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GENERIC DECOMPOSITIONS OF DELIGNE-LUSZTIG REPRESENTATIONS

DANIEL LE, BAO V. LE HUNG, BRANDON LEVIN, AND STEFANO MORRA

ABSTRACT. Let Go be areductive group over F;, with simply connected derived subgroup, connected
center and Coxeter number h + 1. We extend Jantzen’s generic decomposition pattern from (2h —
1)-generic to h-generic Deligne-Lusztig representations, which is optimal. We also prove several
results on the “obvious” Jordan—H&lder factors of general Deligne—Lusztig representations. As an
application we improve the weight elimination result of [LLHLI9].

1. INTRODUCTION

Let G be a reductive group over F, with simply connected derived subgroup. An important
problem is to understand the representations of the finite group of Lie type Go(F,). In characteristic
0, Deligne-Lusztig gave a beautiful geometric construction of characters of Go(F,) which effectively
describes all irreducibles. It is natural to ask how characteristic 0 irreducibles decompose modulo
a prime £. When ¢ # p, this problem has been studied extensively see e.g. [BR03, BDR17]. In
contrast, the defining characteristic £ = p case seems underdeveloped, despite its connections to
number theory and more specifically the study of congruences of automorphic forms. The main
result here, due to Jantzen [Jan81], describes the mod p reduction of sufficiently generic Deligne—
Lusztig representations.

Let T' be a maximally split IF,-rational maximal torus of G & Go @, Fp, 1 a character of T and s
an element in the Weyl group of W (with respect to T'). To this data we can associate an [F,-rational
maximal torus T and a W (F,)*-valued character (s, u) of Ts(F,) and thus a Deligne-Lusztig
representation Rg(u) (see §3). Recall that in characteristic p, after choosing a Borel subgroup,
p-restricted highest weights A parametrize irreducible representations F'(X) of Go(F,). We refer to
these as Serre weights. Let h + 1 denote the Coxeter number of Gy and n be (a lift of) the half
of the sum of the positive roots. When p — 7 is (2h — 1)-deep in the base p-alcove Cj (anchored
at —n), Jantzen [Jan81] (and Gee, Herzig and Savitt [Her09) [GHS18] for reductive groups) gives a
formula for the reduction R4(p) of Rs(x) in terms of Frobenius kernel multiplicities.

A basic feature of Jantzen’s formula is that the highest weights of the Jordan—Holder factors is
given by universal combinatorial formulas in s, g, which in particular implies that the length of the
reduction is independent of s and p. In order for these universal formulas (as s varies in W) to
produce p-restricted weights, 1 — n must be h-deep (see Remark [43]). Thus the best one can hope
for is that Jantzen’s formula always holds when p — 7 is h-deep. Our first main result confirms this
when the center of G is connected.

Theorem 1.1. Suppose that G has connected center, pu — n is h-deep in the base p-alcove, and A
is a p-restricted dominant weight.

_Then [Rs(p) : F(N)] # 0 if and only if there exist w and wy in the extended affine Weyl group
W such that:

o w-Cy is dominant and wy - Cy is p-restricted (where - denotes the p-dot action);
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o w t wpwy (where T is the semi-infinite Bruhat order defined as in [Jan03l 11.6.5], wy, af

wol—y and wo is the longest element of W ); and
e A=w)y-(u—n+sc(w1(0))) (where m denotes the automorphism of X*(T) corresponding
to Frobenius; see {1.3).

Moreover, in this case:
[Ro(1) : F(Neo(e,) = [Z(L s+ (s = p)(@ 1 (0)) + (0 = 1)) : L(L, Ve

Here, 2(1, —) and E(l, —) are the baby Verma/standard and simple modules, respectively, for the
augmented Frobenius kernel GiT (see §3).

Remark 1.2. (1) The hypothesis on connected center is necessary for the second conclusion
to hold—without it the right hand side should be replaced by a sum of Frobenius kernel
multiplicities. The (generic) decomposition problem in the general reductive case can often
be reduced to Theorem [[T] by an analysis of isogenies.

(2) The multiplicity [Z(1, i) : L(1, A)]a, T can be nonzero only if 4/, \ are in the same p-dot orbit
of the affine Weyl group, in which case, for p sufficiently large, it depends combinatorially
on the p-facets containing ' and \. For instance, when p > h it is controlled by periodic
Kazhdan—Lusztig polynomials.

(3) In a different direction, Pillen [Pil93] analyzes the contribution of the p-singular weights
when g lies in exactly one wall of Cy and is 2h — 1 away from the other walls.

(4) This result was first suggested by considerations in the theory of local models for potentially
crystalline Emerton—Gee stacks. Specifically, the hypothesis on g in Theorem [[1] is the
range where the special fiber cycles (which are expected to reflect the mod p reduction of
Deligne—Lusztig representations by the Breuil-Mézard conjecture) have uniform behavior.

It is also natural to contemplate the dual question, i.e. given a Serre weight F'()\), for which (s, u)
is F(\) a Jordan—-Holder factor of Rs(u)? This problem is essentially equivalent to decomposing
the characteristic zero lift of a projective cover Py of F(\) into irreducibles (the bulk of which are
of the form Rs(u)). When A is 2h-deep in its alcove, the complete decomposition can be obtained
from Theorem [Tl In particular there are always |W/| “obvious” Rs(u) which contain F'(\) with
multiplicity one. However, when A is not 2h-deep the decomposition of Py becomes considerably
more complicated; for instance some Rs(u) factors that appear generically may disappear.

Nevertheless, we show that the “obvious” R4(u) factors of Py persist up to essentially the optimal
threshold:

Theorem 1.3. Suppose that G has connected center. Let A be a p-restricted dominant weight which
is h-deep in its p-alcove. Then for all s € W, F(X) is a Jordan—Hélder factor of Rs(wp - A+ 1)
with multiplicity one.

Remark 1.4. In fact we prove the theorem under weaker hypotheses on A depending on its alcove,
see Theorem [5.41

Theorem [I.3] gives a large supply of characteristic zero irreducible representations containing
F(X\) when X is h-deep. For the number theoretic application discussed below, we would like to
construct for any (p-dot regular) A an Rg(u) containing F'(A) such that p is in the base alcove
with essentially the same depth as \. We establish such a statement in Theorem [5.4] under a mild
“smallness” hypothesis which can always be arranged in type A. Note that this is rather subtle
because when A is not h-deep the most obvious Deligne-Lusztig induction R;(A) containing F'(\)
usually fails the depth requirement (because of a small translation when expressing R; () as Rs(p)
with p —n € Cp).
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1.1. A number theoretic application. We now explain how the above results allow us to improve
the main theorem of [LLHLI9]. Recall the global setting of loc. cit. Let F'/FT be a totally imaginary
extension of a totally real field F* # Q such that p is inert in F'* and splits in F. Given a reductive
group G/ p+ which is an outer form for GL,, and splits over F, and such that G(F T®gR) is compact,
and given a compact open subgroup of the form U = UPG(O, ) < G(AY)) and a G(O, ) module
M, we define a space

S(U,M) = {f: GEEPNGAE)/U — M| flgu) = uy f(g) Vg € GAR,), u € U}

of algebraic modular forms. It is endowed with a faithful action of a Hecke algebra T (with
generators indexed by an infinite set of “good primes” for U, cf. [LLHLI19, §4.2.2]) for which
each maximal ideal m C T has an associated continuous semisimple representation 7y, : Gp —
GL,(F,) (cf. [CHTO8, §3.4]). We further assume that 7, is absolutely irreducible. In [Her(9]
(later generalized in [GHS18|), Herzig made a remarkable conjecture predicting that the set W (7y,)
of p—regular Serre weights V such that S(U, V), # 0 is given by a combinatorially defined set
W’ (Fmla +) when 7n|g -t is semisimple. We remark that W (7y|g +) is given in terms of the

Jordan— Holder factors of a Deligne-Lusztig representation associated to TmlG .

The weight elimination statement which we obtain is the following;:

Theorem 1.5. Assume that Ty is absolutely irreducible, and that ?m|GF+ is (2n+1)-generic. Then
P
W(rm) € Wi (Tula, . )®).
p

This result was proven in [LLHLI9] with the assumption that 7n|a - is (6n — 2)-generic instead

of (2n + 1)-generic. As in loc. cit. the main mechanism to show F( ) ¢ W (Fy) is to find suffi-

ciently many R,(u) containing it and use p-adic Hodge theory constraints implied by the condition

S(U,Rs(11))m # 0. In turn, these constraints translate to combinatorial admissibility conditions

which exactly match Jantzen’s generic pattern for W?((Fm|GF .)%). Our representation theoretic
P

results show that we can find all the necessary Deligne-Lusztig representations under weaker gener-
icity hypotheses.

Strategy: Jantzen gives a very general character formula which describes the multiplicity of
R(pt) in a certain projective Go(F,)-module @y containing F'()\) in terms of Frobenius kernels
multiplicities. As long as p is h-generic in the lowest p-alcove, those multiplicities are controlled
by the principal block and hence are independent of . Under Jantzen’s stronger assumption that
wis (2h — 1)-generic, any F(\) that can contribute to Rs(u) has the property that Q) = Py is
indecomposable, thus one gets the formula for the multiplicity [Rs(u) : FI(A)] of F(\) in Rs(p). In
contrast, the key difficulty when g is not 2h-generic is that Q)5 can be decomposable and Jantzen’s
character formula only gives a formula for certain weighted sums Y [Rq(u) : F(XN)][@Qx : Py] over
“packets” of Serre weights. Our key observation is that if p is h-generic and Rg(u) occurs in Q)
then Rs(p) does not occur in @y for any other )\ in the packet, and hence the above sum collapses.

The complication arising from packets also occurs in Theorem [[.3] and we resolve it in the same
way. It is clear from Jantzen’s general formula that Homg, g, (QA, s(wp - A+m)) # 0. By a
series of delicate estimates in alcove geometry, we show that 1f A is h-deep in its p-alcove then
Homg,(r,) (Qx, Rs(wh - A+ 1)) = 0 for any other X" in the packet.
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1.3. Notation. Let p be a prime. Let G be a reductive group over F,,. Let F/F, denote a finite

extension such that G & Go ®r, F is split. We assume throughout that G' has simply connected

derived subgroup. Let T' C B C G denote a maximal torus and a Borel subgroup. Let Gy C G

denote the kernel of the relative (p-)Frobenius isogeny F' on G. Let G;T C G denote the subgroup
def

scheme generated by G; and T'. Let I' = Go(F)).
Recall the following standard notations:

e the character group X*(T') of T xp Fp;

— R C X*(T) the set of roots of G with respect to T’

— X%(T) c X*(T) the set of elements v with (v,a") = 0 for all a € R;

— the root lattice ZR C X*(T') generated by R;

— R™ C R the subset of positive roots with respect to B, i.e. the roots occurring in
Lie(B); note that this is the convention in [Jan81] but opposite to [Jan03];

— A C R™ the subset of simple roots;

— X(T)* C X*(T) the dominant weights with respect to R™;

— the p-restricted set X1 (T) C X(T)" of dominant weights A such that (\,a") <p—1
for all o € A;

— the partial order < on X*(T) and X*(T) ®z R defined by A > pif A — p € R>oRT;

— for v € X*(T) or X*(T) ®z R, let h, < maxaep (v, a);

— the automorphism 7 of X*(T') such that F' = pr—! on X*(T);

— a choice of m-invariant n € X*(T) such that (n,a) =1 for all a € A;

e the Weyl group W of (G,T) and wy € W its longest element;

— the extended affine Weyl group W x *(T') x W, which acts on X*(T') on the left by
affine transformations; for v € X*(T') we write t, € W for the corresponding element;

— the affine Weyl group W, IR %W C W;

— for k € X*(T), we write ky € Wk for the unique dominant element in its W-orbit,
and Conv(k) C X*(T) ®z R for the convex hull of Wk; note that this operation is
subadditive;

e the set of alcoves of X*(T') ®z R, i.e. the set of connected components of

X'(MezR\ | {reX'(T)ezR| (\aY)=n},
neZ,acR

which has a (transitive) left action of W;
— the dominant alcoves, i.e. alcoves A such that 0 < (\, ") for all @ € A, \ € 4;
— the lowest (dominant) alcove Ag = {\ € X*(T)®@zR |0 < (\,a¥) <1 for all « € RT};
— Q C W the stabilizer of the base alcove;
— the restricted alcoves, i.e. alcoves A such that 0 < (\,a") <1 for all « € A, \ € 4;
— the set W+ C W of elements @ such that w(Ap) is dominant;
— the set Wy C W of elements @ such that w(Ap) is restricted;
— wp = wot—y, € Wl; note that Wl = W—i— N {EhWJF;
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e the set of p-alcoves of X*(T') ®z R, i.e. the set of connected components of

X*T)ezR\ | PeX (M) @zR| (A +n,a")=nph
neZ,aeR

— aleft p-dot action of W on X*(T) defined by (t,w)-A & pv+w(A+n) —n; this induces
a p-dot action of W on the set of p-alcoves whose restriction to W, is simply transitive;

— the dominant p-alcoves, i.e. alcoves C' such that 0 < (A +n,a") for all « € A, \ € C;

— the lowest (dominant) p-alcove Cyp C X*(T') ®z R characterized by A € Cp if 0 <
(A+n,a") <pforal a € RT;

— the p-restricted alcoves, i.e. alcoves C such that 0 < (A+n,a") < pforalla € A, \ € C;

e the Bruhat order < on W, with respect to Ay (i.e. using the reflections across walls of A
as a set of Coxeter generators);

— the 1 order on the set of p-alcoves defined in [Jan03| I1.6.5];

— the 1 order on W, induced from the ordering 1 on the set of p-alcoves (via the bijection
W W - C(]);

— the Bruhat order on W = W, x Q defined by wd < w'd’ if and only if w < w’' and
6 = ¢ where 6,0' € Q and w,w’ € W;

— the 1 order on W defined by wd 1+ w'¢’ if and only if w T @’ and § = & where §,6" € Q
and w,w € Wy;

We will assume throughout that h, < p so that Cp is nonempty.

2. LEMMATA

In this section, we collect several lemmata, mostly of a root-theoretic nature, that will be used
in later sections.

Lemma 2.1. Suppose that s,w € W such that

e S WH;

e ST w;

e 5(0) = w(0); and

e the closure of some Weyl chamber contains both 5~(0) and w~'(0).

Then s = w.

Proof. Since 3(0) = w(0), W5~1(0) = Ww~1(0). Since the closure of some Weyl chamber contains
5710) and w~1(0), we have 371(0) = w~1(0). This implies that W3 = Wit_s-10) = Wi_g-10) =
Ww. Then 5 € W and 51 @ imply that 5 = . O

Lemma 2.2. Let C C X*(T) ®z R be an open chamber for the action of W (in particular its
closure C is a fundamental domain for the action of W). Letx € C ande € X*(T)®zR. If x+¢€
is the unique element in C N W (x + €), then &' € Conv(e).

Proof. Applying an element of w € W to C, z, and &, we can and do assume without loss of
generality that C is the dominant chamber containing X (7). Suppose that = + &' = w(x + ¢)
for w € W. We will induct on the length of w (allowing e to vary). If £(w) = 0, then &’ = ¢,
and we are done. Suppose that w = w's, for @« € A and v’ € W with ¢(w) = ¢(w) — 1. Then
(x+e,aY) <0< (z,a") so that (x + re,a¥) = 0 for some r € [0,1]. Then z + &' = w(x +¢) =
w'(z +re+ (1 —r)sa(e)). Note that re + (1 — r)s,(¢) € Conv(e). By the inductive hypothesis,
e’ € Conv(re + (1 —r)sq(g)) C Conv(e). O
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Lemma 2.3. Let x € X*(T) ®z R be in the closure of Ag. Then either h, < % or

1
Ty + 1

(2.1) (z,a") >

for some simple root o € A.

Proof. Suppose that (ZI)) does not hold for all simple roots .. Let 3 = )" A nac be a positive
root. Then (z,Y) = > canalr,”) < K 1+1 Y wcA M. On the other hand, h, > (n,8") =

ZQEA "a<77:04v> = ZaeA Na- = h, +1 O

Lemma 2.4. Suppose that x,e € X*(T) ®z R with h, < # If the closure of an alcove Ay
contains x, then there exists an alcove As whose closure contains x + € such that Ay and A

intersect.

Proof. We immediately reduce to the case of an irreducible root system. Applying w(—) for w € W

with w(Ay) = Ap, we can assume without loss of generality that A; is Ag. Suppose that <z +1
Then hy . < hz + he <1 so that z + ¢ is in the closure of W (A4p) and we can take Ay in W(AO)
If hy > Tt T +1, then Lemma 23] implies that (2.I)) holds for some o € A which we now fix. Let

ap =, gen g be the highest root (recall that we are assuming that the root system is irreducible).
Consider the facet F' defined as the intersection of the hyperplanes of the form

PAeX (D) ez R | (X B") =0}
for all 5 € A with 8 # a and the hyperplane

Ne X (T)@zR| (\af) =1}
Then F is contained in the closure of Ag. Let W’/ C W, be the stabilizer of F. Recall from
[Bou08, Ch. 5, §3, Proposition 1] that the stabilizer of F' in W, is generated by reflections along
hyperplanes passing through F. In particular, a conjugate W” of W’ by a translation in X*(7T')®7Q

is a subgroup of W corresponding to a root subsystem.

We claim that
dcf

SN e X(T) @z R| (A8 > 0Va £ B €A, (\ay) <1}

is a chamber for the action of W’. By [Bou08, Ch. 5, §1, Proposition 5] it suffices to show that any
hyperplane passing through F does not intersect C'. Let v € RT such that (y,~") € Z for some
y € F. If v = 35 anpfB, then (y,7Y) = (y,n00") = 22(y, o) = 2= so that ng = 0 or co. If
ne = 0, then (y,v") =0 for all y € F and (z,v") > 0 for all x € C. If ny = ¢, then (y,7V) =1
for all y € F and (z,7") < 1 for all # € C. This establishes the claim. We conclude from [Bou08,
Ch. 5, §3, Theorem 2] that the closure C is a fundamental domain for the action of W'.

Let o + ¢’ denote the unique element of the W’-orbit of x +¢ in C. By Lemma2.2] ¢’ € Conv(e)
(note that the convex hull of W( ) contains that of W”(¢)) so that in particular h.s < he. Then
(x+¢e,av) > (z,a") — ha > pEs] Lt — he > 0. This implies that z + ¢ is in the closure of Ag. We
can then take Ay so be w'(Ap) where w' € W’ and w'(z+e)=u+e. O

Given A € X*(T') we let W () be the virtual representation Ei(—l)iRiIndg,)\ where B~ denotes
the Borel opposite to B. If A is dominant then W (\) is the representation Indg,)\, and we write

L(\) for its (irreducible) socle. Recall from §[Il that we defined w;, = wyt—, where wy is the longest
element of W.

Lemma 2.5. Let My € Cp, W)y € Wl, N € Xi(T), andv € X(T)*. Set A @C{D)\ - Xo.
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(1) If [L(N) @ L(w(v)) : LA+ pv)]g # 0, then X+ pv t+ XN + 7 (V) for some v/ € Conv(v).
(2) If A +pv t N + (V') for some v' € Conv(v), then h, < max, .z, ha,z, () < -

Proof. Suppose that L(A + pv) € JH(L(N) @ L(w(v))) € JHW (XN) @ L(w(v))). Then L(A+ pv) €
JH(W (N +7(v'))) for some v/ € Conv(r). Moreover, we can assume without loss of generality that
N +m(/) e X(T)" by [LLHLM23, Lemma 2.2.2]. By the linkage principle, we conclude that

(2.2) Apvt N+ 7))

for some ' € Conv(v).
Suppose now that (2.2 holds. If we let oy be a dominant root such that (v, ) = h,, then ([2.2))
implies that

where

e the second inequality uses that «q is dominant; and
e the third inequality uses «y is positive and X € X;(T).

We deduce that
p—1

- 1
ThV < <wth(5()\o +1)), —woay )
< max(wwy(v), —woayg )
vEAp
< max hg, g, (v)
vEAg
< hewoy = hy
<p-1

where

e the strict inequality uses that A € Cy; and
e the fourth inequality uses that —won—w,w,(v) € X(T)* noting that w; ' (—wen—wpwx(v)) =
wy(v) is in the closure of a restricted alcove.

This implies that h, < p so that h, = (pTTlh,,] < max, 7, ha,a, ) < M- (The last inequality
follows from the fact that n — w,wy(v) is dominant for all v € Ay.) O
Given m € Z and a p-alcove
C={peX"(T)@zR [ nap < (p+mn,a’) < (na+1p,a € R},

we say that A\ € X*(T) is m-deep in the p-alcove C if for all @ € RT, nap+m < (A +1n,a") <
(ne + 1)p —m.
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Remark 2.6. For an m-deep weight in an alcove to exist, one must have p > (m+1)(h,+1). Indeed,
suppose that A is m-deep in Cy. Then X\ — mn is dominant. Then ((m + 1)n,a) < p — m for all
a € R from which we deduce the desired inequality.

Lemma 2.7. Let s € W, u—n € Co, and A € X1(T). If @ € W is such that @ (u—n+smw—1(0))+
ne€ X(T)" and w- (u—n+ stw 1(0)) < Wy - A, then hao) = ha-10) < by + 1. If p—mn or X is
1-deep in their respective p-alcoves, then hg) = hg-1(0) < hy.

Proof. Let 0 € W be such that cw € /VIV/JF, and let 7 be the image of ocw in W. Letting «g be the
highest root so that hg ) = (cw(0), oy ), the hypotheses imply that

(p — D(hgo) — 1) = phao) — hao) — (p—1)
(2.3) < p(w(0),0 ag) + (@ 1(0), 7 ((75) Lag)) + (T )
= (pow(0) + 7(u + sm(w'(0)), ag)
= (0w (p—n+st(w1(0)) +n, o)
(@h - A+, 0q)
(p—

<
(2.4) < 1)hy,
from which we deduce that hgg) < hT7 + 1. If 4 —n (resp. ) is 1-deep in its p-alcove, then the
inequality in (23] (resp. (2.4)) is strict. The result follows. O

Lemma 2.8. Let m > 0. Suppose that u—n € X*(T) is m-deep in Cy and o(u) + pv — swv —1n is
(—m + 1)-deep in Cy for o,s € W and v € X*(T'). Then t,o € Q.

Proof. Let  —mn,0,s, and v be as in the statement of the lemma. We first claim that A, < 2. For
a € RT, we have that
(2.5) —m+1<(o(p)+ (p—sm)v,a’) <p+m— 1.
Using that —p+m < (o(u), ") < p—m for all @ € RT, we have that [p(v,a") — (s7v,a")| < 2p—2
for all « € RT. There exists a € R such that [(v,a")| = h, so that (p — 1)h, < |p(v,a) —
(stv,a)| < 2p — 2. The claim follows.
Since p —n € X*(T) is m-deep in Cj, for each a € R we have
nap +m < (o(p) +pr,a”) < (ng +1)p—m
for a unique n, € Z. On the other hand, (2] and that h, < 2 imply that
—m—1<{o(p)+pr,a”)y <p+m+1
for each o € R*. Together, these imply that n, = 0 for all « € Rt so that o(u) + pv —n € Cy.
Equivalently, we have t,0 € Q. ([l
Lemma 2.9. Suppose that the center Z of G is connected. Suppose also that o, po € X*(T') are
in the closure of Co and wy,w, € W such that
(1) 7T—1~(@/\) Aot 71_1(15#) * po; and
(2) trxyWAWo = tyow, W
Then Ao = po. Furthermore, let F be the facet of Co determined by \o. Then n~Y(wy) - F
7Y w,) - F. In particular, if Ao € Co, then wy 1 wW,,.
Proof. implies that
7'('_1(’[17’[17)\) Ao = W_l(ﬁu) - Lo
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for some w € W, so that ug — A\g = pw‘l(lﬂgliﬂ)\)(O) (mod ZR). On the other hand, implies
that pg — Ao = 15;115)\(0) (mod ZR). We conclude that (1 — pﬁ_l)wﬁl’w)\(()) € ZR. If 7 has order
f, then we conclude that

(1—phyw, ' wr(0) = (1 +pr~ ' + ...+ p/ a1 — pr~Hw, MW (0) € ZR.

As Z is connected, X*(Z) = X*(T)/ZR is (1 — p/)-torsion-free so that w,,'wx(0) € ZR or in other
words w W, = w,W,. Recall that the closure of Cp is a fundamental domain for the p-dot action
of W, on X*(T)®zR in a strong sense: C intersects any W,-orbit exactly once (see [Bou08|, Ch. 5,
§3, Theorem 2]). Then the fact that \g, yo are in Cg implies that Ao = pg.

implies that there is a sequence of affine reflections 71, ..., 7, such that

o foreach 1 < k < m, Tp_1--- 717 L(wWy) - Ao (vesp. T --- 717 H(wy) - Ag) is in the negative
(resp. positive) halfspace defined by 7%; and
° ffm .. _’7:17_[_—1({5)\) . )\0 = 7'('_1(’&710 - 1o-
These properties hold after replacing A\g and pg with F. If Ao, ug € Cy, then F' = Cy and wy T
W, O

We say that p € X*(T) is p-regular if p is O-deep in its p-alcove. Recall from [Jan03| 11.7.2] the
notion of blocks for G. By the linkage principle ([Jan03], 11.2.12(1) and 11.6.17]) if L(\) and L(u)
are in the same block, then A is p-regular if and only if @ is, in which case we say that the block is
p-regular. Given a G-module V, let Vi¢; be the projection of V' to the p-regular blocks.

Lemma 2.10. Let u € X(T)" be 0-deep in its alcove, and suppose that v € X (T)* such that p+x
is in the closure of the p-alcove containing p for all k € Conv(v). Then

(L) @ LWeg = € L(p+ r)PHWIrnr
rk€Conv(v)
p+r s O-deep
(and each summand that appears on the RHS has highest weight p+ k in the same p-alcove as ).

Proof. The proof is as in [Hum89, Lemmal, except that we project to p-regular blocks. As the
linkage principle ensures that there are no nontrivial G-extensions between the constituents of
(L(p) ® L(V))reg, it suffices to prove an equality at the level of formal characters. We have

ch(W() @ L()seg = Y [L0)l7 < wlr b W (1 + K)reg
reEX*(T)

(2.6) = Y [L@Ir:klrchW(n+r),
k€Conv (V)
p+k is 0-deep

where the first equality follows from a formula of Brauer and the second equality follows from the
fact that W (g +K)reg = 0 if 14k is not p-regular by the linkage principle and that [L(v)|7 : k]p # 0
implies that k € Conv(v). By assumption, the highest weight of each W (u + ) appearing in (2.6])
is 0-deep in the same p-alcove as p. If p=w- A for w € W, and A € Cy and p + & is 0-deep in the
same p-alcove as p, then the linkage principle implies that there are nonnegative integers a(w, w’)
for each w’ € W, such that

(2.7) chW(p+r)= > a(@a)ch L@ - (A +w " (k)))
w' eW,
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where w € W is the image of w, the integers a(w,w’) are independent of 1 and x by the translation
principle [Jan03| 11.7.5], a(w,w) = 1, and a(w,w’) # 0 implies that w’ 1 w. Then (Z.6), (Z71), and
induction using the partial ordering 1 yields

ch(L(p) @ L= Y [LW)lr = wlrch L + ).

k€Conv(v)
p+r is 0-deep

We have the following immediate corollary of Lemma 210

Corollary 2.11. Let u € X(T)" be 0-deep in its alcove, and suppose that v € X(T)t such that
i+ K is in closure of the p-alcove containing u for all k € Conv(v). If A € X(T)" is 0-deep in its
p-alcove and [L(pn) @ L(v) : L(A)]g # 0, then A\ = u+ k for some k € Conv(v) and A and p are in
the same p-alcove.

3. INGREDIENTS

In this section, we summarize key results that we will use to investigate reductions of Pelignef
Lusztig representations. We assume from now on that p > 2h,,. Given A € X(7T') we let Q1()) be
the G-representation constructed in [Jan03| I1.11.11] and Q) &t @1()\)|p. Then Q) is a projective
F[I']-module ([Jan80, § 4.5], see also [HumO6, Theorem 10.4]). Let P\ denote a F[I']-projective
cover of F'()\) & L(X\)|p. We first record a result of Chastkofsky and Jantzen (see [Cha81, Theorem
1] and [Jan81l Corollar 2] and also [Her09, Appendix A] for the generalization to reductive groups
with simply connected derived subgroup).

Proposition 3.1. For A € X1(T), we have

Q) EB EB PS[L(X)®L(7T(V))1L(>\+PV)}G
NeX(T)/(p—m)XO(T) veX (T)+

Moreover, [L(A\) @ L(w(v)) : LA+ pv)|g is 1 if v =0 and is 0 otherwise.

Given A € X*(T), let Z(1,)) be the baby Verma G;T-module of highest weight A as defined in
[Jan81) §2.5] and write E(l,)\) for its irreducible cosocle. Following [Jan81l §3.1], given (s,u) €
W x X*(T) we let Ts be the F-stable maximal torus gsTg; ! where g; € G(F,) is any element
such that g;1F(gs) € Ng(T) is a lift of s and 0(s, ) : T N Ty — E* be a character defined by
0(s, 1) (t) ! [11(g5 1tgs)] where [] denotes the Teichmiiller lift. This data gives rise to the (signed)
Deligne—Lusztig induction Rg(u) &t EGET, R?F(ss’” ); this is the (occasionally virtual) I'-representation
denoted Ry(1, ) in [Jan81, §3.1]. We implicitly assume R4(p) is defined over E and write R,(u)
for the semisimplification of the reduction of a I'-stable O-lattice in Rs(p). The following is a
convenient reformulation of |[Jan81, 3.2] which describes the decomposition of @) into reductions
of Deligne-Lusztig representations.

Theorem 3.2. Let p € X*(T), s€ W, and A € X1(T). Then

dim Homp(Qux, Re()) = > [Z(L,n+ (s —p)v+ (p— 1)) : L(1, Neyr
veX*(T)

where the left hand side is suitably interpreted for virtual representations Rs(p).
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Moreover, [Z(1, u+ (st —p)v+ (p—1)n) : L(1, Nleyr # 0 if and only if there exists w € W such
that w=1(0) = v, w - (u — n + s7(w=*(0))) +n is dominant, and
@ (p—n+sm(@ '(0)) T @p - A
Proof. |Jan81l, 3.2, (3) and (4)] give that

dim Hompr(Qx, Re(1) = Y [Z(L,p+smv+ (p—1)n) : L(Lpv + Mg, 7
veX*(T)

= > [Z(,p+ (st —pv+(p—1)n) : L(L Ve,
veX*(T)
By [GHS18, Lemma 10.1.5],
[Z(1, 4 (s7—p)v+ (p— L)1) : L(1, Ny # 0

if and only if o (u —n+ (s —p)v) T wo - (A —pn) for all ¢ € W. This is equivalent to w- (. —n+

sm(w1(0))) 1T wp - A where w = wt_,, and w € W is any element such that w-(u—n+ (s7—p)v)+n

is dominant. O

The following is an immediate corollary of Proposition B.I] and Theorem
Corollary 3.3. Suppose that p € X*(T), s€ W, and A € X1(T'). Then

(3.1)  dimHomp(Qy, Ry(p)) = > [Rs(pt) : FON)IP[L(N) @ L(m(v)) : LI\ + pv)]g
NEXy(T)/(p—m) XO(T)
veX(T)*
= Y [ZO,u+ (st —p)v+ (p—1)n) : L1, Ve
veX*(T)

4. GENERIC DECOMPOSITIONS OF DELIGNE-LUSZTIG REPRESENTATIONS

In this section, we prove our main result on the reductions of generic Deligne-Lusztig represen-
tations. We begin with a corollary of the results from the last section.

Corollary 4.1. Let p—n € Cy and X € X1(T'). Suppose that 1 —n or X is hy-deep in its p-alcove.

Then dim Homrp(Q)y, Rs(11)) # 0 if and only if there exist w G_W+ and wy € W1 such that w 1T w,w)
and X = wy - (u —n + sm(@1(0))). In fact, dim Homp(Q., Rs(p)) equals
(4.1) > Z(1p+ (s =)@ (0) + (0 — D)  L(L Vg,
GeW T, w\eW;
By,
A=Wy (p—n+sm(w=1(0)))
where every term in ([@I) is nonzero and for each w that appears in the sum, yu —n + sw(w=1(0))
is in Cy. If the center Z of G is connected, then there is only one term in (4.1]).

Proof. Let u and X\ be as in the statement of the corollary. Suppose that v € X*(T') so that

~

Z(,p+ (st —p)v+ (p—1)n) : L(1,\)]g,7 # 0. We claim that h, < hy. As in the proof of
TheoremB.2, o - (n—n+ (st —p)v) T wo- (A—pn) for all o € W. Let w € W be the unique element

such that @ & wt_, € W+, Setting o = w, Lemma 2.7 implies that h, = hg-1(g) < hy.

We claim that u —n + smv € Cy using that h, < h,. This is clear if u —n is hy,-deep in Cy. If
A is hy-deep in its p-alcove, then so is p —n + smv as it is in the same W-orbit under the p-dot
action, in which case u —n + swv and p — n must lie in the same p-alcove which is Cj.
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Theorem B.2] implies that [ Z(1, 1+ (st — p)v + (p — 1)) :+ L(L,\)]a,r # 0 is equivalent to
W - (p—n+ st(w=(0))) T @y, - A where w is defined in terms of v as before. This is in turn
equivalent to the fact that w 1 wpwy and A\ = wy - (u — n + sm(w~1(0))) for some wy € Wi

Finally, we show that only one term in (4.I]) is nonzero when the center Z of G is connected.
Suppose that @, @ € W+ and Wy, W € Wi such that @ 1 @piy, @' 1 wpwh and wy - (n—n +
sm(w=1(0))) = wh - (u—n + sw(W'~1(0))). We apply Lemma 29 with \g = p — n + sm(w~*(0)),
po = p—n+ sm(w'10)), wy = m(wy) and w, = w(w}) (vesp. with )\0 = [ — 17—1— sm(w'=1(0)),
po = p—n+sm(w (0)), wy = n(w}) and w, = m(w,)) to obtain wy 1 w) (resp. W} 1 w,). Hence
wy = wy and thus w—1(0) = @'~!(0) from which we deduce that w = @’. (Note that condition
in Lemma 2] is satisfied since w 1 wpwy, w' 1 wpwy, imply @w(0) +n = wy, w'(0) +n = w), modulo
Wa, so that g —n+ sm(w1(0)) + 7(wy) = p = p —n+ sm(@'~1(0)) + m(w)) modulo W,. Similar
arguments will be used to check condition whenever we invoke Lemma [2.9]) O

The following is our main result on the reduction of generic Deligne-Lusztig representations.

Theorem 4.2. Suppose that the center Z of G is connected, j—mn is hy, deep in Cy, and A € X1(T).

Then [Rs(p) : F(N)]r # 0 if and only if there exist w € W+ and @y € Wy such that @ 1 @wy and
A=y - (pp—n+ sm(@w1(0))). Moreover, in this case

[Ra() = PO = [Z(1 e+ (s7 = p)(@(0) + (0 = 1)) = L(L V]

Proof. If Hom(Q), Rs(1)) = 0, then the result holds by Corollary 1] and so we assume otherwise.
Suppose now that A\, \ € X1(T') so that

(1) [L(N)® L(7(v)) : LA+ pv)]g # 0 for some v € X(T)" and

(2) [Rs(p) : F(N)]r # 0.
We will show that A — X € (p — m)X"(T). Then the result follows from Corollaries B.3] and .11

By Proposition BIland [(2)] we have that Homr(Qy, Rs(pt)) # 0. Corollary @Il implies that there

are @' € W and Wy € W, such that @' 1 @@y and N = @y - o (p—n+sm(w'™ 1(0))). In particular,
hg-10) = ha'(0) < ha,@,,0) < hy. Similarly, there are w € W+ and wy, such that w T wpw, and
A=y (u—n+sm(w1(0))) (and hg-1(0) < hy). Since p — 1 is hy-deep in Cp, we conclude that

(4.2) X and X are 0-deep in w)y - Cy and wy, - Cy, respectively.

By [(1)] and Lemma ZH(1)} we have A+ pv + X +7(v/) for some v € X(T)" and v/ € Conv(v) so
that
(4.3) (ty@3) - (= n + sm(@(0))) T @y - (=0 + sm(@ 1 (0)) +7()))

for some v € X(T)* and some (possibly different) v/ € Conv(v). (&3] implies that p —n +
sm(w'=1(0)) +7(v'), which is in the same p-dot orbit as u—n+sm(w1(0)), is O-deep in its p-alcove.
Let w € W, be the unique element such that w=! - (u —n+ s7(W'~1(0)) + #(v/)) is in Cp. (@3] and
Lemma 29 then imply that ¢,y 1 wyw and w=t-(p—n+sm(@'~1(0))+7 (V') = p—n+sm(w=1(0)).
(The fact that condition in Lemma holds is checked by a similar argument as in the proof
of Corollary [4.1], using moreover v/ = v modulo W, from v/ € Conv(v).) In particular, we have

v+ wy(v) < wyw(v)

for any v € Ag. We assume without loss of generality that p > hy(hy 4+ 1) by Remark As
V' € Conv(v) and h, < hy < # by Lemma 2H(2)| the closures of the alcoves Ay and w(Ag)

intersect by Lemma [2.4] (taking = = (,u + sm(w'~1(0))) and € = W(;l), and noting that = + ¢ is in
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the interior of w(Ap), so that Ay = w(Ap) in the notation of Lemma [2.4)), say at v € Ag. Thus, w
stabilizes v € Ay (by [Bou08, Ch. 5, §3, Proposition 1]), and we have

(4.4) v+ wy(v) < wy(v).
We now claim that
(4.5) (sm(@1(0)) + 7 (k), ") < hy+1

for any root o and x € Conv(v). Using that Conv(v) is W-invariant and that ag is a highest root
if and only if 77! («y) is, it suffices to show that (cw'~1(0) + k,ay) < hy + 1 for any o € W, any
highest (and thus dominant) root ap, and any x € Conv(r). We in fact claim the following series
of inequalities:

(0@ (0) + k. af) <

3
g

(0)
/—1(0) + wy (v) — wy(v), a5/>

3
g

A A A IA
=
|
=
S
S
+
S
S
=
|
S
>
=
°
o

(
< hy + <u))\/(’U), a(\)/>

where wy, € W is the image of wy under the projection W —W. Indeed,

e the first inequality follows from the fact that k < v for k € Conv(v) and ag is dominant;

e the second inequality follows from v < wy/(v) — wy(v) by @4) and ap € X(T)7;

e the third inequality follows from ay € X(7)T and ow'~'(0) < n — wy(0) which uses
ow' 1 (0) < —wew'(0) (since both sides are in W (—w'(0)) and the RHS is dominant) and
w' T wpwy;

e the fifth inequality uses oy € R™ and wy(v) € X(T)T;

e the sixth inequality uses wy/ (v) < v and o € X(T)"; and

e the final inequality uses v € Aj.

We will use Corollary 2.IT] with p, v, and X taken to be X, wv, and A + pv, respectively, to
show that A\ + pr and )\ are in the same p-alcove. It suffices to check that the hypotheses apply.
([#£2) gives that (the dominant) X and X\ + pv are O-deep in their p-alcoves. Using that u — 7 is
hy-deep in Cp, (&H) implies that N + 7 (k) = @y - (u — 1+ s7(@'"1(0)) + w7 (k)) is (—1)-deep in
wy - Cp for any k € Conv(v), i.e. that ' 4+ m(k) is in the closure of the p-alcove containing A for
any k € Conv(v). gives the final hypothesis.

From the previous paragraph, A+ pv is p-restricted so that v € X°(T). Then L(\)® L(7(v)) =
L(N+m(v)) so that[(1)|implies that L(\ +(v)) = L(A+pv) which implies that A=\ = (p—m)v. O
Remark 4.3. In fact, the bound in Theorem is sharp. If Go = GLy/p,, then R(p) has 2
Jordan—Holder factors if g — n is 1-deep, but R(12)(1, 0) has 1 Jordan—Hélder factor.

5. DELIGNE—-LUSZTIG REDUCTIONS CONTAINING A SIMPLE MODULE

In this section, we prove Theorem [[3] which exhibits Deligne-Lusztig representations whose
reductions contain a fixed simple module (see Theorem [5.4)).

Lemma 5.1. Suppose that the center Z of G is connected. Let s € W, \g € Cy, N € X1(T),
wyx €W, weW,veX(T)", and V' € Conv(v) such that
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(1) tywy - o TN +7(V);
(2) if wy € t,w\WyN Wi such that N € @y -Co, then N + (V') € wyW - Cy and t,wy T Wy ;
(3) Ao — sm(wpwy)~1(0) + sTw1(0) € Co; and
(4) w-(No—sm(wpwy) "1 (0)+smw1(0))+n € X(T)F and w-(No—sm(wpwy)~(0)+smw—1(0)) ¢
wp - N
Then v € X°(T) and t,wy - Ao = N + 7 (v).

Proof. Let wy be as in and let \{ & Wy, - N € Cp. Then[2)] implies that \) + wy ' (') =
Wyt (N +7(v")) € w- Cy for some w € W. By [LLHLM23, Lemma 2.2.2], w™! - (X + wy,' n(v/)) =
Ay + m(v") for some v € Conv(v). Furthermore, and Lemma 29 with Ao, po, wy, and w,
taken to be Ao, w™l - (N +wy' 7w (V) = Ny + 7(v"), 7(t,@y), and 7(@Wyw), respectively imply that
t,wy T wyw and Ag = A + (V).

and Lemma 20 with Ao, po, Wy, and W, taken to be A\g — sm(wpwy) 1 (0) + smw1(0),
Ay, m(w) and w(wpwy ), respectively, imply that w € W+, @ 1 Wpwy, and \g — sT(wpwy)~ (0 +
stw1(0) = N\) = Ao — n(¢"). Thus, we have v/ = 7 1( Y(wpwy)~1(0) — w=1(0)). From w
WrwWy T Wrt, Wy using we also have that w(0) § wov + wowy (0) — wen.

Let wy € W be the image of wy. We have the inequalities

v < n—wx(0) +wow(0)
< n—w(0) — wrw(0)
= w)\ﬂ'_l(s_l)(l//)

<v

(the second inequality follows from the fact that wow(0) is antidominant and —wyw=1(0) €
Wwow(0)). Thus, these inequalities are all equalities. In particular, w(0) = ty,, Wpwx(0) and
wyw 1(0) = —wow(0) € X(T)*. The first of these equalities also implies that w (ty,, Wrwy) " H(0) =
—wow(0) € X(T)". Lemma T with 5§ and w taken to be @ and ty, Wpwy = Wpt, Wy, re-
spectively, implies that w = wpt, w)y (recall that w 1 {thbx T wpt,wy by [(2) . In particular,
Wty = @ € WT. Since also t,wy € VVJr (as wy € W+ and v € X(T)"), we deduce that
t, Wy € wW+n wy, ~L7+ — W,. Since @ Wy, € Wl, we must have v € X%(T'). This further implies that
N+ 7(V) € wy - Co so that we can take w = 1 above and t,wy 1T wy. We now have inequalities
w T wpwy T tywepwpwy = w. Thus all these inequalities are equalities and so t,wy = wy. We
conclude that t,wy - A\g and X' + 7(¢/) are in the same alcove and must be equal by O

In practice, the hypotheses and in Lemma [5.T] are sometimes implied by other hypotheses.

Lemma 5.2. Suppose that the center Z of G is connected and p > (hy, + 1)2. Letse W, w e W,
wy € Wi, Ao be max, . ha, o, (v)-deep in Co, \' € X1(T), v € X(T)*, and v' € Conv(v) such that
o t,wy N TN +7(V); and
o W (N — sm(wpwy)~L(0) + sTw1(0)) +n € X(T)"; and
° W- ()\0 — 871'(’[17}/[17)\)_1(0) + Sﬂﬁ_l(O)) 1T wy, - M.
Then, letting wy € t,wAWy N Wl such that N € wy - Cy, we have
e )N and N + (V') lie in the same p-alcove;
o N\ — sm(wpwy)"1(0) + sTw=1(0) € Cy; and
o t,,{lj)\ T QZA/.
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Proof. Let m ot max, 7, ha,a, (v)- As )\ is m-deep in Cy, we have that X' + 7(v') is m-deep in its
p-alcove. Lemma [2Z.5(2)| implies that h, < m hence X and X' + 7(¢/) lie in the same p-alcove. (The
inequality h, < m, coming from Lemma m will be used multiple times in this proof.)

The third bullet point in the statement of the lemma gives

(5.1) w - (Ao — sm(@pwy) "1 (0) + st~ (0) + w(v")) T @ - (N + 7()))

for " = 7w lwy)(v') € Conv(v) with w € W the image of w. Moreover, since the LHS of
(51)) lies in the same p-alcove as @ - (Mg — sm(wpwy) " (0) + smw~1(0)) by the depth bound in the
previous paragraph and Lemma W - (Ao — sm(wpwy)~L(0) + srw=1(0) + 7 (v")) is dominant
by the second item in the statement of the lemma. Moreover it is m-deep in its p-alcove. Since
Psr(@nin)-1(0) < My Ao — sm(Wpwx) "1 (0) + stw1(0) + 7 (") and Ao + smw ™' (0) 4+ 7 (") are in the
same p-alcove, which we denote by @-Cy for u € W,. As w-(A\g—sm(wpwy) 1 (0)+srw=1(0)+m(v"))
is dominant, we conclude that wu € W+. The second and third bullet points and Lemma 2.7 imply
that h@(o) <h,+1L

We claim that @ fixes a v9 € Ag. Since h,» < m by Lemma Xo + m(v") € Cy. Then
Lemma [2.4] taking x = %()\0 +7(¥")+n) and e = %371{5_1(0) and using p > (h, 4+ 1)?, implies that
u(Ap) and Ay intersect (note that = + ¢ above is in the interior of an alcove so that Ay = w(Ap)
in the notation of Lemma Z4). We take vy € u(Ag) N Ag. Then u(vy) = vy by [Bou08, Ch. 5, §3,
Theorem 2.

We now summarize our key conclusions. (B.I]) implies that wu 1 wpwy for some wy € W with
X € wy - Cy. In particular, w(vy) < Wy (vg) for some vg € Ag. Additionally, Lemma with
Ao, Mo, Wy, and W, taken to be Ao, {D;,l (N 4+7()), m(t,wy), and 7(wys) implies that ¢,wy T wy .

We claim that

(5.2) (st 1(0) + 7w(k),a") < R,y (o) 1

for all roots o and x € Conv(v). We will use that for any o € W,

ow 1 (0) < —wo(w(0)+)
= —wo(w(vg) — w(vo))+
< —wo(w(vo)+ + (—vo)+)

(5.3) = —wo(w(vo) — wovo)
—w(ﬂzhw)\/(vo) + vo

IN A

—wowpt,wy(vo) + vo

= —v 41 — wx(vo) + vo-

Here,

e the first inequality uses that both sides are in the same W-orbit and the RHS is dominant;
e the third inequality uses that w(vg) < wpwy (vo); and
e the fourth inequality uses that wpwy T wit,wy and vy € Ag.
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Then for k € Conv(v),

(sm(w1(0)) + 7(r),a") = (x H(s)w ' (0) + K, 7 ()")
< (@ H(s)w ™1 (0) + k)4, )

< (m Hs) o (0)4 + Ky, )

< (=v +n —wx(vo) +vo + v, aq)

n — wx(vo) + vo, ag) )

< h@hﬁx(vo) +1

where « is some highest root, the third inequality follows from (&.3]), and the last inequality follows
from the fact that vy € A.

As \g — sm(wpwy)"H(0) + smw=1(0) + (v is m-deep in its p-alcove, (5.2) implies that Ao —
sm(wpwy)~1(0) is (—1)-deep in the same p-alcove. On the other hand, we know that Ag—s7(wpwy )~ (0)
is O-deep in Cy so that \g — sm(wpwy)~1(0) + s7mw1(0) + w(v”) is m-deep in Cy. Then \g —
sm(wpwy)~1(0) + sTw1(0) is in Cy by Lemma O

Lemma 5.3. Suppose that the center Z of G is connected. Let N\g € Cy, N € X1(T), wy € Wl
with image wy € W, w € W, v e X(T)*, and v' € Conv(v) such that

(1) (Ao +n,0") <p—hy,y— max, 1, ha,a, () for all roots a;
(2) t,wy - Ao TN +7(V);

(3) w - (Ao + mwpwy(0) + 7TZU0U))\15_1(0)) +neX(T)*; and
(4) w - ()\0 + ﬂ@h@)\(()) + WWowAﬁ_l(O)) Ty - N

Then, letting wy € t,w\Wy N Wl such that N € wy - Cy, we have
o N+ 7)) ewyW-Cy;

e \g+ ﬁwh@)\(()) + 7rw0w,\@_1(0) € CO;' and
o tywy T wy.

Proof. Let wy € W be the image of wy. Then

(Ao —wy'm() +n,a") <p—hy — max ha, @) + v <p
vEAY

for all roots by (D} [2)} and Lemma 27, so that oy - (\g — wy'7(v')) € Cy for some o1 € W.
Letting A\[ = LG5 N € Cp, Lemma 20 with Ao, [o, Wy, and w, taken to be o1 - (Ag — w;lw(u’)),
Xy, T(tywyoy ) and m(wy) implies that N = o1 - (\g — wj 'm(+/)). Since

(5.4) tyaoy - Xy T Wy - A,

we also have that t,wy(0) < wy (0).
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Next, we claim that hggy < hy. Let w € W be the image of w and suppose that « is a root so
that (w(0), ") = hg(g). Then we claim that
(p— Dhao) — (p— 1 —hy) < (pw(0),a”) + (rwowrw ™' (0),w ')
+ Mo+ 1, w ) + (mwy Wy (0), w T aY)
W(0) + w(Xg + 1 + 7wpwA(0) + Twowr@w1(0)), )
- (Ao + wwpwx (0) + mwowyw ' (0)) + n, ")
0)

Wh, * )\,+77,()é0>

Dhy

(p
= (w
(W - (Ao + wwpwx (0) + mwowrw " (0)) + 1, ag
(w
(p—

where g is some highest root. Indeed,

the first inequality follows from

the second inequality follows from

the third inequality follows from and the dominance of «g; and
the final inequality follows from the fact that A € X;(T).

Thus, hg) < p_2h +1 < hy + 1, and the claim follows.

From the previous claim and. we have (Ag+n+mwpwy(0)+7wowyw 1(0), V) < p for all roots
«. Then oo ()\0+7Twhw,\(0)+7rwow>\w 1(0)) € Oy for some o5 € W and in particular w(0) € X (7).
and Lemma 2.9 with Ao, p0, Wx, and w,, taken to be o2 - (A\g + Twpwy(0) + Twowrw—1(0)), Ap,
m(woy '), and 7(wpwy ) then imply that Ny = o3 - (Ao + 7wWpwx(0) + Twowy@w~(0)) and @w(0) <
wpwy (0) (as 0 lies in the closure of the facet determined by (). Putting things together, we have
Ao + TR WA (0) + Twowaw 1 (0) = 05 oy - (A — wy 'w(V))), or equivalently that

(55) )\0 + 7'("[17}/[17)\(0) + Fwow)\’[ﬁ_ (0) + 0'2_10'111);17'('(1//) = 0'2_10'1 . )\0.
Now

’[Eh’[ﬁ)\(O) + ’w()’w)\{lj_l(()) + 77_1(02_10111);1)(#) > @h@A(O) + wow,\@_l(O) + wov

(5.6) > wov + wpwy(0) — w(0)
= wpt,wy(0) — w(0)
>0

where

e the second inequality uses that w(0) > —wowyw 1(0) since both sides are in the same
W-orbit and w(0) € X(T)*; and
e the last inequality uses the inequalities ¢, w(0) < wy/ (0) and w(0) < wpwy (0) proven in
the first and third paragraphs, respectively.
(G3) and (56) imply that \g < 5 'oy - A so that o1 = o9 and w;lﬂ(y’) = mwov. In particular,
Ao — w;lw(l/ ) = Ao — Twor € Cy by and Lemma (which applies by hypothesis [(2)). By
definition of o1, we conclude that o1 = 1 and thus o9 = 1.
We now deduce the three desired conclusions. First, we have A\j = Ao — w;lw(l/) = X +
7w wx(0) + Twowaw1(0) € Cp. In conjunction with (5.4)), this gives the inequality ¢,wy T Wy
Finally, N + 7(v) = @y - (Ao —wy "7 (') +wy'm(v/)). Then Ao —w; ‘7 (v') +wytn(v') € W-C
by and Lemma so that X\ 4 m (), which is linked to A\g € Cy, is in wy W - Cp. O
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Theorem 5.4. Suppose that the center Z of G is connected. Let wy € Wl, s e W, and Ay € Cy.
Suppose further that either

(1) p > (hy +1)% and that Xy is max, 7, Na, @, (v)-deep in Co; or

(2) (Mo +mn,aY) <p—hy—max, 5 hg,z,@ for al roots a and s = w(wowy).

Then F(wy - \o) is a Jordan—Hélder factor of Rs(\o +n — sw(wpwy)~1(0)) with multiplicity one.

Proof. Let A def Wy - Ag and p et o + 1 — sm(wpwy)~1(0). We apply Corollary BT with w et WHW
to get

dim Homp (Qy, Rs(1)) = [2(1,)\0 — p(wpwy)~ ( )) +pn) : (1 Mleyr
= [Z(1,wx(No — p(@r@2) "' (0) + ) + (p — Dn) : L(L, V] r
=[Z(1,)) : L1, Nla 7

where wy € W is the image of wy, the second equality follows from [Jan03| 9.16(5)] and the fourth
equality follows for instance by using that [2 (L, A) : E(l,)\)]ng is nonzero and A appears with
multiplicity one in both Z(1,A)|7 and L(1, \)|7. We claim that if X' € X1(T) and [L(X)® L(w(v)) :
L\ +pv)]g # 0 for some v € X (T)* and Homp(Qy/, Rs(p)) # 0, then v € X%(T). This will finish
the proof: first note that [Rs(u) : F(N)]r # 0 implies Homp(Qy/, Rs(p)) # 0. Thus the claim
shows that the only term in the first sum in equation (BII) of Corollary B3] that contributes is the
term where ' = XA modulo (p — ) X%(T) and that both factors of this term are 1.

We now prove the claim. Suppose that X' € X;(T), [L(N) @ L(w(v)) : L(A 4 pv)]g # 0 for some
v € X(T)", and Homp(Qy, Rs(11)) # 0. Then Lemma implies that there exists v/ € Conv(v)
such that A + pr + X + 7(¢/), and Theorem implies that there exists w € W such that
W (p—n+stw1(0) +n € X(T)* and @ - (u — n + sTw 1(0)) 1 wy, - . Lemmas and [5.3]
imply conditions and of Lemma [5.1l Finally, Lemma [5.1] implies that v € X°(T). O

6. APPLICATIONS TO WEIGHT ELIMINATION

Let ¢ be a power of p and K = W(F,)[p~!]. Let Q, C E C @p be a sufficiently large fi-
nite extension of Q,. Let O be the ring of integers of E and F the residue field. Assume that

any homomorphism K — @p factors through E. We now take Gy to be Resy /g, GL,/r,. Let
def def

Lg & [Tx— 5 GL,z x Gal(E/Qp). Let Gg, = Gal(Q,/Qp) and Gx = Gal(K/K) with inertia
subgroups Ig, and Ik, respectively. Restriction and projection gives a bijection between conjugacy
classes of continuous L-homomorphisms 5 : Go, — LG(F) and conjugacy classes of continuous
homomorphisms p : Gg — GL,(F).

Let X}, (T') C X1 (T') denote the subset of X € X;(T') such that (X, ") < p—1 for all simple roots
. We say that a simple F[GL,(F;)]-module is regular if its highest weight is in X, (7). The p-dot
action of wy, defines a self-bijection X7, (T') — X;.,(T). Let R be the corresponding self-bijection
on the set isomorphism classes of regular simple F|GL,,(F,)]-modules, that is R(F'(\)) = F(wy, - A).
For a conjugacy class of tame continuous homomorphisms 7 : G — GL,(F), let W7 () be the set

W’ (Ll Iy,) in [GHSIS| Definition 9.2.5] where LD is the L-parameter corresponding to p. Outside
degenerate cases which are irrelevant in our context, the set W7 (p) has the following concrete
description [GHSIS| Proposition 9.2.3]: we can write 7| Iy, (in possibly several ways) as an explicit
representation 7(s, u) depending on (s, u—n) € W x (CoN X*(T')) [GHS18|, Proposition 9.2.3], and
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the set W7 (p) is R(JH(R,(1))) (in this case we say that 7 is m-generic if we can choose p — 7 to
be m-deep in Cj).

It is conjectured [GHSI8] that the set W7 (%) controls weights of mod p automorphic forms for
any globalization of p e.g. mod p Langlands parameters contributing to spaces of mod p algebraic
modular forms on definite unitary groups as in §L.11

In any such context, establishing the upper bound given by W7 () is referred to as “weight
elimination”. In our previous work [LLHLI9|, we establish weight elimination in an axiomatic
framework that applies to many global contexts (for instance the one in Theorem [[.5]) under the
hypothesis that p is (6n — 2)-generic.

The method of loc. cit. was to combine constraints from p-adic Hodge theory with generic de-
composition patterns of Deligne-Lusztig representations. Our new results on the latter allow us to
improve our earlier axiomatic weight elimination results to the following

Theorem 6.1. Let p : Gg — GL,(F) be a continuous homomorphism. Suppose that W (p) is a
set of isomorphism classes of simple F|GL,,(F,)]-modules, w € W, and v € X*(T) such that if

W(p) NJH(R,(v)) # 0 and either
o 7(w,v) is reqular (i.e. multiplicity free); or
e w=1;
then p has a potentially semistable lift of type (n, T(w,v)). Assume further that p*|r, is (2n + 1)-

generic.
Then W (p) € W7 (p%).

Proof. We follow the general outline of [LLHL19, §4.2].

By [Ennl9, Lemma 5], if p has a potentially semistable lift of type (9, 7(w,v)), so does p**. We
then reduce to the case where p is semisimple.

Suppose that A € X1 (T) with F(\) € W(p). First, pis (2n + 1)-generic in the sense of [Ennl9,
Definition 2] so that A is p-regular by [Ennl9, Theorem 8|. Then we can write A = wy - A\g with
Mo € Cy (and w)y € Wl).

In order for a (2n + 1)-generic Galois representation to exist at all, one must have p > (2n+ 1)n
by Remark Thus, we assume without loss of generality that p > (2n + 1)n. Using this, after
possibly replacing \g by an element in Q- )\, we can assume that (A\g+7,a") < p—2h, foralla € R.
We claim that Ao is (hg,,(0) + 1)-deep in Cp. Suppose otherwise. Then Theorem implies
that F(A) € JH(R,(v)) with w = m(wowy) and v = Ag+1 — 7 (wowy (@r@x)~(0)). Since Wy € Wi,
we have 0 < (—wowy (wpwy) " 1(0), ") < 1 for all @ € A and (Ao +1 — m(wowy (Wrwy) ~1(0)),a") <
p — hy for all a € R. We conclude that p has a potentially semistable (and thus potentially
crystalline) lift of type (n,7) where 7 is the (regular) inertial type 7(w,v) and v — 7 is 1-deep, but
not (hg,a,(0) + 2)-deep. We claim that p[7, = 7(s, ) for some s € W and p € X*(T) such that
(6.1) (tyw) ‘s € Adm(n) E{w e W | & <t

o(n) for some o € W}.

Given this claim, we deduce that p1—n is not (2h,+2)-deep so that 7 is not (2h,+3)-generic. (Indeed,
if p—mn is (2h, +2)-deep, then (6.I) implies that v —n is (h, +2)-deep and thus (hg, g, (0) +2)-deep.)
This is a contradiction.

We now prove the claim in the previous paragraph. There is a unique lowest alcove presentation
(s, u—mn) of p compatible in the sense of [LLHLM23| §2.4] with the 1-generic lowest alcove presenta-
tion (w,v —n) of 7 by [LLHLM23|, Lemma 2.4.4] (though it should be assumed in the cited lemma
that the center Z is connected). Moreover, u — 7 is 2n-deep by [LLHL19, Proposition 2.2.15]. Let
K'/K be a finite unramified extension so that the restriction p’ is a direct sum of characters and



GENERIC DECOMPOSITIONS OF DELIGNE-LUSZTIG REPRESENTATIONS 20

the base change inertial type 7’ is principal series. Furthermore, (w’,2/ — 7/') is a 1-generic lowest
alcove presentation for 7/ where w;-, = wj|, and l/;»/ = vj|, for any embedding j' : K’ — E, and

similarly (s', 4/ —n') is a compatible 2n-generic lowest alcove presentation of p’. [LLHLI9, Theorem

3.2.1] implies that 7(s',1') = 7(2/,&’) for some & € (Z")1ome(KE) and 2/ ¢ Sgome(K ) such

that (t,,w') " 'tgz’ € Adm(n'). In particular, & —n' is (—n +2)-deep in Cp. Since p/ — 1 is 2n-deep
in C}, the centralizer of the semisimple element corresponding to #y s is a maximal torus by the
proof of [GHS18, Lemma 10.1.10]. Since the corresponding centralizer for 6,/ ¢ is conjugate, it is
also a maximal torus. We conclude that both (Ty, 0 /) and (T, 0, ¢) are maximally split. By
[GHSIS8, Proposition 9.2.1], (Ty,0y ) and (Ty, 0, ¢) are Gi(F,)-conjugate. By [Her(9, Lemma
4.2], we have
(', &) = (os'n'o7 " o (p!) + (p — 08’7’0 Hw)

for some o € SSOH]Q”(K/’E) and w € (Z")Home (KE) - By Temma 28 taking m = 2n, we have that
t,o € Q. Since ' — & € ZR' and W'/W is torsion-free, t,o0 € Q' N W, = 1. Thus, s’ = 2/ and
p = ¢ so that (t,w')"'t,ys’ € Adm(n') which implies that (t,w) 't,s € Adm(n).

Thus, Ao is (hg,a,(0) + 1)-deep in Co. Then F(X) € JH(Ry (Ao + 1 — wr(wpwy)~*(0))) for all
w € W by Theorem (recall that we are assuming that p > (2n + 1)n > n? = (h, + 1)?),
which implies that p has a potentially semistable (and thus potentially crystalline) lift of type
Tw & 7(w, X\g + 1 — wr(wpwy)~1(0)) for all w € W. For all w € W, (w, \g — wr(wpwy)~1(0)) is
a 1-generic lowest alcove presentation for 7,,. The argument in the previous paragraph shows that
Plie = 7(s, ) for some s € W and p € X*(T') with (t)\0+n_wﬂ(@h@)71(O)w)_ltus € Adm(n) for all
w € W. Then the proof of [LLHLI9, Lemma 4.1.10] implies that F'(\) € W (p). O

REFERENCES

[BDR17] Cédric Bonnafé, Jean-Frangois Dat, and Raphaél Rouquier, Derived categories and Deligne-Lusztig va-
rieties. II., Ann. Math. (2) 185 (2017), no. 2, 609-670 (English).

[Bou08] Nicolas Bourbaki, Elements of mathematics. Lie groups and Lie algebras. Chapters 4—6. Transl. from
the French by Andrew Pressley, paperback reprint of the hardback edition 2002 ed., Berlin: Springer,
2008 (English).

[BRO3] Cédric Bonnafé and Raphaél Rouquier, Derived categories and Deligne-Lusztig varieties., Publ. Math.,
Inst. Hautes Etud. Sci. 97 (2003), 1-59 (French).
[Cha81] Leonard Chastkofsky, Projective characters for finite Chevalley groups, J. Algebra 69 (1981), no. 2,

347-357. MR 617083

[CHTO8] Laurent Clozel, Michael Harris, and Richard Taylor, Automorphy for some l-adic lifts of automorphic mod
I Galois representations, Publ. Math. Inst. Hautes Etudes Sci. (2008), no. 108, 1-181, With Appendix A,
summarizing unpublished work of Russ Mann, and Appendix B by Marie-France Vignéras. MR 2470687
(2010§:11082)

[Ennl9] John Enns, On weight elimination for GL,(Q,s), Math. Res. Lett. 26 (2019), no. 1, 53-66. MR 3963975

[GHS18] Toby Gee, Florian Herzig, and David Savitt, General Serre weight conjectures, J. Eur. Math. Soc. (JEMS)
20 (2018), no. 12, 2859-2949. MR, 3871496

[Her09] Florian Herzig, The weight in a Serre-type conjecture for tame n-dimensional Galois representations,
Duke Math. J. 149 (2009), no. 1, 37-116. MR 2541127 (2010£:11083)

[Hum89) J. E. Humphreys, Generic Cartan invariants for Frobenius kernels and Chevalley groups, J. Algebra 122
(1989), no. 2, 345-352. MR 999078

[HumO6] James E. Humphreys, Modular representations of finite groups of Lie type, London Mathematical Society
Lecture Note Series, vol. 326, Cambridge University Press, Cambridge, 2006. MR 2199819 (2007{:20023)

[Jan80] Jens C. Jantzen, Darstellungen halbeinfacher Gruppen und ihrer Frobenius-Kerne, J. Reine Angew. Math.
317 (1980), 157-199 (German).
[Jan81] Jens Carsten Jantzen, Zur Reduktion modulo p der Charaktere von Deligne und Lusztig, J. Algebra 70

(1981), no. 2, 452-474. MR 623819



GENERIC DECOMPOSITIONS OF DELIGNE-LUSZTIG REPRESENTATIONS 21

[Jan03] , Representations of algebraic groups, second ed., Mathematical Surveys and Monographs, vol.
107, American Mathematical Society, Providence, RI, 2003. MR 2015057 (2004h:20061)

[LLHL19] Daniel Le, Bao Viet Le Hung, and Brandon Levin, Weight elimination in Serre-type conjectures, Duke
Math. J. 168 (2019), no. 13, 2433-2506. MR 4007598

[LLHLM23] Daniel Le, Bao V. Le Hung, Brandon Levin, and Stefano Morra, Local models for Galois deformation
rings and applications, Invent. Math. 231 (2023), no. 3, 1277-1488. MR 4549091

[Pil93] Cornelius Pillen, Reduction modulo p of some Deligne-Lusztig characters, Arch. Math. (Basel) 61 (1993),

no. 5, 421-433. MR 1241047 (94i:20026)

DEPARTMENT OF MATHEMATICS, PURDUE UNIVERSITY, 150 N. UNIVERSITY STREET, WEST LAFAYETTE, IN
47907-2067

Email address: ledt@purdue.edu

DEPARTMENT OF MATHEMATICS, NORTHWESTERN UNIVERSITY, 2033 SHERIDAN ROAD, EVANSTON, IL 60208,
USA

Email address: 1hvietbao@googlemail.com

DEPARTMENT OF MATHEMATICS, RICE UNIVERSITY, 6100 MAIN STREET, HOUSTON, TEXAS 77005, USA
Email address: b170@rice.edu

LAGA, UMR 7539, CNRS, UNIVERSITE PARIS 13 - SORBONNE PARIS CITE, UNIVERSITE DE PARIS 8, 99 AVENUE
JEAN BAPTISTE CLEMENT, 93430 VILLETANEUSE, FRANCE
Email address: morra@math.univ-parisi3.fr



	1. Introduction
	1.1. A number theoretic application
	1.2. Acknowledgments
	1.3. Notation

	2. Lemmata
	3. Ingredients
	4. Generic decompositions of Deligne–Lusztig representations
	5. Deligne–Lusztig reductions containing a simple module
	6. Applications to weight elimination
	References

