o) that is an admissible root of unity is 1.
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By the compatibility of the action of (T]_, pr,) (0) on @)_, HZ (X, Z,(1)) and v on
HZ (X, j1¢n) in the above diagram, the image of the eigenspace

Vi=¢g <<Hpé> (o), 1) - @Hé(Y, Zy (1))

in H2 (X, ) is a subspace of the eigenspace &(v,1) C H2 (X, ftyn). On the other hand,

since pei ,(0) = v € Upi,, and vy projects onto v; for each 1 < i < r, the commutative

diagram

MT(H) — Aut(H2 (X, )

T~

Aut(HZ (X, szi"))

implies that all of the preimages of v in MT (H) lie in U. This forces the rank of &(v,1) as
a Z/m"Z-module to be minimal, so the image of V' in H2 (X, jt,,») must be all of (v, 1). In
particular, since (/) = o/, we deduce that the image of o in HZ (X, ftyun) via (4.1) is the
image of a tuple of algebraic classes in @,_, H2 (X, Z,(1)). Thus, under the identification
determined by v € py, . ([Froby]), o becomes algebraic modulo p.

Next, consider a different element 7' = nyn=' € pp.n([Froby,]) for some n € Ty, ,,, which
fixes n(a’) € Pnn,. Note that n(a’) € A,,, because « is Galois-invariant. By the same
argument as above, it follows that for this choice, the image of (/) in HZ (Xy, ftmn) is the
image of a tuple of algebraic classes in @,_, HZ (X, Zy,(1)). Thus, under the identification
determined by v € py,.n([Froby]), n(a’) becomes algebraic modulo p.

Now reduce mod m, and recall that 77" is the reduction map from level m" to level m.
Observe that

Tt (Do - o) = {a},
since I'y, -’ C A,y 5. Thus for every element in the conjugacy class py, ,([Froby]), the image
ap of o in Hzt(yp, ) is an algebraic class. Finally, by the Kummer sequence, this means
o maps to zero in Br(X,)[m]. Therefore, o, is algebraic, as desired. O

Corollary 4.3. There is a set S of places of k of positive natural density such that for each
p eSS, oy is algebraic.

Proof. Let S be the set of p such that X has good reduction at p and the I';, ,-conjugacy
class pp,n([Froby]) is the 'y, ,-conjugacy class of . Since I'y,, is a finite group, we know by
the Chebotarev Density Theorem that S has positive natural density. By Proposition 4.2,
oy is algebraic for every p € S. O

Corollary 4.4. For everyp € S, o, = 0 € Br(X,).

Proof. First, the group Br(Fy) is trivial since F, is a finite field; the long exact sequence of
low-degree terms for the Hochschild—Serre spectral sequence shows that as a consequence,
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for T' = Gal(F,/F,), the natural map
NS(X,) = NS(X,)"

is an isomorphism. In the proof of Proposition 4.2, we see that o, comes from a class in
NS(X,) ® Z/mZ, and moreover that o, comes from a class on which Frob, acts trivially.
Thus by continuity of the I'-action, this implies that o, € HZ (X, i) lifts to (NS(X,) ®
Z/mZ)" (note that T' acts trivially on Z/mZ here). As a consequence, «, lifts further to

NS(X,) ® Z/mZ. By exactness of
0 — NS(X,) ® Z/mZ — HZ(X,, ftm) — Br(X,)[m] — 0,

we have that a, € Br(X,)[m] must actually be zero. O

This completes the proof of Theorem 1.1. 0

5. APPLICATION: RATIONAL REDUCTIONS OF GENERAL CUBIC FOURFOLDS

Let Y C P} denote a smooth cubic hypersurface, a cubic fourfold.
We review the geometry of special cubic fourfolds [Has00]. Let C denote the moduli stack
of cubic fourfolds. Fix h as the hyperplane class and consider saturated sublattices

h? € K Cc HY(Ye, Z)

where K has rank two and discriminant d > 0. We consider pairs (Y, K) where K C
HQ(Y(C, 0)?) parametrizes Hodge classes — indeed, classes of algebraic cycles as the integral
Hodge conjecture is known for cubic fourfolds [Voi07, Th. 18]|. These are parametrized by a
moduli space Cx. We note basic properties:

e the image of Cx — Cc depends only on d and is denoted Cy;

e C, is irreducible, and nonempty if and only if d = 0,2 (mod 6) and d > 6;

e C; C C is defined over Q;

e Cx — Cq4 is birational onto its image if 3  d and generically of degree two onto its

image if 3 | d.

The last statement reflects the fact that K = K, admits an involution fixing h? if and only if
3 | d. In particular, C, parametrizes cubic fourfolds with a Galois-invariant lattice of cycle
classes equivalent to K;. We do not insist that the cycles themselves be defined over k.

Example 5.1. d = 8 [Has99] If Y contains a plane P then

Ks = (I*, P) ~ (i’ ;) :

The specialization of a cubic fourfold containing a plane must also contain a plane. Thus
Cs equals the cubic fourfolds containing at least one plane. The homology class of a plane
in a cubic fourfold contains a unique plane. (A plane P C Y yields a Lagrangian plane
PY C F1(Y) in the variety of lines which is necessarily rigid; a second plane P’ homologous
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to P is not compatible with the geometry of the projection mp: Blp(X) — P2) So Ck,
equals the space of pairs (Y, P) where P C Y is a plane.
d = 18 [AHTVA19] If Y contains T, a smooth projection of a sextic del Pezzo surface,

then
3 6
me-0m)= (3 1),

Typically, such a surface induces a fibration [AHTVA19, SS1,2]

¥ :Y = Blg(Y) — P? (5.1)
with T as a fiber; the center R is residual to T" in a complete intersection of two quadrics on
Y. Let W denote the moduli space of such (Y,1). Then we have

W — CK18 — Clg

where the first morphism has one-dimensional generic fiber and the second morphism is
generically of degree two.

Remark 5.2. We know little about the fibers of W — Cg,,, €.g., their genus. It is unclear
whether a given Y € Cg,, (k) contains a sextic del Pezzo surface defined over k.

We review the rationality construction in discriminant eight:

Proposition 5.3. Consider a smooth cubic fourfold containing a plane (Y, P) € Cr,. As-
sume there is no plane P' C Y¢ intersecting P along a line.

e Projecting from P gives a quadric surface bundle
@ :Y = Blp(Y) - P

Y is rational if w admits a rational section. [Has99]
o The relative variety of lines for w factors

Fi(w) 5 X — P?

where @ is an étale P-bundle and the second arrow is a double cover branched along
a plane sextic. [HVAV11, §5]

e © has a rational section if and only if w has a rational section. If a € Br(X)[2] is
the class of the étale P*-bundle o then Y is rational whenever a = 0. [HPT18, §3]

In particular, Y is rational whenever o vanishes. 0

The pair (X, ) is a twisted degree two K3 surface cf. [Kuz10].
We have a similar construction in discriminant eighteen:

Proposition 5.4. Let (Y,1) denote a cubic fourfold with discriminant 18 with a fibration
wn sextic del Pezzo surfaces.

e The generic fiber of 1 is rational if and only if 1 has a rational section or multisection
of degree prime to three [AHTVA19, §3].
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o There exists a K3 surface X of degree two and an element o € Br(X)[3] such that ¢
has a rational section if and only if « =0 [AHTVA19, Prop. 10].

In particular, Y is rational whenever o vanishes. 0

Thus (X, @) is a twisted degree two K3 surface. Combining Propositions 5.3 and 5.4 with
1.1, we arrive at the following;:

Theorem 5.5. Let k be a number field. Let Y C P} be a cubic fourfold such that either

o Y €Cg,; or
o Y € Ck,, has a fibration ¢ in sextic del Pezzo surfaces as in (5.1).

Assume that the pair (X, «) arising from Proposition 5.3 or 5./ satisfies the hypotheses of
Theorem 1.1. Then there exists a set of places S of k of positive natural density for which
the reduction Y, is rational for every p € S. 0

Pairs (X, a) arising from the constructions in Proposition 5.3 or 5.4 that satisfy the hy-
potheses of Theorem 1.1 exist. Using Remark 1.2, an example with Y € Cg, is given
in [HVAV11]; an example with Y € C,, is given in [BVA20]. Note that in both cases, the
Brauer class given is transcendental.

6. APPLICATION: REDUCTIONS OF TWISTED DERIVED EQUIVALENCES OF K3 SURFACES

Brauer classes naturally arise in the study of moduli spaces of sheaves on K3 surfaces.
We review the relevant set-up here; a general reference for these moduli spaces of sheaves is
[HL10] or [Huy16, Chapter 10]. Over nonclosed fields, see [Chal6] or [Fre20].

Let X be a K3 surface of degree 2d with polarization h. Fix integers r,m and s with
ged(r,m, s) = 1, and let M be the moduli space of (Gieseker) semi-stable sheaves on X of
rank r, first Chern class mh, and Euler characteristic r + s. That is, M := Mj(v) with
primitive Mukai vector v = (r, mh, s). Assume that h is v-generic, so that every semi-stable
sheaf is geometrically stable and M is a smooth projective variety. Let us further assume that
M is nonempty (e.g., by taking v to be effective). When v? = m?h? —2rs = 0, Mukai showed
that M is a K3 surface of degree 2rs/ ged(r, s)? [Muk87b, Theorem 1.4]. The relationship
between these two K3 surfaces is sometimes called Mukai duality.

There is a Brauer class a € Br(M), of order dividing the ged over all Mukai vectors w of
(r,mh, s)-w (where - means the Mukai pairing), which obstructs the existence of a universal
sheaf on X x M. This Brauer class plays a role in the following equivalences of derived
categories. Let myr: X X M — M be the projection onto the second factor.

Theorem 6.1. Let X and (M,«a) be the K3 surface and twisted K3 surface, respectively,
described above, both defined over an arbitrary field k.

e I[fa=0, then M is a fine moduli space, and the universal sheaf on X x M induces
a k-linear derived equivalence D*(M) = Db(X).
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e More generally, there is always an wi,a~ " -twisted universal sheaf on X x M which
induces a k-linear derived equivalence D°(M,a) = D°(X), where D*(M, ) is the
derived category of a-twisted sheaves on M.

Proof. The first statement is due to Orlov for £ = C [Orl97, Theorem 3.11}, and the second
statement is due to Caldararu for k = C [Cal02, Theorem 1.3]. It is well known to experts
that the results also hold over arbitrary fields (e.g., [LO15, Theorem 3.16], [LMS14, Propo-
sition 3.4.2]), but we include a sketch of a proof here for completeness.

Note that the first statement follows from the second when a = 0. By [Orl02, Lemma
2.12], we may assume that k is algebraically closed. Let U be the 7},a~!-twisted universal
sheaf on X x M, and &y : D°(M,a) — D°(X) the Fourier-Mukai transform given by U. It
is enough to show that @, is fully faithful [Huy06, Cor. 7.8], and for this we would like to
verify the standard criterion of Bondal-Orlov [BO95]: the functor &, is fully faithful if and
only if for any two closed points x,y € M,

k ifx=yandi=0

FHom {2y (k()), u(k(y))1i) {O ifx#yori<0ori>dimX.

However, the usual proof of this criterion requires k£ to be a field of characteristic zero. We
follow the proof given in [Huy06, Theorem 7.1], pointing out the necessary changes. First,
the proof only handles the case of a Fourier-Mukai transform between derived categories of
untwisted sheaves, but [Cal00, Theorem 3.2.1] explains the adaptations necessary for twisted
sheaves. Next, we note that the characteristic zero assumption is used only in Step 5, to
verify the additional hypothesis used in Step 3, that for generic x € M, the homomorphism

Hom(k(z), k(x)[i]) — Hom(Py (k(x)), By (k(x))[i])

is injective for ¢ = 1. For M a moduli space of stable sheaves on X and x € M the point
representing a sheaf F', this map is the Kodaira-Spencer map

T,M = Exty,(k(z), k(7)) — Exti (F, F),

which is an isomorphism because F' is stable [Huy16, Proposition 10.1.11].

Finally, since M parametrizes stable sheaves and since for any = € M, &y (k(x)) is a sheaf
rather than a complex, it is clear that any two points z,y € M satisfy the homomorphism
criterion. This completes the proof. 0

Example 6.2. Let X be a complete intersection of three quadrics in P, so that X is a degree
8 K3 surface, and assume NS(X) = Zh. We consider M := M,,(2, h,2), which parametrizes
rank 2 geometrically stable sheaves with first Chern class A and Euler characteristic 4.
Note that because ged(2,1,2) = 1, there are no properly semi-stable sheaves. Since v? =
h? —2.2.2 =0, M is a K3 surface if it is nonempty. It can be realized via the explicit
geometric construction outlined below, which shows that M is a degree 2 K3 surface. This
example has been thoroughly studied and is worked out in careful detail in [Muk84, Example
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0.9], [Muk87a, Example 2.2], and [IK13, §3]. See also [MSTVA17, §3.2] for an approach using
projective duality. We summarize the key points here.

Let A be the net of quadrics containing X, and C' := V' (det A) the degeneracy locus, which
is a plane sextic curve. When the degenerate conics corresponding to points in C' are all of
rank 5, C' is smooth. In this case, M is isomorphic to the double cover of A =2 P? branched
along C', where the two sheaves in M lying over a smooth quadric [Q] € A are the dual of
the tautological bundle and the quotient bundle corresponding to @ (both restricted to X)
via the isomorphism @ = Gr(2,4).

The ged of (2, h,2) - w as w varies over all Mukai vectors is equal to 2, so the Brauer class
a € M which obstructs the existence of a universal sheaf on X x M has order dividing 2.
Moreover, there is a Brauer-Severi variety W — M which represents a. Let ww: Q — P? be
the universal family of quadric fourfolds in A, and Fy(ww) — P? be the relative Fano variety
of planes in the fibers of . This morphism factors as

Fy(w) S M — P2,

where ¢ is an étale P3-bundle and M — P? is the double cover branched along C'. Then
¢: Fy(w) — M is the Brauer-Severi variety.

For other explicit examples of degree 18/degree 2 and degree 16/degree 4 dualities, in
which the Mukai duality is realized through Projective duality, see [MSTVA17, §3].

For X and (M, «) as above defined over a number field k, there is a finite set of places T
such that there is a smooth proper model X x M over Oy along with a relative twisted
universal sheaf on X x M. For any place p ¢ T, the relative twisted universal sheaf
specializes to a twisted universal sheaf on the reduction X, x M,. For the derived equivalence
Db(X,) = DP(M,) that we seek, we need to know that M, contains only stable sheaves.
This is not guaranteed by M, being smooth, but the set of places p for which M, contains
properly semistable sheaves is finite. Indeed, being geometrically stable is an open condition
[HL10, Prop. 2.3.1], so the locus of properly semi-stable sheaves is closed, and the morphism
M — Spec Oy, 1 is projective [Lan04, Theorem 0.2]. Finiteness follows since by assumption
the generic fiber does not contain any properly semistable sheaves. By Theorems 6.1 and
1.1, we conclude:

Theorem 6.3. Let k be a number field, X a degree 2d K3 surface over k, and M a moduli
space of geometrically stable sheaves on X such that (M, «) is a twisted K3 surface. Assume
that the pair (M, «) satisfies the hypotheses of Theorem 1.1. Then there exists a set of
places S of k of positive natural density for which there is an Fy-linear derived equivalence

Db(X,) = D*(M,) for everyp € S. O

Pairs (M, «) satisfying the hypotheses of Theorem 1.1 exist. By Remark 1.2, the example
in [MSTVA17, §5.4] gives a K3 surface X/Q with NS(X) ~ Zh and h? = 8, such that
the associated twisted K3 surface (My(2, h,2), ) satisfies the hypotheses of Theorem 1.1.
Moreover, note that « in the example is a transcendental Brauer class.
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