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KISIN MODULES WITH DESCENT DATA AND
PARAHORIC LOCAL MODELS

BY ANA CARAIANI anD BranDpDoON LEVIN

ABSTRACT. — We construct a moduli space Y #* of Kisin modules with tame descent datum 7 and
with p-adic Hodge type < p, for some finite extension K/Qp. We show that this space is smoothly
equivalent to the local model for Resg /Qp GL,,, cocharacter {i}, and parahoric level structure. We
use this to construct the analog of Kottwitz-Rapoport strata on the special fiber Y #* indexed by the
u-admissible set. We also relate Y #:% to potentially crystalline Galois deformation rings.

RESUME. — Nous construisons un espace de modules YT de modules de Kisin avec donnée de
descente modérée t et type de Hodge p-adique u, pour une extension finie K/Qp,. Nous démontrons
une équivalence lisse entre Y #°7 et le modéle local pour la restriction de scalaires Resg /0, GLn, co-
caractere {i} et structure de niveau parahorique. Cette équivalence est ensuite utilisée pour construire
I’analogue de la stratification de Kottwitz-Rapoport sur la fibre spéciale de Y#*, paramétrée par
I’ensemble des éléments p-admissibles. Nous décrivons aussi la relation entre Y#: et I’espace de
déformations galoisiennes potentiellement cristallines.

1. Introduction

Let K/Q), be a finite extension. Kisin [22] showed that the category of finite flat commuta-
tive group schemes over Ck killed by a power of p is equivalent to the category of Breuil-Kisin
modules of height < 1. While the former do not naturally live in families, one can work with
Breuil-Kisin modules with coefficients and study their moduli. The landmark paper [25] uses
moduli of Breuil-Kisin modules to construct resolutions of flat deformation rings with stun-
ning consequences for modularity lifting theorems and applications to the Fontaine-Mazur
conjecture. The main result of [25] is a modularity lifting theorem in the potentially Barsotti-
Tate case. One of the key points is a rather surprising connection to the theory of local models
of Shimura varieties. Kisin showed that the singularities of the moduli space of Breuil-Kisin
modules of rank n (with fixed p-adic Hodge type) could be related to the singularities of local
models for the group Resg /g, GL, (with maximal parahoric level) which had been studied
by [32].
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182 A. CARATANI AND B. LEVIN

Kisin’s result is globalized in [33], where Pappas and Rapoport construct a global (formal)
moduli stack X # of Kisin modules with p-adic Hodge type u € (Z")Hom(X.Q») They link the
space X * via smooth maps with a (generalized) local model M (). When p is non-minuscule,
M () is not related to any Shimura variety but is nevertheless known to have nice geometric
properties by work of Pappas-Zhu [35] and of the second author [28]. M () is constructed
inside a mixed characteristic version of the Beilinson-Drinfeld affine Grassmannian. As a
result, the nice geometric properties of M (u) transfer to the global moduli stack X#.

While the connection between moduli of Breuil-Kisin modules and local models suffices
for proving modularity lifting theorems in the potentially Barsotti-Tate case, it doesn’t seem
capture some of the more subtle aspects of the geometry of local deformation rings. These
more subtle aspects are connected to the (geometric) Breuil-Mezard conjecture [6, 14], to
the weight part in Serre’s conjecture [8, 18] and to questions about integral structures in
completed cohomology [5, 16]. Therefore, there is considerable interest in generalizing the
results of Kisin and Pappas-Rapoport. This paper extends the relationship with local models
to the case of Breuil-Kisin modules equipped with tame descent data.

We explain the connection to integral structures in completed cohomology. One of the
few situations where we have explicit presentations of local deformation rings is the case of
tamely Barsotti-Tate deformations rings for GL,. Set Gg := Gal(K /K)andlet Ix C Gk be
the inertia subgroup. When K/Q), is unramified and 7 : /x — GL,(A) is a (generic) tame
inertial type, then [5, 7, 16] explicitly describe the potentially Barsotti-Tate deformation
ring RﬁBT’T for any p : Gxg — GL,(IF). These computations provided evidence for the Breuil-
M¢ézard conjecture and led Breuil to several important conjectures [5]. Perhaps the most
striking is the precise conjecture about which lattices inside the smooth GL,(Ck)-represen-
tation o (7) (determined by 7 via inertial local Langlands) can occur globally, in completed
cohomology. Breuil’s conjectures were proved by Emerton-Gee-Savitt [16] using the explicit
presentations of tamely Barsotti-Tate deformation rings.

In more general situations (K /Q, ramified or p non-generic), one cannot hope for such
an explicit presentation. In this paper, we construct for arbitrary K/Q, and GL,, resolutions
of tamely Barsotti-Tate deformation rings whose geometry is related to that of local models
for Resg /g, GL, with parahoric level structure. These resolutions are related to the moduli of
Breuil-Kisin modules with descent data. The level structure is determined by the tame inertial
type 7. For example, if T consists of distinct characters, then the local model will have Iwahori
level structure, whereas the local models of [25, 33], which have trivial descent data, always
have maximal parahoric level.

Our perspective in this paper is largely global, in the spirit of [33]. Motivated by the moduli
stack of finite flat representations of Gg constructed by [15], we study moduli stacks Y #-*
of Kisin modules with tame descent data and p-adic Hodge type u € (Z”)Hm(K’@P). We
can consider a moduli stack of Kisin modules as above, but in addition equipped with an
eigenbasis compatible with the descent datum; we call this space ymr,
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KISIN MODULES WITH DESCENT DATA AND PARAHORIC LOCAL MODELS 183

THEOREM 1.1. — There exists a moduli stack Y "% of Kisin modules with tame descent data
and p-adic Hodge type u, which fits into the diagram

yre M),

where M () is the Pappas-Zhu local model [35, 28] for (Resg/q, GLy, i) at parahoric level
(determined by 1) and both w* and V* are smooth maps.

REMARK 1.2. — Thekey step in the construction of the local model diagram is encoded in
diagram 3.1. We decompose a Kisin module (90, ¢) according to the descent datum and then
study the interactions between the images of ¢ on different isotopic pieces. This is reminiscent
of the classical definition of local models which involves lattice chains.

REMARK 1.3. — The main idea behind constructing the local model diagram in
Theorem 1.1 comes by observing that there is a correspondence between having descent
datum from the ramified extension L down to K and having a parahoric level structure
defined over K. This relationship also appears in the theory of vector bundles over a curve,
where a vector bundle with descent datum over a ramified cover of a curve corresponds to a
parahoric vector bundle over the curve.

For example, the paper [29] studies the case of vector bundles over smooth projective
curves X over C. Assume X has genus > 2. There exists a simply connected covering of X
ramified at a finite set of points (the points and their ramification indices can be prescribed
in advance) and this covering can be identified with the upper half space H. We can identify
X = H/n, where 7 is a group of automorphisms of H which does not act freely on H. Giving
a vector bundle of rank n on H with descent datum to X amounts to giving the trivial rank n
bundle on H together with a homomorphism 7 — GL,(C) which induces an action of &
on the trivial bundle. The invariant direct image under the projection to X gives a vector
bundle on X together with a so-called parabolic structure. The parabolic structure consists of
assigning a flag and a set of weights to the fiber at every ramification point. This construction
gives an equivalence between the category of vector bundles on H with descent datum to X
and the category of vector bundles on X with parabolic structure and with rational weights.

We also note that the more recent paper [2] extends the results of [29] to the case where the
structure group is a semisimple simply-connected algebraic group over C (rather than GL,).

In joint work in preparation with Emerton, Gee and Savitt [10], the first author constructs
amoduli stack of two-dimensional, tamely potentially Barsotti-Tate G g -representations and
relates its geometry to the weight part of Serre’s conjecture. In this case, the stack Y #* will
be a relatively explicit, partial resolution of the moduli stack of G g-representations. The nice
geometric properties that Y #7 inherits from the local model diagram turn out to be key for
understanding the geometry of the latter moduli stack. From this perspective, the present
paper and the paper in preparation [10] clarify the geometry which underlies a possible
generalization of Breuil’s lattice conjecture in the ramified setting.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



184 A. CARATANI AND B. LEVIN

In another direction, the local model diagram above allows us to define the analog of
Kottwitz-Rapoport strata inside the special fiber of Y#*. For example, if K = Q,, we get
locally closed substacks Yﬁ’t of the moduli space of mod p Kisin modules with descent
datum Y™ indexed by certain elements w in the Iwahori-Weyl group of GL,, the so-called
u-admissible elements defined by Kottwitz and Rapoport (cf. [35, (9.17)]).

DEFINITION 1.4. — A Kisin module 9 € Y " (F,) is said to have shape (or genre) w.

This generalizes the notion of genre which is crucial in [S] and more recently [12] in describing
tamely Barsotti-Tate deformation rings for GL,.

While Kisin’s resolution was most interesting when K/Q, was ramified, potentially
Barsotti-Tate deformation rings have interesting geometry even when K = Q. In addition,
when n > 2, there is an advantage to replacing weight by level and considering poten-
tially crystalline deformation rings in questions related to Serre weight conjectures. This
direction is considered in joint work in progress of the second author with B. Le Hung,
D. Le and S. Morra which computes tamely crystalline deformations rings with Hodge-Tate
weights (2, 1, 0) for K/Q, unramified with applications to Serre weight conjectures for GL3
[26]. The results of [26] suggest close connections between the strata defined by shapes and
Serre weights.

1.1. Overview of the paper

In Section 2, we recall the definition of local models in the sense of Pappas-Zhu, as well
as the results of [35, 28] on the geometry of local models. In Section 3, we define Kisin
modules with decent data, construct the moduli space of Kisin modules with tame descent
data (without imposing any conditions related to p-adic Hodge type) and derive the key
diagram 3.1. In Section 4, we construct the local model diagram (again without imposing
a p-adic Hodge type u) and prove that both arrows are (formally) smooth. In Section 5,
we construct the stack Y #, give a moduli-theoretic description of its generic fiber, describe
the Kottwitz-Rapoport stratification of its special fiber and relate it to tamely potentially
Barsotti-Tate Galois deformation rings.

1.2. Acknowledgements

The idea of constructing a moduli stack of Breuil-Kisin modules with tame descent data
originated in joint work of the first author with M. Emerton, T. Gee and D. Savitt, where
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Tate Galois representations. The idea that one should be able to relate this moduli stack to
local models of Shimura varieties was suggested to us by M. Emerton, whom we thank for
many useful conversations. The second author would like to thank B. Bhatt, B. Le Hung,
D. Le, S. Morra for many helpful conversations. We also thank the anonymous referees for
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1.3. Notation

Fix a finite extension K/Q, with K, the maximal unramified subextension. Let
f =Ko :Qp]and ex := [K : Ko]. Let k denote the residue field of K, of cardinality p’.
Fix a uniformizer 7gx of K. Let L/K be the totally tame extension of degree p/ — 1 obtained
by adjoining a (p/ — 1)st root of wx which we denote by ;. Let W := W(k) be the ring of
integers of K.

Let E(u) € Zp[u] be the minimal polynomial for nx over Q, of degree e := f -ex =
[K : Qp]. Note that P(v) := E@P' 1) e Zp[v] is the minimal polynomial for 77, over Q.

Set A := Gal(L/K), which is cyclic of order p/ —1. We take F to be our coefficient field, a
finite extension of Q,, with ring of integers A and residue field F. Let A* := Hom(A, A*) be
the character group. Assume that Ky embeds into F and fix such an embedding o : Ko < F
which induces an embedding W < A and an embedding ko <— . We will abuse notation
and denote these all by oy.

Let v : A — GL,(A) be a tame principal series type, i.e., T = ;_, y; with y; € A*. We

o(rr)
Ty

will take wr : Gk — W™ to be the fundamental character of level f given by ws (o) =

2. Local models

In this section, we recall the definition and properties of local models for the group
Resk/q, GLx, at parahoric level and for general cocharacters. These local models are studied
in more detail and for more general groups in [28]. We will review the relevant definitions
and the results we will need. One can think of this construction as a mixed characteristic
version of the deformation of the affine flag variety used by Gaitsgory in [17]. The strategy
in mixed characteristic builds on the work of Pappas and Zhu [35]. For GL,,, the construction
originates in work of Haines and Ngo [20].

Since Ko embeds into F', the local models for Resg g, GL, decompose as products over
the different embeddings of Ky into @p. For now, it is convenient to fix an embedding
o : Ko — F and let Q(u) := o(E(u)), an Eisenstein polynomial over A. Later on, we
will allow 0 = 0g 0 ¢/ : Ky < F, where oy is the embedding we have fixed above, ¢ is the
lift of Frobenius on Ko and j € Z/fZ.

Fix a parabolic subgroup P of GL, over Spec A. P is the stabilizer of a filtration

O=Vo VS CVa1 CSVp=A"
on the free rank n A-module. For any A-algebra R and any rank n projective R-module M,
a P-filtration is a filtration { ¥ (M)}} which is (Zariski) locally isomorphic to {V; ®4 R}.
DEFINITION 2.1. — For any A-algebra R, define
GrQ(")(R) := {isomorphism classes of pairs (L, 8)},

where L is a finitely generated projective R[u]-module of rank n, 8 : L[1/Q1u)] =
(R[u]™)[1/Qw)].
For any A-algebra R, define

Flg(“)(R) := {isomorphism classes of triples (L, 8, )},

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



186 A. CARATANI AND B. LEVIN

where (L, ) € GrQ(“)(R) and ¢ is a P-filtration on L/uL. There is a natural forgetful
morphism pr : Flg(") — Grl®,

We will also need some variations of these objects. There is a local version of Gré®:.

DEFINITION 2.2. — Let I?[;](Q(u)) denote the Q(u)-adic completion of R[u]. For any
A-algebra R, define

Grggu)(R) := {isomorphism classes of pairs (i , E)},
where L is a finitely generated projective R/[;](Q(u))-module of rank n and E is a trivialization
of L[1/Qu)].
THEOREM 2.3. — The natural map
Gré®™ _, Gr}%gu)
given by Q(u)-adic completion is an isomorphisms of functors.

Proof. — The equivalence follows from the Beauville-Laszlo descent lemma (main
theorem of [3]) since Q(u) is a regular element of R[u] for an A-algeba R. A more general
version of the descent lemma appears as Lemma 6.1 of [35] along with more details. O

REMARK 2.4. — There is a local version of Flg(”) as well but it requires more machinery

to define. One has to work with “parahoric” group schemes over CO[u] as in §4 of [35] or
§3 of [28]. For example, §6.2.1 of [35] defines a local affine Grassmannian associated to
any smooth affine group scheme over O[u] which includes as a special case a local version
of FIZ™),

We have in fact another description of Grf®™ and FI}Q,(") when p is nilpotent in R:

DEerINITION 2.5. — For any A/ p” A-algebra R, define
Gr2®

alt

(R) := {isomorphism classes of pairs (L', 8')},

where L' is a finitely generated projective R[[u]]-module of rank n and 8’ is a trivialization
of L'[1/Q(u)]. We define FIIQ,(;TI) to include the additional data of a P-filtration &’ on L'/ulL’.

PROPOSITION 2.6. — Let R be a A/ p" A algebra, there are natural bijections

Gr®(R) = Gr3™ (R) and FIZ*)(R) = FIFS(R).

Proof. — When p is nilpotent, the u-adic and Q (u)-adic completions of R[u] are the same
since Q(u) = u® + pQ’(u) and so Gr2®(R) = GrIQOS")(R). Thus, the first bijection follows

alt

from Theorem 2.3. If (L, B.¢) € Flg(")(R) maps to (L', 8/, ¢') € Flgj(;z(R), then L/ulL is

canonically isomorphic to L’ /uL’ and so the data of ¢ is equivalent to the date of ¢’. O

THEOREM 2.7. — The functors Gr™ and F lg(") are represented by ind-schemes which are
ind-projective over Spec A.

Proof. — This follows from Proposition 4.1.4 of [28]. O

Let Lo,z := R[u]" C (R[u]")[1/Q(u)]. In this situation, we can make the ind-structure
very concrete.
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KISIN MODULES WITH DESCENT DATA AND PARAHORIC LOCAL MODELS 187

DEerINITION 2.8. — For any integers a, b with b > a, define
Gré®abl(Ry = {(L. ) € Gr2™(R) | Q)™ Lo,g D B(L) D Q)" Lo r.
Similarly, we define F121421 — F190) » _ () Gro®-la:],

PROPOSITION 2.9. — The functors Gre®Habl ypg Flg(")’[a’b] are represented by projective
A-schemes.

Proof. — See [27, Proposition 10.1.15]. O

In order to describe the geometry of F I}Q,(”)(R), we recall the definition of the affine Grass-
mannian and affine flag varieties.

DEFINITION 2.10. — Let « be a field. Let Grgy,, be the affine Grassmannian of GL,
over k. Grgy, 18 the ind-scheme parametrizing, for any x-algebra R, finite projective
R[t]-submodules L g of R((#))" (we will refer to such an Ly as an R[[t]"-lattice in R(t))").

One can also define the affine Grassmannian Grg for a general connected reductive
group G over . This is the fpqc quotient of group functors G((t))/G[t], where the
loop group G((t)) sends a k-algebra R to G(R((t))). The positive loop group G|[¢] sends
ak-algebra R to G(R[t]). In the case of GL,, this definition is equivalent to Definition 2.10.
The fpqc quotient Grg is representable by an ind-projective ind-scheme over «. (For a
general group G, the affine Grassmannian parametrizes G-bundles on Spec R[¢] together
with a trivialization on Spec R((¢)), where we can think of G-bundles in the Tannakian
sense as tensor functors from Rep, (G) to vector bundles. See, for example, Proposition 5.2
of [35].) In particular, one can consider Grges K@g, #)/FGLn- Over F, we have a product
decomposition

(ReS(K®QpF)/FGLn)f = l_[ GL,.
K—F
The same then holds for the affine Grassmannian, namely,

(GrReS(K®@p F)/FGLn )? = 1_[ (GrGLn )F
K—F

and so Grges, K®g, 7)/FGLn is a twisted form of [[x., 7 Grgr,, .
p

Grgr, has a stratification by affine Schubert cells, as follows. Fix the diagonal torus T’
and the upper triangular Borel B. This induces an Bruhat ordering on the set of dominant
cocharacters {(d;,d>,...,dy) | di > dj+1} of GL,,. Let u = (d1,d>, ..., d,) be a dominant
cocharacter. The positive loop group GL, (k[¢]) acts on the affine Grassmannian Grgy,. By
the Cartan decomposition for GL, (k((¢))), the orbits of this GL, («[[¢])-action are indexed
by conjugacy classes of cocharacters of GL,; the orbits are called the affine Schubert cells
attached to the (conjugacy classes of) cocharacters. The affine Schubert variety S(u) is
defined to be the closure of the open Schubert cell S°(u) corresponding to the conjugacy
class of w. It is a finite type closed subscheme of Grgr,. Concretely, S(u) parametrizes
lattices whose position relative to the standard lattice are less than or equal to u for the
Bruhat-order. In particular, S(u)z is the union of the locally closed affine Schubert cells for
all ' < u ([36, Proposition 2.8]).
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188 A. CARATANI AND B. LEVIN

For our chosen parabolic subgroup P C GL,, we recall the definition of the affine flag
variety over F; it will be an ind-projective scheme over F. It will depend on our chosen
embedding o : Ky < F; recall that we have defined Q(u) := o (E(u)).

DEerFINITION 2.11. — The affine flag variety Flp, associated to the pair (GL,, Pr) is the
moduli space of pairs (L, " (L/tL)) where L is a lattice in R(#))"” and {F (L/tL)}is a
P filtration on L/tL for any F-algebra R.

We have a forgetful map Flp, — Grgr, whose fibers are isomorphic to the flag
variety GL,,/ Pr.

ProrosITION 2.12. — The functor FI}Q,(u) is represented by an ind-projective scheme
over Spec A. Furthermore,

1. the generic fiber Flg(") [1/ p] is isomorphic to the product GL, / P xGrReS(K®K Fy/ FGLn
OAU
over Spec F;
2. the special fiber Flg(") ®AF is isomorphic to Flp,.

Proof. — See [28, Proposition 2.2.8]. O

We now want to consider a version of Flg(u) where the embedding of K into the coef-

ficient field F is allowed to vary. Recall that we fixed such an embedding oy : Ko — F.
Foreach0 < j < f — 1, view Ko as a subfield of F viao; = gpo @™/ : Ky — F.
(Recall that ¢ is the lift of Frobenius to the unramified extension Ko/Q, and j € Z/fZ.)
Fix a geometric cocharacter u of Resg /g, GL, which we write as (1) where u; is geometric
cocharacter of Resg,x,GL, for each embedding o;. Furthermore, for each embedding o7,
fix a parabolic subgroup P; of GL,. Define the following schemes over Spec A:

E@) ._ E; ()
Flig ™ = [T Fip/™,
jezifz

where E;(u) = 0j(E(u)), and

JELZ/fL

REMARK 2.13. — For now, the parabolic subgroups P; are arbitrary and they are allowed
to be distinct. In Section 4, the “shape” of the descent datum on Kisin modules will impose
additional conditions on the P;, which will ensure that they determine conjugate parahoric
subgroups of GL,,.

For the chosen cocharacter u, we define the reflex field Fj,,) as the smallest subfield of F
containing F and over which the conjugacy class of u is defined. Let A[,) denote the ring
of integers of F,). Since we have chosen F to contain a copy of Ko, this is the union
of the corresponding fields for each pj. We will now define the local model as a scheme
over Spec Ap,; a priori it could be defined over the ring of integers in a smaller field (we
just need the conjugacy class of p and the parabolic subgroups P; to be defined over this
field) but we will only need to consider the base change to Spec Ay,;.
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KISIN MODULES WITH DESCENT DATA AND PARAHORIC LOCAL MODELS 189

DEeFINITION 2.14. — Let S(u) C (GrRes(,<®Q £y, GLy ) Fy,,y D€ the closed affine Schubert

\p
variety associated to {}. Foreach j € Z/fZ,let 1gL,,p, denote the closed point of GL, / P;
corresponding to P;. Then the local model M (1) associated to p is defined to be the Zariski
closure of [ [z 7 lGL,/p; X S(i;) in Flllg("). It is a flat projective scheme over Spec Ap,;.

The main theorem on the geometry of local models is:

THEOREM 2.15. — The local model M () is normal with reduced special fiber. All irre-
ducible components of M(u) ® o F are normal and Cohen-Macaulay.

Proof. — Inthislevel of generality, this is Theorem 1.0.1 of [28]. This builds on Theorem 1.1
of [35], where the only restriction is that K /Q, must be tamely ramified. When p is minuscule
and P = G, the result goes back to Theorem B of [31]. O

REMARK 2.16. — The proof of Theorem 2.15 uses the coherence conjecture of Pappas
and Rapoport proven by [39].

REMARK 2.17. — Xuhua He has shown in [21] that the entire local model M (u) is Cohen-
Macaulay when the A; (which are defined below in (2.1)) are all minuscule. The local model
is also known to be Cohen-Macaulay when n = 2 (via the argument sketched at the end
of [19], using the Kottwitz-Rapoport stratification below).

REMARK 2.18. — In the case when n = 2 and u;y = (1,0) forall j € Z/fZ and
¥ : K < F an embedding extending o; (which is the case corresponding to tamely
Barsotti-Tate Galois representations), it can be shown that the local model coincides with the
standard model, defined in terms of a Kottwitz determinant condition. The key point is that
the standard model at hyperspecial level is flat, as shown in [31]; the same holds at parahoric
level and therefore the standard model coincides with the local model in the sense of [35],
which is obtained by taking flat closure. The upshot is that in this special case, the entire local
model M(u) has a moduli interpretation. More details on the moduli interpretation and its
relationship with tamely Barsotti-Tate Galois representations will appear in [10].

Although there is no moduli interpretation for M (u) in general, we can describe its special
fiber in terms of affine Schubert varieties inside the affine flag variety. For each j € Z/fZ,
view Ky as a subfield of F via o; and write i; = (i4},y ), where ¥ runs over Ko-embeddings
K < F. Assume that each j; y is a dominant cocharacter. Define

2.1 A=) My
v:K—F
We recall the definition of the A;-admissible set, which was introduced by Kottwitz and
Rapoport; we follow the notation and constructions of Section 2 of [28].
Let (, be the connected reductive group scheme Res(p x ooy MIA GL, over Spec A

whose generic fiber is G. Let { = §, ® Au] be the constant extension. If we set
G’ := Cp@y)» then Gpp,y is a reductive model of (g, and the parabolic P; determines
a parahoric subgroup

P;:={g e CFul)l g modu e P;(F)} CG".

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



190 A. CARATANI AND B. LEVIN

Let W be the Iwahori-Weyl group of the split group GI'fF @)’ defined as N(F(u)))/ T?, where

N is the normalizer of a maximal torus 7° in G” and T} is the kernel of the Kottwitz
homomorphism for 7P (see Section 4.1 of [34] for more details). W sits in an exact sequence

0—>X*(Tb)—>13[7—>W—>0,
where W is the absolute Weyl group of (G°, 7). Define
Adm(A;) == {w e Wlw <131 € W-A;}.
The order < used in the definition of Adm(A;) is the Bruhat order. Let Wp, C W be the
subgroup corresponding to the parahoric 2;. Define
Admp; (1)) := Wp, Adm(A;)Wp, .

Note that the Adm(A;) only depends on the geometric conjugacy class of A;.

THEOREM 2.19. — The geometric special fiber M (1) can be identified with the reduced
union of a finite set of affine Schubert varieties in the affine flag variety Flifg ). Hence we have
a stratification

M (s = U [[s°@)
@))ell]Z) Admp; (1) 7
by locally closed reduced subschemes, where S°(W;) is an open affine Schubert cell and these
are indexed by j and by the admissible set Admp; ().

REMARK 2.20. — The irreducible components of M (i)z are indexed by the extremal
elements of ]_[;:01 Admp; (A;) which are in bijection with the orbit of (1;) under the Weyl
group [[; Wp;.

Proof. — This follows (by taking a product over the embeddings ;) from Theorem 8.3
of [35] when K/Q, is tamely ramified and Theorem 2.3.5 of [28], when K/Q, is wildly
ramified. O

Finally, we recall a generalization of the loop group which acts on M(u;) and on Flgj @,
Define the pro-algebraic group L+£/®GL,, over Spec A by

LTEGL,(R) = lim GL, (R[u]/ Ej (w)") = lim Res(a)/E; @yr)/ A GLn (R).

We define a subgroup of L1-£/ WGL,, by
LTEi® . (R) :={ge LPE/WGL,(R) | ¢ mod u € P;(R)}.
Similarly, for any positive integer r, let

j)j,r = {g € RCS(A[M]/E/.(u)r)/AGLn(R) | g mod u € Pj(R)}.

PROPOSITION 2.21. — For any positive integer r, the functor Pj, is represented by a
smooth, geometrically connected, group scheme of finite type over A. The functor L™£i @) Pjis
represented by an affine group scheme (not of finite type) over A which is formally smooth
over A.
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Proof. — This is consequence of some general properties about Weil restriction along
finite flat morphisms. The fact that (P; , is smooth is a consequence of Proposition A.5.2(4)
n [13]. The group scheme 2;, has geometrically connected fibers by Proposition A.5.9
in [13]. O

PrOPOSITION 2.22. — The group HjeZ/fZ LHEi( Pj acts on Flg("). For any cochar-
acter w, M(w) is stable and the action of Hjez/fz LH-Ei) Pj on M(w) factors through
[1jez)rz Pjn for some N sufficiently large.

Proof. — Choose a,b such that M(u) C [Tjez 72 Flg//_‘ (w).fab]
The action of [z, 77 L% @ P; on jez/fz Flg (0l T g through the group scheme

[liez/rz Pjr forr = b —a. Since [[; ¢y, ¢ Pj.r 1s flat (even smooth) over A by Propo-
sition 2.21, stability of M (u) follows from the fact that the generic fiber S(w) is a union of
orbits for the loop group of Resg,q, GLy. O

REMARK 2.23. — An action of pro-algebraic group on a ind-scheme which satisfies the
property in Proposition 2.22 is “nice” in the sense of [17].

3. Kisin modules with descent datum

In this section, we will consider moduli of Kisin modules of finite height for the field K
together with tame descent datum for L/K. We work over the category Nilp, of A-alge-
bras R on which p" = 0 for some N > 0.

If R is such an algebra, then (W ®z, R)[[v] has an R-linear action of ¢, defined by (the
lift of) Frobenius on W and ¢(v) = v?.

Recall that A = Gal(L/K) is a cyclic group of order p/ — 1. For any g € A and any
R € Nilp,, welet g be the automorphism of (W ®z, R)[v] given by v = (g(7L)/7L®@1)v =
(wr(g) ® 1)v, which acts trivially on the coefficients.

We have a decomposition W ®z, A =~ @]fz_ol A, whereg; = opo¢™/ : W — A
corresponds to the projection onto the jth factor in the direct sum decomposition. We will
generally consider j modulo f. For any R € Nilp,, we get an induced decomposition

W ®z, vl = P R,
J€z/f7
Under this isomorphism, we have g(v) = (09 o wr(g).01 © wr(g),02 0 wWr(g).....0f—1 ©
wr(g)v.
Similarly, for any (W ®z, R)[v]-module M, we write

M = @ MW

JELIfZ

for the induced decomposition of M. Each M /) is an R[[v]-direct summand of M.
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DEeFINITION 3.1. — Let Mg be an (W ®z, R)[v]-module. A semilinear action of A
on My, is collection of g-semilinear bijections g : Mz — M for each g € A such that

~

goh=gh
forall g,h € A.

Note that P(v), the minimal polynomial for =y, is fixed by g for all g. Thus,
(W ®z, R)[vI)[1/P(v)] inherits a semilinear action of A for any R € Nilp,.

DEFINITION 3.2. — Let R be any A-algebra. A Kisin module (with bounded height)
over R is a finitely generated projective (W ®z, R)[[v]-module Mg, which is Zariski locally
on Spec R finite free of constant rank over (W ®z, R)[v], together with an isomorphism
P 1" (MpR)[1/P(v)] = Mg[1/P(v)].

We say that (g, ¢om ) has height in [a, b] if

P(0)*Mr D don (¢*(Mr)) D P(v)*Mp
as submodules of M g[1/P(v)].

DEFINITION 3.3. — A Kisin module with descent datum over R is a Kisin module
(MR, pamy) together with a semilinear action of A given by {g}gea which commutes
with ¢gp,, i.e., forall g € A,

90*(/g\) O¢EmR = ¢93TR °§~

Fix integers [a, b] with a < b and a positive integer n. We take X @41 to be the fpqc stack
over Nilp, such that X[@?1(R) is the category of Kisin modules over R of rank » with height
in [a, b], with pullback defined in the obvious way (see §2.a in [33]). Similarly, we define the
fpqe stack Y4012 where Y 14612 (R) is the category of Kisin modules of rank 1 with descent
datum over R and height in [a, b]. We will need some auxiliary spaces as well.

DEFINITION 3.4. — Fix N > b —a. Let X! be the fpqc stack over Nilp, given by
X@bI(R) := {(Mg.ar) | Mg € X4PU(R), ag : Mg = Rv]* mod P()V}.
There is also an infinite version:

X1l (R) = (Mg, ar) | Mg € X9PU(R), ag : Mg = R[V]"}.

We leave out N from the notation X 4], though of course the stack does depend on N.
The natural maps X421 — x[a:8] (resp, X1a:01.(00) _, x1a.b]) are formally smooth. For any
r>1,set

Xr[a,b] — X[a,b] ®A A/pr and Yr[a,b],A = Y[a,b],A ®A A/pr.

THEOREM 3.5. — Forany r > 1, X,[a’b] is representable by an Artin stack of finite type

over Spec A/ p". Furthermore, )?;[a’b] is represented by a scheme of finite type over Spec A/ p" A.

Proof. — The first statement follows from [33, Theorem 2.1] as does the fact that )’Z{”’b] is
represented by a finite type scheme. Since the inclusion ﬂa’b] C ﬂ”’b]
thickening, ﬂ“’b] is also a represented by a scheme by Lemma 87.3.8 of [1] based on the
corresponding fact for algebraic spaces and on the fact that a thickening of a scheme in the

category of algebraic spaces is a scheme, which is Corollary 8.2 of [37]. O

is a nilpotent
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We will return to this theorem with descent datum in Theorem 4.7. First, we discuss the
Galois type or tame type of a Kisin module with descent datum. Let 9 be a Kisin module
with descent datum over R. Write

mr= P mY.

JEZ/fZ
We get a semilinear A-action on m ), on the Frobenius pullback ¢* (smg)) as well as on the

reduction ¢*(MY))/ve* (MY).
DEFINITION 3.6. — Let Mz € Y@PLA(R) and set DE{) = sm‘,{)/vsm‘,{). Then we say
that Mg has type T = B_, xi, with y; € A*,ifforall j € Z/fZ
D;{) ~T

as linear representations of A.

REMARK 3.7. — In Definition 3.6, we require that the type be the same for all
j €{0,...., f —1}.If R = A, the fact that ¢ commutes with the descent datum implies
that the type must be the same on each component Dg).

However, this need not always hold if R = F. For example, take f =2, Ko = K = Q,2;
L will be a ramified extension of K obtained by adjoining a (p? — 1)st root of p. Let
M = MDD @M be a rank 1 Kisin module over F, with e?) a generator for M@ fori = 1,2.
In F[[v], we have P(v) = vP°~1. Then we can have Gal(L/K) act on e by a)’2 and we can
simply take ¢p(e™) = v7°~2.¢@ and ¢r(e@) = v-eD. Then M is a rank 1 Kisin module
with height in [0, 1].

Since we are ultimately interested in relating the Kisin modules with tame descent data to
Galois representations over F (see Section 5.3), we do not lose anything from imposing this
condition.

ProrosITION 3.8. — If Mg is a Kisin module with descent datum of type t, then
DY =" MP)/ve*@MY) = .

Proof. — The natural R-linear injection ng) — <p*(sm§{’) givenbym — 1 ® mis
A-equivariant and induces an isomorphism modulo v. O

PROPOSITION 3.9. — Let Mg € Y @PLA(R). Consider

) _ ()
DR’ = €D Dy
XEA*

where Dg)x is the y-isotypic piece. Then Dg)x is a finite projective R-module and hence the

rank ong)X is locally constant on Spec R.

DEFINITION 3.10. — Let Y4817 be fpqc stack of Kisin modules with height in [a, b] and
descent datum of type 7 over Nilp, .

COROLLARY 3.11. — The inclusion Y @21t ¢ Y1a-bLA js g relatively representable open and
closed immersion.
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Proof. — This follows from Proposition 3.9 which says that the type of a Kisin module
with descent is Zariski locally constant. O

Define ¥,[*?}7 .= yla:blt , A/ p” A. In the next section, we will construct a smooth cover
of Y,[“’b]’r and show that it is representable by an Artin stack of finite type (Theorem 4.7). We
will also relate these moduli spaces of Kisin modules with descent datum to the local models
from the previous section.

First, we will need a few preliminaries. Recall that t = @D}_, x;. We can write y; uniquely
as

xi = (09 0 wy)™
wherea; = a; o +ai1p+--+ ai,f—lpf_l-

DEFINITION 3.12. — Let a; be as above. For j € Z/f7Z define
f-1
a,(j) = Zai,f—j-i-kpk
k=0
where the subscript f — j + k is taken modulo f.

We have chosen a global ordering on the characters y1, x2,..., x». However, it will be
useful to choose a possibly different ordering at each place j € Z/fZ.

DEFINITION 3.13. — An orientation of the type 7 is a set of elements (s; € S,);ez/ 7 such
that
() @ @ (4))
A = A50) = AE) =7 = A5
In other words, if we set A;j ) = (ai(j)) € Z" thought of as a cocharacter of the diagonal
torus of GL,, then s; is a permutation such that sj_1 ()&f,’ )) is anti-dominant with respect to
the upper triangular Borel subgroup.

REmMARK 3.14. — 1. If the characters y; are pairwise distinct, then there is a unique
orientation for .

2. For a different choice of global ordering, the set of possible orientations changes by
diagonal conjugation by Sj,.

3. One may also be interested in studying the case when 7 is an inertial type over Q, which
does not correspond to a principal series type (in the sense of Bushnell and Kutzko)
under the inertial local Langlands correspondence. (See Theorem of [9] for a general
statement of inertial local Langlands, originally due to Henniart in the 2-dimensional
case.)

For such an inertial type t over Q, one can consider the base change 7’ to Q,,
where the type corresponding to 7 (in the sense of Bushnell and Kutzko) becomes a
principal series representation. Then t” decomposes as a direct sum of characters, so it
is a type in the sense of Definition 3.6. The orientations for 7’ reflect what sort of type T
was (see Example 3.15 below).
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ExaMmPLE 3.15. — Here we give the example of 2-dimensional principal series and cusp-
idal tame types over QQ,. (These correspond to types in principal series, and respectively
supercuspidal representations, of GL2(Q,) under inertial local Langlands.) Let 0 < a <
b < p — 1. Consider the two dimensional tame types over Q, given by 1; = of @ a){’ and

a+pb

72 = Ind(w, "7"). The base changes to Q2 are

b+bp a+pb

b
and 5 = w§ P’ @ wy TP

a+ap
T = W, D w,

respectively. The unique orientation for 7] is (id,id), and the unique orientation for 7 is
(s,1d) where s is the non-trivial transposition in S,.

Consider the map R[u] — R[v] given by u vP 1 If Mz is a Kisin module
over R with descent datum, then for each j, Smg) considered as an R[[u]-module has a linear
A-action and so for any y € A*, we can consider the submodules

my) = (memy | 2(m) = x(g)m}
for all g € A. Note that smg) = Dyear ZITI + a8 R[u]l-modules, since the order of A is
prime to p.
Similarly, we can define
;Y = m e o* (M) | E0m) = x(g)m}.
Since the descent datum commutes with the Frobenius action, we get linear maps
oDy D > mQ)

REMARK 3.16. — The y-isotypic piece of ¢* (amﬁ{’) is not isomorphic to ¢* (D)I%)X). Thus,
E{) does not define a semilinear Frobenius from Em%’;l) to Em%’)x This is why we denote the

x-isotypic component by wzmﬁ{’x.
PROPOSITION 3.17. — Let Mg be a Kisin module over R of rank n with descent datum. For
any j € Z/fZ and y € A* the modules DLR%)X are finite projective R[u]-modules of rank n.

Furthermore multiplication by v on Dﬁ%) induces an injective R[[u]-module homomorphism

v

()
WR Jojowr)x”

()

Mz

Proof. — The module mﬁ’x is finite projective R[u]-module because it is a direct
summand of the finite projective module imé; this also implies that multiplication by v
on M is injective. By the discussion before Definition 3.1, multiplication by v sends the
x-isotypic piece of Squ to the (0; o wy)y-isotypic piece. The rank computation is imme-
diate. O

LEMMA 3.18. — Let Mg be a Kisin module with descent datum. Let E;(u) := o;(E(u)).
Foreach y € A*, the Frobenius on Mg induces an isomorphism ‘75;& Xl) @ gm(f 1)[1/E )] —
), [1/ E; ()] such that

E;*my, 5 ¢ Pemy ) o E;wmy),
whenever Mg has P(v)-height in [a, b].
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Proof. — For each j, the map ¢§{_1) : <p*(9ﬁ${_1))[l/oj(P(v))] ~ m(Rj)[l/O'j (P(v))]isa
A-equivariant isomorphism. Using that P(v) = E (vp‘/_l) = E(u), we see that multiplica-
tion by E (u) respects the decomposition into isotypic pieces. The height condition is easy to
verify. O

Choose an orientation (s;) for t as in Definition 3.13. We then have the following commu-
tative diagram for each j:

(3.1)
(pm(]‘l) wm(J—l) (pmt(]—l) L. (pmt(]—l) wm(l—l)
R!XS/'(}’I) R;ij-(]) R,ij(2) R,ij-(nfl) R,ij(n)
j—1) =1 =1 =1 j—1
l‘pRsij(n) ld’R%Sj(l) l‘bR-Xs,»(z) l‘bkm (-1 l‘ﬁRvaj Q)
my ) mQ) Do
!XS/'(}’I) 7ij(]) ,ij(2) ,ij(nfl) :XSj (n)

All the maps in the diagram are injective. The composition across each row is multiplication
: . . . S—1-a® 4l
by u. The first horizontal arrow in each row is induced by multiplication v” g T

The other horizontal arrows are induced by multiplication by vagz“*”_aﬁ]zk) for each
1 <k <n—1.1If some of the {x; } are equal, some of the maps will be the identity.

The diagram should remind one of the diagrams that appear in the classical definition of
local models for GL,, with parahoric level structure, which involve lattice chains (see [32] as

well as Section 2 of [34]). Once we have chosen an appropriate trivialization of Emg)x . in
E .Yj n

the next section the above diagram will determine an R-point of an appropriate local model.

4. Smooth modification

We maintain the conventions from the previous section. In particular, we fix an
ordering {y;}7_, of the characters appearing in 7. We would like to package the data of
diagram (3.1) in a different way so that the relationship to the local models from §2 becomes
clearer. If D is an R-module, then by a filtration on D, we always mean by submodules
which are direct summands of D. We will work with increasing filtrations.

We continue to work over the category Nilp, of A-algebra on which p is nilpotent. We
make the following definition:

DEFINITION 4.1. — Let X, X’ be fpqc stacks on Nilp,. A morphism f : X — X'is
smooth if f mod p¥ is smooth for all N > 1.

DEFINITION 4.2. — Let Mg € YI@PLT(R). An eigenbasis for My is a collection of
bases BV) = {fl(’), AL fn(’)} for each MY such that ) c zmgfxl,. An eigen-
basis modulo P(v)¥ is a collection of bases { 1(\{)} oy for each E)ﬁg)/oj (P(v))Nimg{)

je
compatible, as above, with the descent datum.

An eigenbasis exists whenever D;{) is free over R since one can lift a basis for Dg) to SDTE{).
In particular, such a basis exists Zariski locally on Spec R for any My € Y407 (R).
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DEFINITION 4.3. — Fix N > b —a. Let Y4%1.7 be the fpqc stack over Nilp, given by
Vieble(R) = { (e, BY) | Me € YOII7(R), Y : Y = R[v]"  mod o (P(v))"}
where (,3%)) is an eigenbasis. We also have an infinite version given by
el (R = { (Mg, pO) | Mg € YIEHh2(R), B9 - MY = Rv]"}
where (8¢)) is an eigenbasis.

We leave out N from the notation ¥ @21, though of course the stack does depend on N.
See Proposition 4.6 below for a precise statement.

PROPOSITION 4.4. — Let Mg € YPIT(R). An eigenbasis {} for Mg induces a
trivialization zmg)x >~ R[u]”® for any x € A*. In particular, we have

y :DR%’)XS](”) =~ R[u]”.

Similarly, an eigenbasis modulo P(v)V induces trivializations of E)JI%,)X modulo E (u)VN.

Proof. — An eigenbasis for M induces a A-equivariant trivialization
mY) =~ R A @ - @ R[] Y = R[v] ®4 T.

We can identify the y-isotypic component on the right side and see that it is naturally
isomorphic to R[u]]”. To get the explicit basis for the y-isotypic component, translate the
elements of eigenbasis into the y-isotypic component by multiplying by the smallest non-
negative power of v which is compatible with the descent datum. For example, for x;; (n), the

is ) will be gi a2 £0) s £G) ()
basis y"/) will be given by v ™ ™ -fsj(l), R I A 'fsj(n—n’fs«(n)' O

Let (s;)jez/rz be an orientation of ¢ (Definition 3.13). Furthermore, define a filtration
on A" := 1 by

1k
Fil*(A") = Z (A")ij(,.).
1<i<k

Let P; C GL, be the parabolic which is the stabilizer of {F il*(A™)}. For example, if all the
characters are distinct then P; is a Borel subgroup for all j € Z/fZ.

REMARK 4.5. — In Definition 3.13, we define Asj ) e 7" which express the charac-
ters of r in terms of the fundamental character wy in embedding o;. An orientation is a
collection of permutations (s;) such that sj_l ()t;j )) is anti-dominant. Then P; is the unique
parabolic subgroup containing the diagonal torus and the root groups U, for all « satisfying
(a, sj_l (ng ))) < 0. In particular, P; contains the upper triangular Borel B.

Recall the group schemes L+-£i () Pj and P, defined before Proposition 2.21 with
P; the parabolic as above. When p is nilpotent in R, the E; (u)-adic completion and u-adic
completions of R[u] coincide and so

4.1 LTE Di(R) = {g € GL,(R[u]) | ¢ mod u € P;(R)}.
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PROPOSITION 4.6. — The map 7 : yla.blo(oo) _, yla.ble (resp. 7N ylable _,
Y @517 s a torsor (for the Zariski topology) for [iez/rz LHE ) D (resp. [liez/rz PiN)-
In particular, 7™ is smooth and 7 ®°) is formally smooth.

Proof. — We observed after Definition 4.2 that an eigenbasis (resp. eigenbasis mod
P(v)V) always exists Zariski locally on Spec R. We focus on the case of 7(® since the other
case is similar. We want to show that for a given module 90tz with descent datum of type
the set of eigenbases at an embedding o; is a torsor for L*£ () Pj(R).

An eigenbasis ) : MU ~ R[v]” induces, by taking A-invariants, a trivializa-
tion g4+ gMUIA=1 ~ R[u]". Thus, for any two eigenbases B0 and '), there is
BY) e GL,(R[v]) such that 8'0) = BWBW  and AY) e GL,(R[u]) such that g’ )-A =
ADBWDA Concretely, let 1Y) = (agj )); € Z" as in Definition 3.13. Then the relationship
between BYU) and AV is that

Ay —1 :
AW = (vslfl(,xg./))) B (vs_fl(l§")))
s - o . . a7l
where v°/ *"* "’ is the diagonal matrix with the (i, i)th entry given by v %/ .
The claim is that

Ul "
(o7 4) " GLaRID (7" 47) 0 GLy(RIuD) = L7502 (R).

This can be checked by a direct computation with root groups which we include below.
For the entries below the diagonal, we have

. ) ) .
A(J) — vas_/-(m)_asj- (k)B(J)
mk mk

for m > k and with our choice of ordering ag )(m) — ag )(k) > 0 with equality if and only

if Xs;0m) = Xs;k)- Thus, whenever ys.m) # Xs;(k), We see that Af,{,)( mod u = 0. This is
exactly the condition AY) mod u € P;(R). The converse is also true. O

THEOREM 4.7. — For any r > 1, Yr[a’b]’r = Y@blt @ A/p" A is representable by an
Artin stack of finite type over Spec A/ p” A. Furthermore, Yr[a’b]’r = Y@bbt @, A/p"A is
represented by a scheme of finite type over Spec A/ p”A.

Proof. — It suffices to prove the second statement, for which we will use a strategy origi-
nally employed in [10]. Consider the map

. vla,bl, b
E'Yr[a ]r_>)?"r[a 1

given by forgetting the descent datum. It suffices to show that £ is relatively representable and
finite type by Theorem 3.5.

Given (Mg, ¢r,PR) € ﬁ“’b] (R) we see that the data of the additive bijections
2 :Mr — Mg forall g € A, which have to commute with ¢r, satisfy g1 0 g2 = &1 0 22,
be R[v]-semilinear and compatible with Sz is representable by a scheme of finite type
over R. Indeed, such a bijection g has to induce an R((u))-linear automorphism of M z[1/v]
(which can be thought of as an étale p-module over R of rank n - (p/ — 1)). By the proof
of Theorem 2.5(b) of [33], the data of an R((u))-linear automorphism of 9Mig[1/v] which
commutes with ¢p is representable by a scheme of finite type over R. Further imposing the
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relationships g1 0 g2 = &1 o & and the R[v]-semilinearity cuts out a closed subscheme.
Finally, the requirement that the descent datum preserve the lattice g C Mg[1/v] and the
compatibility with Bg are also closed conditions.

We conclude then that f’;[“’b]’r — )A(;[”’b] is relatively representable and finite type and so by
Theorem 3.5 Y“?} is a scheme of finite type over Spec A/p” A. Since Y, 12h7 — ylebh g
a smooth cover we deduce that Yr[“’b]’r is an Artin stack of finite type. O

We are now ready to construct the local model diagram for Kisin modules with descent
data:
y 0.4],7,(c0)

27N

ylole FIE®

To define W, we need to associate to any (Mg, dr,{g}, Br) € ylablz.()(R) and each
embedding 0}, a triple (L), ¢, () e Fl?f @ (R). The pair (L), «0)) is straightforward
to define and is given by the ‘image’ of Frobenius.

To be precise, we take L) =¢ oMY ~Y  and define the trivialization &) by the

R:Xs‘-(n)
composition '
4.2 eomU~D [1/E; IO D 1 E ] L (R 1/E;
4.2) G /B o] — (1 E; )] T (RIuT")[1/E; )

where ) is induced by ) as in Proposition 4.4. Notice that we are using the alternative
description of Flij ™ from Definition 2.5.

Next, we have to define a filtration ¢) on L) mod u. Let

epU-1 .—¢ gpl—D = LW
Dijw) = mR,xsj(m modu =L mod u.

The filtration is essentially given by the diagram (3.1). Namely foreach 1 <i < n, let

o gm(U-1 0 gm(/—1)
Y m — M
Wi Roxs; i) Roxs;m

be the injective map induced by composition along the upper row of (3.1). Then we get the
inclusions

eam(i—1) eam—1) ) <¢ G-1 ) ¢ gp(—1
M( 9nRa)(s_,-(n)>Cw1( mRaXs_,-(l) C .o Ont mR,Xs‘,-(n—l) = mR,ij(n).

We can then define the filtration /) by
4.3) Fil’ (“’D(ffl)) = w; (wgm(i—l) )/u ((pm(j—l) ) '

Xsj () R Xs; ) R.Xs; )

It is not hard to see that the filtration &) is a P;-filtration for P; defined after Proposi-
tion 4.4.

In summary, we have

Ve, pr (8. 80) = (MY vV ool ) L FI (P )

n

i=1),-ez/fz'
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ExaMPLE 4.8. — Let K = Ko = Q, (so f = 1) and L be the ramified extension of Q,
of degree p — 1, such that E(u) = u + pand P(v) = v?» ' 4+ p. Let0<a <b < p—1
and consider the two dimensional tame type over Q, given by 11 = of @ a){’. This is a
continuation of Example 3.15.
We define 9t to be the rank 2 Kisin module over F given by My = e1F[[v] @ e F[[v] with
¢ given by:
ple1) = er,¢(e2) = v77 ey

and with descent datum 7; given by:

gler) = wi(g)er. gle2) = wf(g)ex
for every g € Gal(L/Qp).
Then (e, e2) is an eigenbasis for My and induces the bases (e, pP1ta=be ) of "’immw?

and (v2~%, e,) of wth,w{, as F[lu]-modules, as in Proposition 4.4. The matrix of the triv-

b—a

S . (10 ) . S
ialization of ¥, b 18 (0 " ) The map w; ¥ M, 3 —¢ My b 18 multiplication by v

Therefore, the induced filtration on ¢ D b has Fil' generated by the image of the basis
element v2~%¢; modulo u. (Fil° is everything and Fil> = {0}.)
We leave the case of the base change to Q,2 of the cuspidal type 7, as an exercise.

We now come to the main theorem:
THEOREM 4.9. — The morphism WV is formally smooth.

Proof. — Roughly, the idea is that the image under W gives the descent datum and the
image of Frobenius. What is left is to choose an isomorphism between ¢* (i) and its image
which is compatible with descent datum. By using the diagram (3.1), we show that it is
enough to choose the isomorphism on the x;; () th isotypic pieces and that any choice works,
giving formal smoothness. We now give the details.

We can twist to reduce the case where [a,b] = [0, ] so that the Frobenius is an honest
endomorphism of Mg. Let R € Nilp, and let / be a square-zero ideal of R. Choose
Mr/1.¢r/1. 18} BD) € YOI (R /1), Assume we are given a lift (LY, @), (Fil (LU
mod v)}) of W(Mg/r) to R.

Let Mg be a free (W ®z, R)[[v]]-module of rank n and choose an isomorphism

MRrRIRR/I = Mg/1. By Proposition 4.4, g/) ; induces a trivialization Vz(z]))l : Sm%/) Lt om =
3 Sj n

(R/1)[[u]™. We can then choose trivializations g(j ) of zmg) for each j such that the diagram

B
— R[P]I"

l

B
— (R/D)[[v])"

my

)
EmR/I

commutes. Let fs(/_j(z.) be the preimage of the i th standard basis element under ,BVU ). We define
a semilinear A-action of type T on Mg by demanding that A act on fs%) through the

character x5, ;). This clearly makes BU) into an eigenbasis for this descent datum.
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The eigenbasis §U) induces a filtration on “’D)((’S S = (“’Dﬁ%)xé m)) Ju ( m ) (n)) as
in (4.3) (compatible with reduction modulo 7). Choose an isomorphism oU) v sm(f Xc o =
Lg{) compatible with the filtrations on “’D)((]S 2 o and L%) / uLE,{) and such that the diagram

G-n v ()

R Xs;m) LI

G- 6 G)
SmR/I SXsj(n) — L/

commutes. (The isomorphism 8¢ is already compatible with the filtrations on the reductions
modulo u by our assumption that W(9g,7) equals Lg{/) ; together with the induced extra

data.)

Define ¢§{;D( | to be the composition
) Sj‘ n

MY 1r) o 1/ Es ] 22 L9117 E; 001 22 Rid /B ) T2 sm%)x /B

Observe that the only map which not an isomorphism without inverting E; (u) is @), The
“image” of Frobenius is then determined by the image of @/).

If Mg e Y20 (R) then the Frobenius gb(] Y is uniquely determined by ¢>§{;1)( )
E) Sj n
1)

by diagram (3.1). Indeed, to construct qu ) it suffices to construct qu sy for each

1 <i <n — 1 such that the diagram

[ (j_l) (p (] 1)
mR,Xy(z) mR Xsj ()
(j—1 =1
J/¢R Xv i) J/(ﬁk X? (n)
/
0)) @i )
—_—
RsXSj(i) mR;XSj(VL)

© _.®
commutes. The horizontal arrows are induced by multiplication by v*i® "% so they are
injections by Proposition 3.17. The fact that #¢) was chosen to respect filtrations implies
that the composition qb(’ 1) o O @i lies in the image of the bottom horizontal map w; and so

¢(] 1)

there exists a unique ) which completes the diagram. O

We can refine ¥ to a morphism of finite type.

ProrosITION 4.10. — Let N > b — a. The map V factors through the finite type closed

subscheme Fl%’b]’E(") . Furthermore, there exists a smooth map WV : ylablr Fl%’b]’E )

such that \V is the composition of

Y[a b],z,(c0) - Y[ab Flab E(u)
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[abE()

Proof. — Lemma 3.18 says that image of W factors through Fl, on each factor

and hence through F1l4-?1-£@)

To show that W factors as WV, we have to show that for any (Mg, ¢r.{g}.B) €
yla:bl.n.(00) (R) the image under ¥ only depends on B modulo P(v)". The image under
U is the tuple

G- G- “(¢DY~ 1))} )
( SmR s (n)’y ¢R’Xs1<n> {Fll ( D i) ) i=1 jeZ/fZ

From the construction of the map W, we see that the eigenbases ) only affect the construc-

G—=1)

tion of trivializations y) in (4.2). The eigenbasis 8) has no effect on ?M or

R’XSJ' (n)
on the filtration on ¢ D)((JA (1)) Furthermore, as we saw in the proof of Proposition 4.6,
changing the eigenbasis /3(] ) amounts to composing y/) : m<) ~ (R[u])”* with an

R’X-Vj (n)
element of g € LTE/®) D, (R). On Fla bLE; )
of LE; ) oP; defined in Proposition 2.22.

If BO) and B'0) are congruent modulo o;(P())", then ) = ¢ . y'0) for
g € LTEW Pj(R) with g = Id mod E; ()N . If g is congruent to the identity modulo
Ej(u)V, then g acts trivially on Fl la b] Ej ) (for example, by identifying Fl [@-bLEj () with
lattices as in Definition 2.8). O

, this corresponds to the natural left action

COROLLARY 4.11. — There is a diagram

Y[a,b],r

N wN

ylable Flla-bLEG,

where both 7™ and YN are smooth.

5. p-adic Hodge type

In this section, we define and study a closed substack Y7 ¢ Y[%/)7 which is related to
the notion of p-adic Hodge type. A similar construction but without descent data was carried
outin[33,§3]. Whenn = 2and u € ({0, 1}")H°m(K’@P) (i.e., u minuscule), Y #** and the local
model diagram are studied in forthcoming work of the first author with Emerton, Gee and
Savitt [10].

Let i be a geometric cocharacter of Resg /g, GL,. For each embedding 0; : Ko — F,
we get a geometric cocharacter u; of Resg/x,GLy such that u = (u;)s;. Assume that
F = A[1/p] contains the reflex field of the conjugacy class [u], i.e., A = Apy.

In §2, we defined the local model

M =[] Mupc ] Fip® =Fg®.
JEZ/fL JEL/fT

By Theorem 2.15, M () is flat and projective over A with reduced special fiber. Also, M () is
stable for the action of the “loop group” [Tz, sz L+E; ) D by Proposition 2.22.
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Assume that a, b are integers with a < b such that M(w) C [[;ez,72 F 15;’;”]’@ “ For any
N > a — b, we saw in Proposition 2.22 that the action of [[;cz, sz LHE ) D on M()
factors through the action of the smooth connected group scheme [,z 7 2N -

DEeFINITION 5.1. — Define the closed subscheme

Yyt = ylable X pila-b1EG0 g N M ().

We have an induced smooth map
WH YT S M(u).

We would like to show that Y7 descends to a closed substack Y #* C yla:blt,

PROPOSITION 5.2. — For any r > 1, there exists a closed substack Y/r Yr[a’b]’r such
that the diagram

VIu,T la,bl,t
YrM - Yr[ ]
o L

Yru,r Yr[a,b],r

is Cartesian. Furthermore, Y;'* X7,/ p'T Z/p’_ll ~ Yfi’f.

Proof. — By Proposition 4.6, 7™ f’;[“’b]’r — Yr[a’b]’r is a torsor for the smooth group
¢r = (ljez/rz PjN)a/pra- Any @, -stable closed subscheme of Y1927 descends by
faithfully flat descent to a closed substack of ¥,[4"?}*.

Since (M (1)) /- o is stable under ¢, sois ¥,/ and we define the desired ¥,/ by descent.
This construction is clearly compatible with reduction modulo p”~!. O

Since the Y/ are compatible with reduction modulo p"~!, we can define a stack Y/*°
on Nilp, whose reduction modulo p” is Y,/".

THEOREM 5.3. — We have a local model diagram:

(5.1) . ywe o
>
Yyt M(p)

where both w* and W* are smooth maps.

5.1. Special fiber: Kottwitz-Rapoport strata

In addition to imposing the p-adic Hodge type u via the local model diagram (5.1), we
can also stratify the special fiber of Y #'* by pulling back the stratification in Theorem 2.19.
This is the analog of the Kottwitz-Rapoport stratification in the Shimura variety setting.

Let Y'" denote the special fiber of Y#7. As in the discussion before Theorem 2.19, we
can write j4; = (ij.) where ¥ runs over embeddings v : K < F that extend o; and where
each p; 4 is dominant. We define

A=Y Wiy

Y:K—F
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PROPOSITION 5.4. — For each W = (W;) € ]_[jfz_o1 Admp; (), there is a locally closed
substack Y Y'F such that

@~ (V") = o [T s @)
J
Furthermore, the closure ?/;% on%’r is the union of the strata for all (W}) € I—[]fz_ol Admp; ()
such that w; < wj for all j.

Proof. — We would like to define Y5 by faithfully flat descent from (W) (H ;S O(ﬁj)).
To descend along 7#, we need (W*)~! (]_[] So(ﬁj)) or equivalently []; S°(it;) to be
stable under the action of (L*-£/®) Pj)r. The group scheme (LHEit JPj)r is the para-
horic group scheme (P; corresponding to P; defined before Theorem 2.19 whose orbits
are exactly the open affine Schubert cells S°(w;). Since M () is union of [1; SO(w;)

for w; € Admp, (1;) (Theorem 2.19), the same is true for Y"". The closure relations follow
from smoothness of 7# and W*. O

We now introduce the notion of shape (or genre in French). The genre of Kisin/Breuil
module of rank 2 was first introduced in [5] where it is connected to Serre weights for GL,
over an unramified extension of Q,. It also plays an important role in [7, 16] in computing
tamely Barsotti-Tate deformation rings as well as in the recent work of [12, 11]. The notion
of shape for a rank 3 Kisin modules with p-adic Hodge type (2, 1, 0) and K/Q, unramified
will be used in forthcoming joint work of the second author [26] to compute potentially
crystalline deformation rings for GL3.

DEFINITION 5.5. — A Kisin module 9 € Y5 " (F,) is said to have shape .

REMARK 5.6. — The shape of Kisin module 9t € YM’I(F) has a more concrete interpre-

tation as well. 90 has shape (@;) if the matrix for the Frobenius q%’; . with respect to any
s Sj n

basis compatible with the filtration lies in the double coset Lt P; (F)w LT P (F).

5.2. Generic fiber

We would now like to characterize Y*'* so that we can relate it back to potentially
crystalline representations and Hodge-Tate weights in the next section. Since M (u) is defined
by flat closure, this has to be done by working over the “generic” fiber in some suitable sense.

For any complete local Noetherian A-algebra R with finite residue field and maximal
ideal m g, we define the R-points of ¥ 4417 as the inverse limit category

Y@PhT(Ry = (M, 1) | My € YIOOLT(R/mE R), e = 9y @ R/mf R = Dy ).
Similarly, we can define Y **(R).

Given My, i) € Y@PLT(R), the inverse limit Mp = l(igqimk is a module over

(W ®z, R)[v] equipped with a semilinear Frobenius

PR : " (MR)[1/P(v)] > Mg[1/P(v)]

and descent datum of type .
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We now introduce the notion p-adic Hodge type first for @p-points and then more gener-
ally. Let F’/F be a finite extension with ring of integers A’.

PROPOSITION 5.7. — For any Kisin module M : € Y@PLT(AY) let Mp: = Ma/[1/ p).
Then the specialization
DFr =" (Mpr)/P()g* (MF)

is a finitely generated projective L ®q,, F'-module with a semilinear action of A.

Proof. — This follows from the fact that (W ®z, A")[v])[1/p]/P(v) = L ®q, F’ and
that 9tz is finitely generated and projective over (W ®z, A")[v])[1/p]. O

We can define a filtration on Qp- as in [23].
DEFINITION 5.8. — Define
Fil' (p*(Mp1)) := {m € 9*(MF) | pom., (m) € P(0) Mpr).
Define L ®q,, F’-submodules
Fil' (D) := Fil' (¢™ (M p1)/(Fil' (¢*(Mp)) N P(0)g™ (M) C D

REMARK 5.9. — If 9Mps has height in [a,b] then it is a decreasing filtration with
Fil*(Dp/) = Dr+ and FiPT (Dp/) = 0.

For M- as in Proposition 5.7 and y € A*, we can define f/)ﬁé?x =Y smﬁé}‘;)/E,- (u)“’img,j

(Oad))
M pr, X

-1
4
together with a filtration defined in an analogous way using ¢ and E;(u) in place

of ¢on ., and P(v).

LEmMA 5.10. — Let Mg/ be as in Proposition 5.7. Let Cf(](l,f,) be the L ®k, .0, F’-submodule
of D corresponding to o : Ko — F'. There is a natural isomorphism

C@(I’{/) = C@(Fj/)’)(sj'(n) ®x L
of filtered L ®k,.o; F'-modules.

Proof. — First, note that we have the isotypic decomposit'ion f/)(,!,) = D yenx “/@S"{’)x
as K ®kq,0; F’-modules, which gives an isomorphism SDS;’,) o~ pf/)%) i OK L of
y ) Sj n
K ®kq0; F’-modules, since multiplication by v when p is inverted and P(v) = 0

()
F'.(ojo0r)x
®k L of L ®k,.0; F ’-modules, because multiplication

induces isomorphisms (@;J,)X =~ 2 as F’-modules. This can be upgraded to
an isomorphism 9Y) =~ 9Y) Xsiom
k) Sj n

by vP’ 1 s multiplication by u, which is identified with 7x ® 1 under the isomorphism

(W ®ko.0; AubD1/pl/Ej(u) = K ®k,0; F'. This means that v is identified with
7L ®1 € L ®ko,o; F’. The fact that the isomorphism 5/)57],) ~ (@;{./)’XSj "
the filtrations on the two sides follows from the commutative diagram 3.1, where all the
horizontal maps are now isomorphisms. O

®xk L respects

Recall that we assume the conjugacy class of 1 is defined over F,i.e., F = F,). Associated
to u, we then have a Z-graded K ®q, F-module V), of rank n. See for example [23, (2.6)].
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DEFINITION 5.11. — Let F’/F be a finite extension with ring of integers A’. We say that
My € Y@Lt (AY) has p-adic Hodge type u if

gr* (D) = gr* (Vi ®kgq, F (L ®qg, F))
as graded L ®q, F’-modules.

We say M has p-adic Hodge type < u if My, has p-adic Hodge type i/, for some u’
such that [u'] < [u] in the Bruhat ordering.

COROLLARY 5.12. — Let F'/F be a finite extension and let My be as above. Write
w = (Wj)jez/rz, where each wj is a geometric cocharacter of Resg/x,GL,. Given yj, let
Vi, be the filtered K ®k,,o; F-module of rank n corresponding to it as above. Then M, has
p-adic Hodge type i = (W;)jez/fz if and only if
gr.(C@F’,XSj(n)) = gr.(VMj)
forevery0 <j < f—1.
Proof. — This follows directly from Lemma 5.10. O

Let Mz e Y@bLT(R). For any finite extension F’/F, any homomorphism x : R — F’
factors through the ring of integers A’.

We can consider the base change MMy := (Mg ®r.x A')[1/p] for which we have defined
the notion of p-adic Hodge type.

We would now like to characterize when Mg € Y1@b17(R) lies in Y7 (R).

THEOREM 5.13. — Let R be a complete local Noetherian A-algebra with finite residue field.
Assume R is A-flat and reduced. Then Mg € Y @PLT(R) lies in Y T if and only if for all finite
extensions F' | F and all homomorphisms x : R — F’ the base change My has p-adic Hodge

type < .

Proof. — Let N > a — b. Choose an eigenbasis Z] := (EU))' . for Mg, €
Y[@bhT(R/mpg). Since the morphism 7 @) . Yleblr  _  ylablt i3 smooth, we can
find a compatible system of points 7 := (Z;), withZ, € Y[“’b]”’(N)(R/m%) such that
N(N)(Zr) = MR,r.

We see then that Mg is in Y#7(R) if and only if UV (Z,) € M(u)(R/m’) forall r > 1.
The compatible system W (Z,) defines a map

N . la.b].E(u)
WY (2) : Spec R — FIy "

Since M(u) is a A-flat closed subscheme of Flgg’b]’E(") , we see that UV (Z) factors through
M () if and only if we have a factorization

‘I/N
Spec R[l/p]” @[1/p] Fl[g,b],E(u)

M1/ p) =TT, (ow, e, % S(u).

Since R[1/p] is reduced and Jacobson, it suffices to show that we have a factorization at the
level of Q,-points.
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Every eigenbasis modulo P(v)¥ lifts to an eigenbasis, so we can switch from considering
N - Ylable _ RI@PLEC o considering W : Y1ablneo) s FllePLE® e are reduced
then to showing that for any x : R — F’', 9, has p-adic Hodge type < pu if and only
if for any choice of eigenbasis (8V) the corresponding F’-point W(x) of Flgg’b]’E(") lies
in]] ;(IGL,/p; x S(;)). We can enlarge the field if necessary so that F” contains a splitting
field for K/Q,. This ensures that the generic fiber of Flgg’b]’E(") becomes a product over the
embeddings ¥ : K < F’.

We first show that the projection to GL, / P; is the identity point. Consider the Frobenius
map

O v I W Ej @] > L T/ B ()]

xsXs_/-(n) : x:Xs]-(n) anSj (n)
which is a map of modules over (A'[u]))[1/p, 1/ E; (u)]. Since p is inverted, reduction mod u
induces an isomorphism

emU-D  mod u — MY mod u.
x’XSj (n) anSj (n)

For a choice of eigenbasis /) = ( fi(j )), we would like to show that the image of the

filtration on “’ETJT;’; ;Slj)(n) mod u is the canonical filtration on 2)3?5{ 3(;, oy mod u induced by
the trivialization (i.e., induced by the eigenbasis). Concretely, this comes down to the fact
that

_ B . . .
¢(1—1) (uas_,-(n) asj-(z) ® fs.(/](z')) € Fil’ (f)ﬁ(j) mod u)

XsXsj () ToXsj(m
which is equivalent to the commutativity of the (3.1). This shows that ¥(x) € [] i loL,/p; %
GrRres(k g, 11/ GLn (F')-

By twisting by some power of E(u), we can now reduce to the case of [a,b] = [0, A].
Fix an embedding 0; : Ko — F’. We have that S(u;) = [[,.x p S(ij,y), where the
product is over all embeddings y : K < F’ which extend o;. Fix such an embedding y and
let wy 1= ¥ (k). We write F'[[u — 7y ]| for the completion of (A'[u])[1/p] at u — my.

Let W(x)y denote the projection onto the Grgy, factor corresponding to the embed-
ding . We let Zy be the standard F’'[lu — my]-lattice in (F "(u — n,/,)))n corresponding to
55]3(5/' (n)

the lattice < given by the (1 — my,)-adic completion of
yD o gm0 (mYD ) € (WDl p)”

has relative position less than or equal to u relative to Zg. (We note that Z is contained in
the standard lattice Zo by our assumption that [a, b] = [0, &].)

the image of 9 under the trivialization y). Then W(x)y € S(u;,y) if and only if

The question is essentially reduced to one about open Schubert cells in the affine Grass-
mannian of F'[u — my-lattices in (F'(u — 7y ))". We identify an element in Grgy,, with
such a lattice via the standard lattice Z¢. For a cocharacter A of GL,, the Bialynicki-Birula
decomposition [4] gives a retraction from the open Schubert cell S°(1) C Grgy, to the flag
variety GL,/ P,, where

Pyi= 18 € GLy|  lim  (u— my) Mg (u — 7y )* exists | .
—0

U—TTy
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More precisely, the retraction S°(A) — GL,/P; isinduced by the evaluation at (u—my) = 0
on any element of the GL,, [u — my,]-orbit of (u — nw)’l. The fact that the evaluation at 0 map
sends S°(1) to GL, /P, can be deduced from Lemma 2.3 of [30], where the isotropy group
for the orbit of (u — )" in the affine Grassmannian is expressed as a semidirect product
of P, and a pro-unipotent algebraic group. Moreover, sending a lattice Z to the fitration
on Z/(u — 7y ) Z defined by

Fil'(Z/(u — 70) 2) 1= (20 (u = 70y)" - Zo)/ (u — 70y) L

corresponds to the evaluation at 0 map which sends the open Schubert cell S°(1) to
the flag variety GL, /P, parametrizing filtrations of type A. This can be checked by a
direct computation. In particular, if Z corresponds to a point on S°(A), then the filtration
Fil (Z/(u — 7y ) Z) is of type A.

Let Z be the lattice corresponding to W(x)y,. Since

Swiwr = | ] S°r.

AZ1hj

as we have assumed that F' is large enough, the statement that W(x)y € S(uj,y) is equivalent
to the filtration Fil (Z/(u—my ) Z) being of type < ;. Indeed, W(x)y € S(uj,y)if and only
if W(x)y € S°(A) for some cocharacter A < u. Then ¥(x)y € S°(A) for some cocharacter A
if and only if Fil (Z/(u — my) ) is of type A. (The if part follows after knowing the only if
part for every cocharacter A, since the Cartan decomposition tells us that W(x),, belongs to
some open Schubert cell. The only if part is explained above.)

We are now ready to conclude. Recall that we’ve set Cc/)x,xs,- o =7 VD /Ej (u)“’im(j D

x,8; (n) x,5;(n)"
Then 2y, Xs; ) is isomorphic to the product over those ¥ extending j of (§Z§/ (u — my) i)
This is an isomorphism of filtered K ®k,, F’-modules. We see then that W(x) €
[ loL,/p;, x S(u;) if and only if gr.(‘@x:){sj(n)) >~ Vu} ®F F' for some p < p;. By
Corollary 5.12, this is equivalent to 9t, having p-adic Hodge type < u. O

REMARK 5.14. — When working with the moduli of Kisin modules, one is forced to
impose the condition < p rather than asking for a constant p-adic Hodge type . On the
other hand, Kisin shows in [23, Corollary 2.6.2] that, for the family of Kisin modules living
over the generic fiber of a semistable Galois deformation ring, the p-adic Hodge type is
locally constant. However, Kisin’s proof that the p-adic Hodge type is locally constant uses
the comparison with Dgr (see also [24, (A.4)], where the proof of [23, Corollary 2.6.2] is
corrected). In particular, the proof relies on the fact that the family of Kisin modules comes
from a family of Gg-representations, rather than Gg__ -representations. For general families
of finite height Kisin modules over a complete local ring R as above, the p-adic Hodge type
need not be locally constant on Spec R[1/ p].

5.3. Connections to Galois representations

In this subsection, we record two connections to Galois representations in the spirit of [23]
and [25]. This essentially comes down to adding descent datum to the constructions of Kisin
in loc. cit.
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Let R be a complete local Z,-algebra. Fix a compatible system of p-power roots
1 1 1 1

{nf,nf, ...} and let Lo, denote the completion of L(nf,nL’Tz, ...). We define K, to
be the completion of the field obtained by adjoining the compatible system of p-power roots

of mg given by {nf,nf, ...}. Note that Lo, is Galois over Ko, with Gal(Loo/Koo) =
Gal(L/K) = A.

DEFINITION 5.15. — Let Og¢ 1, be the p-adic completion of (W [[v])[1/v] equipped with
Frobenius and an action of A in the natural way. An étale ¢-module over R with descent
datum is a finite free R@Zp O¢,1. module oM equipped with an Frobenius isomorphism
O 9* (M) = M and a semilinear action {g} of A such that ¢y and g commute for
all g € A.

PROPOSITION 5.16. — There is a functor M ;4 from the category of continuous represen-
tations of Gk, := Gal(K/Ks) on finite free R-modules to the category of étale p-modules
over R with descent datum. This functor is an equivalence of categories with quasi-inverse Ty q4.

Proof. — The main content is the equivalence given by the theory of norm fields over Lo
due to Fontaine-Wintenberger (with coefficients [25, Lemma 1.2.7]). The addition of descent
datum is straightforward (see [12, §2.1.3] for details). O

Let F’ be a finite extension of F with ring of integers A’. Let Vg be a potentially
semistable representation of Gx with Galois type  and p-adic Hodge type p.

PROPOSITION 5.17. — Let Tps denote a Gg-stable lattice in Vgs. Then there exists
Mpr € YHT(A) such that

M @wig Cer = Myg,(TarlGk,,)-

Proof. — Without descent datum, this is due to Kisin (see Corollary 1.3.15 and Propo-
sition 2.1.5 in [22]). We briefly explain how to extend the result to include decent datum.
Let Mpar = M 44(Tar|Gk,)-

Applying Kisin’s results to Ta+ |, , we get a finite height lattice M, C My, The fact
that 9T, inherits a semilinear action of A from ¢,/ follows from the uniqueness of M5/
([22, Lemma 2.1.6]). The fact that 9t5- has type t follows from the Gal(L /K )-equivariance
of the identification

(Mar /vIMA)[1/ p] = Dse(Tar[1/ pllG,)

from [23, §2.5(1)].

Finally, 9t A/[1/ p] has p-adic Hodge type u via the identification

@ (M [1/p])/ P )™ (Mar[1/p]) = Dir (VF)

from the proof of [23, Corollary 2.6.2]. O

Let p : Gal(K/K) — GL,(A’) be a lattice in a potentially crystalline representation
of Gal(K/K) with Galois type t and p-adic Hodge type u. Let p : Gal(K/K) — GL, (F')
denote the reduction of p modulo the maximal ideal of A’.

COROLLARY 5.18. — Let b be as above. Then there exists MM € Y7 (F') such that

Taa (M) = 5|Ga1(f/1(oo)~
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We end by considering resolutions of potentially crystalline deformations rings as in [23].
Let p : Gal(K/K) — GL,(F) be a continuous representation. Let y € (Z”)Hom(K’@P) be a
cocharacter. Let R} TS be the framed potentially crystalline deformation ring with p-adic
Hodge type u and Galois type t, as constructed by Kisin.

Let mg denote the maximal ideal of R.™ TS and let Py : Gal(K/K) — GL, (Rg’r’CriS /m%)
be the reduction of the universal deformatlon. Set My = My, (pg“iv). Define Yﬁ‘f;; to be

L, T cris

the functor on R5 / m‘fe-algebras B given by

VLT (B) = {(Mp.0) | My € Y7 (B).ot: Mp[1/u] = My R0, s,y W ©2, BYOI.

The functors Y/ are relatively represented by projective schemes over R/ TS /md s
subschemes of the affine Grassmannian for ¢, using the same argument as in [23]. B

formal GAGA, there is a projective morphism
OF Yﬁ“’r — Spec Rg’t’cris

. 1T d
reducing to Y7 7* modulo m%.

THEOREM 5.19. — The projective morphism
LY MST ,T,Cris
©:Y;" — Spec Rj

is an isomorphism on generic fibers.

Proof. — The proof that ®[1/p] is a closed immersion is the same argument as in [23,
Proposition 1.6.4] using uniqueness of finite height lattices when p is inverted. The fact that
®[1/ p] is an isomorphism is then a consequence of Proposition 5.17. O

COROLLARY 5.20. — If it € ({0, 1}")Hom(KQp) e Rg’r’cris is a potentially Barsotti-Tate
deformation ring, then the forgetful map Yﬁ“ T YT s formally smooth.

Proof. — For R a complete local Noetherian A-algebra, the functor Tz on Y117 (R)
canonically extends to a functor ﬁid valued in representations of Gk (not just Gg__) such
that when R is finite flat over A the representation is potentially crystalline. To construct Tad,
one first associates to Mz € YI%117(R) a strongly divisible module with tame descent as
defined in [16, Definition 7.3.1]. The key point is that the monodromy operator is unique
and so it commutes with the descent datum. There is a functor T,z from strongly divisible
modules with tame descent to representations of Gg [38, §4].

Formal smoothness is a local property so consider M e Y” "' (F’) for F'/F finite and the
corresponding deformation groupoids D/ — DL descrlblng the local structure of ¥,

and Y#T respectively. As in diagram (2.4.7) of [23], define D”ﬁr Y to sit in the 2-Cartesian
square
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where RE is the unrestricted framed deformation ring and D is the unrestricted deformation
groupoid. (One could also use potentially Barsotti-Tate deformations in place of the unre-
stricted versions.)

Finally, the same argument as in Proposition 2.4.8 of loc. cit. shows that D%r’u -~ D%ﬁ%.

The key points are that Ta',:a’, factors through the Spf R} el - gpf RﬁD and that Y#7 is flat

over A.

O

COROLLARY 5.21. — If u € ({0, 1}")H°m(K’@P), then Yﬁ“’r is normal and Yﬁ“’r ® F is

reduced.

Proof. — This follows directly from Theorem 2.15, Theorem 5.3 and Corollary 5.20. O
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