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Abstract. We introduce a new partial resolution of crystalline spaces of Galois representations

when the gaps in Hodge–Tate weights are smaller than p, with no bound on ramification. Further-

more, when n = 3 in the case of minimal regular weight, we are able to show that the resolution

is normal (assuming the ramification index is divisible by 3). Employing base change techniques

and further analysis of the resolution, we are able to show that all the components of the crys-

talline deformation rings are potentially diagonalizable. As a consequence, we deduce automorphy

lifting, the weight part of Serre’s conjecture, and the Breuil-Mézard conjecture in dimension three

for minimal regular weight.
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1. Introduction

Since the landmark work of [Kis09], it has been understood that the Taylor–Wiles patching

method reduces automorphy lifting theorems to the study of deformation spaces of Galois repre-

sentations of ℓ-adic fields with p-complete coefficients. The deepest subtleties arise when ℓ = p,

where one must analyze loci cut out by p-adic Hodge-theoretic conditions. These conditions are

naturally formulated only after inverting p, and as a result, a precise understanding of their integral

variation inside deformation spaces remains largely out of reach. Fortunately, [BLGGT14] isolated

a more accessible property—potential diagonalizability—that suffices for applications to automor-

phy. A local Galois representation is potentially diagonalizable if, after restriction to a finite-index

subgroup, it lies on the same irreducible component of the crystalline deformation space as a di-

rect sum of characters. Combined with automorphic base change, this notion allowed [BLGGT14]

to prove the strongest known automorphy lifting theorems in dimensions greater than two. It is

therefore of central importance to determine whether all potentially crystalline representations are

potentially diagonalizable.

Despite its importance, potential diagonalizability has so far been established only in rela-

tively restricted settings. Beyond the ordinary and Fontaine–Laffaille representations treated in

[BLGGT14, GL14, Bar20], the only other complete case is that of two-dimensional potentially

crystalline representations with Hodge–Tate weights in [0, 1] (the potentially Barsotti–Tate case).

This was established in [GK14], building heavily on [Kis09]. This case played a crucial role in the

proof of the Breuil–Mézard conjecture for potentially Barsotti–Tate deformation spaces and the

weight part of Serre’s conjecture for GL2.

Recent work has led to significant advances in understanding potentially crystalline deforma-

tion spaces (see [LLHLM18, LLHLM23, Bar23a, Bar24]), but existing methods typically impose

restrictions on the ramification index. Such restrictions are a fundamental obstacle to proving po-

tential diagonalizability, which inherently requires handling arbitrarily ramified extensions. In this

paper, we introduce methods that are insensitive to the ramification index, allowing us to establish

potential diagonalizability for three-dimensional representations of minimal regular weight:

Theorem 1.1. Let K be a finite extension of Qp with p ≥ 5. Then any potentially crystalline

representation ρ : GK → GL3(Qp) with minimal regular Hodge–Tate weights (2, 1, 0) is potentially

diagonalizable.

Combining Theorem 1.1 with the methods of [BLGGT14], we immediately obtain:

Theorem 1.2. (Automorphy Lifting) Let F be an imaginary CM field with maximal totally real

subfield F+, and let c ∈ Gal(F/F+) denote the non-trivial element. Assume p ≥ 5 and F is split

at all places of F+ above p. Let ι : Qp
∼= C, and r : GF → GL3(Qp) be a continuous irreducible

representation with residual representation r : GF → GL3(Fp). Assume that:
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(1) (odd essential conjugate self-duality) There is a character χ : GF+ → Q×
p with χ(cv) = −1

for all v | ∞ and an isomorphism rc ∼= r∨ ⊗ χ.
(2) (unramified almost everywhere) The representation r is ramified at only finitely many

primes.

(3) (minimal regular potentially crystalline) For all places v|p, the restriction r|GFv
is poten-

tially crystalline with κ-Hodge–Tate weights (2, 1, 0) for all κ : Fv ↪→ Qp.

(4) (adequate) r|GF (ζp)
is irreducible and r(GF (ζp)) is an adequate subgroup of GL3(F); and

(5) (residual modularity) r ∼= rι(π) for some π a regular algebraic conjugate essentially self-dual

cuspidal automorphic (RAECSDC) representation of GL3(AF ).

Then r is automorphic, i.e. r ∼= rι(π
′) for some π′ a RAECSDC automorphic representation of

GL3(AF ).

As a second application of Theorem 1.1 we prove the Breuil–Mézard conjecture in minimal

weight for potentially crystalline representations of dimension three, following the strategy laid out

in dimension two in [GK14, EG14]. We state a version for the Emerton–Gee stack, which implies

the corresponding statement for deformation spaces (see [EG23, §8.3]).

Let X3 denote the moduli stack introduced in [EG23], parametrizing 3-dimensional p-adic repre-

sentations of GK . The irreducible components of the underlying reduced stack X3,red are naturally

labeled by Serre weights σ (i.e. irreducible Fp-representations of GL3(OK)); we write Cσ for the

component corresponding to σ, and Z[X3,red] for the free abelian group generated by these compo-

nents. If τ : IK → GL3(Qp) is an inertial type for K, let σ(τ) denote the GL3(OK)-representation

associated to τ by the inertial local Langlands correspondence [CEG+16], and write σ(τ) for the

semisimplification of the mod p reduction of a lattice in σ(τ). Let X τ
η ⊂ X3 denote the substack

parametrizing potentially crystalline representations of inertial type τ and κ-Hodge–Tate weights

(2, 1, 0) for each κ : K ↪→ Qp.

Theorem 1.3. (Geometric Breuil–Mézard in minimal weight) For each Serre weight σ for GL3(OK),

there exist a cycle Zσ ∈ Z[X3,red] such that for every inertial type τ for K, we have

(1.1)
∑
σ

µσ(X τ
η,Fp

)Cσ =
∑
σ

[σ(τ) : σ]Zσ.

Here µσ(X τ
η,Fp

) denotes the multiplicity of Cσ as an irreducible component of X τ
η,Fp

and [σ(τ) : σ] is

the multiplicity of σ as a Jordan–Hölder factor of σ(τ).

Moreover, the cycles Zσ are unique and effective.

Remark 1.4. (1) Theorem 1.3 is the first result towards the Breuil–Mézard conjecture in dimen-

sion greater than two that allows arbitrary (in particular, wildly ramified) inertial types.

Although the theorem is restricted to minimal regular Hodge–Tate weights, the σ(τ) span
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the Grothendieck group of mod p representations of GL3(OK) rationally (cf. Appendix A),

so the system of equations (1.1) determines the cycles Zσ uniquely.

(2) As explained in [GHS18], the existence of the cycles Zσ gives an (a priori inexplicit) for-

mulation of the weight part of Serre’s conjecture: a global mod p automorphic Galois

representation r is automorphic of weight {σv} if and only if its local components rv lie

in the support of Zσv for each v|p. In Section 7.4, we prove this result under standard

Taylor–Wiles hypotheses, using the connection with patching already present in the proof

of Theorem 1.3.

(3) To make the weight part of Serre’s conjecture explicit, one needs to compute the support of

Zσ. When K = Qp, the second two authors, together with Daniel Le and Stefano Morra,

determine that the cycles for σ = F (a, b, c) with a ≥ b ≥ c are given by

Zσ =



Cσ if a− b ̸= p− 1, b− c ̸= p− 1,

Cσ + CF (b,b,c) if a− b = p− 1, b− c ̸= p− 1,

Cσ + CF (a,b,b) if a− b ̸= p− 1, b− c = p− 1,

Cσ + CF (b,b,c) + CF (a,b,b) + CF (c,c,c) if a− b = b− c = p− 1.

This result will appear in forthcoming work which will further determine the cycles

whenever K/Qp is unramified.

We now sketch the proof of Theorem 1.1, which builds on the strategy introduced in [Kis09]. In

modern terms, Kisin’s approach revolves around the construction of a partial resolution

Ycr
λ → X cr

λ

of the crystalline locus with Hodge–Tate weights λ inside the Emerton–Gee stack ofGK-representations.

More precisely, this resolution is defined as the Zp-flat part of a fibre product

Ycr
λ := (X cr

λ ×Rn Y≤λ)fl ,

where Y≤λ denotes the moduli stack of rank n Breuil–Kisin modules of height ≤ λ, and the mor-

phism X cr
λ → Rn corresponds to restriction to GK∞ ⊂ GK for an extension K∞ = K(π1/p

∞
)

obtained by adjoining a fixed system of p-th power roots of a uniformizer π ∈ K.

The morphism Ycr
λ → X cr

λ becomes an isomorphism after inverting p, justifying the idea that the

former is a (partial) resolution of the latter. In the two-dimensional Barsotti–Tate case, or more

generally whenever λ consists of minuscule coweights, the situation simplifies considerably because

Ycr
λ
∼= Y≤λ. In other words, Breuil–Kisin modules of height ≤ λ correspond exactly to lattices

in crystalline representations of weight λ in this situation. The geometry of Ycr
λ is then governed
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by that of Y≤λ, whose local models are (mixed characteristic) affine Schubert varieties. These are

known to be normal in great generality [PR03, PZ13, Lev16].

Since Ycr
λ is normal when λ is minuscule, the irreducible components of the crystalline defor-

mation space of a representation ρ ∈ X cr
λ (Fp) correspond to connected components of the fiber of

Ycr
λ → X cr

λ above ρ. This fiber can be analyzed using the explicit description of Y≤λ, and ultimately

potential diagonalizability reduces to finding a point on each of its connected components that ad-

mits a diagonal lift to characteristic zero. We stress that the normality of the resolution Ycr
λ is the

key ingredient of the entire strategy.

Beyond the minuscule setting, GK-stable lattices in crystalline representations only come from

special kinds of Breuil–Kisin modules, and the relationship between Ycr
λ and Y≤λ becomes signifi-

cantly more subtle. In particular, unlike Y≤λ, it is not known in general whether Ycr
λ is normal. A

central innovation of this paper is a framework to restore control over the geometry whenever λ is

concentrated in degree [0, p − 1] (in other words, all Hodge–Tate weights lie in this interval), but

crucially, without imposing any restriction on the ramification index e.

The key idea is to enhance the moduli problem Y≤λ by equipping a Breuil–Kisin module M

(which we recall is a projective module over S = W (k)[[u]] with Frobenius structure φM, where k

is the residue field of K) with two additional structures:

(1) An S-linear endomorphism N0 : M/ue+1M → M/ue+1M. This induces a derivation Nφ
0

of φ∗M/upe+1φ∗M, which we refer to as truncated monodromy and obeys certain stability

and commutation relation with Frobenius (cf Definition 2.4).

(2) A convolution structure on φ∗M, i.e. an e-step filtration

Me := φ−1
M (E(u)p−1M) ⊂Me−1 ⊂ . . . ⊂M0 := φ∗M.

These two extra structures have natural origins: the data of N0 in (1) is the (linearization of the)

structure needed to extend the GK∞-representation associated to M to a GK-representation, while

the convolution data in (2) is designed to capture an integral version of the Hodge filtration (or

rather, the Nygaard filtration lifting it).

Incorporating convolution structures into the resolution on the Breuil–Kisin module (and taking

Zp-flat parts) yields a refinement Ycr,conv
λ of our previous resolution Ycr

λ . In characteristic p, there

is a natural map ι : Ycr,conv
λ ⊗Zp

Fp → Y ∇,conv
≤λ , where Y ∇,conv

≤λ is the algebraic stack over SpecFp

parametrizing Breuil–Kisin modules M of height ≤ λ, with N0 as in (1) and a convolution structure

as in (2) satisfying the compatibility ui−1Nφ
0 (Mi) ⊂ Mi. Furthermore, ι factors through a closed

substack Y ∇,conv
λ ⊂ Y ∇,conv

≤λ isolating the “elementary divisor λ-part” as elaborated on below.

For general λ, we do not at present have enough control over Y ∇,conv
λ to decide whether Ycr,conv

λ =

Y ∇,conv
λ or to analyze the singularities of Y ∇,conv

λ . However, when λκ = (2, 1, 0) for all κ : K ↪→ Qp,
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a series of numerical coincidences—ultimately reflecting the fact that λ is quasi-minuscule—allow

us to prove the following key technical input which underlies Theorem 1.1.

Theorem 1.5. Assume p ≥ 5 and e ≡ 0 modulo 3 and λκ = (2, 1, 0) for all κ. Then Y ∇,conv
λ is

Cohen–Macaulay and generically reduced, hence reduced. Furthermore

Ycr,conv
λ ⊗Zp

Fp
∼= Y ∇,conv

λ .

In particular, Ycr,conv
λ is normal.

The assumptions p ≥ 5 and e ≡ 0 (mod 3) arise from specific dimension estimates in the proof,

and it appears likely they can be relaxed.

With Theorem 1.5 in hand, the strategy outlined above applies. After a base change, Theorem 1.1

reduces to analyzing the fibres of

Ycr,conv
λ −→ X cr

λ

above the trivial representation ρ. This fiber is an explicit substack of Y ∇,conv
λ , which is equipped

with an action of a maximal torus T centralizing ρ. This action together with the explicit relation

to convolution fibers allows us to show each connected component contains a special T -fixed point

which lifts to characteristic zero, thus yielding enough diagonalizable points (see Section 6).

The proof of Theorem 1.5 takes up the main part of this paper, and involves three key steps,

which we elaborate on in the remainder of the introduction.

Step 1 - Truncated monodromy and descent from GK∞ : In Section 2, we make precise the role of

truncated monodromy in extending a GK∞-action to GK for any Hodge–Tate weights concentrated

in degree [0, p− 1].

Given a Breuil–Kisin module M, the base change

Minf = M⊗S W (OC♭)

gives rise to an étale (φ,GK∞)-module corresponding to a Zp[GK∞ ]-representation V . Extending

V to a crystalline GK-representation is equivalent to equipping Minf with a compatible GK-action.

Taking the logarithmic derivative of this action gives a φ-equivariant derivation N on a suitable

completion of M[1p ]. When the Hodge–Tate weights belong to [0, p− 1], we can sufficiently control

the denominators occurring in N to ensure the truncation of N and φ∗N modulo ue+1 and uep+1

respectively are integral. Reducing these integral truncations modulo p produces the operators N0

and Nφ
0 parametrised in (1). The main outcome is Theorem 2.7 which produces a closed immersion

(1.2) Ycr
λ ⊗Zp

Fp → Y ∇
≤λ

where Y ∇
≤λ denotes an algebraic stack over SpecFp classifying Breuil–Kisin modules M of height

≤ λ and an N0 as in (1).
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Step 2 - Convolution structures and Plücker equations: Sections 3 and 4 introduce convolution

structures and then impose equations cutting out the exact Hodge–Tate weights.

Heuristically, in characteristic 0 the condition that the Hodge–Tate weights are ≤ λ distributed

along completions at the distinct roots of E(u), which fuse as one degenerates to characteristic p (in

particular, see [Bar24, Bar23a]). Convolution structures have the effect of undoing this fusion and

generally make singularities milder: even in the minuscule case, Ycr,conv
λ is smooth (cf [Bar23b]),

whereas Ycr
λ is usually singular.

In non-minuscule situations, one has to contend with a further problem, namely how to isolate

the condition that the Hodge–Tate weights are exactly λ, as opposed to just bounded by λ. This is

delicate: while the latter is a closed condition on the moduli of Breuil–Kisin modules, the former

condition is only locally closed. To isolate the condition of having weights exactly λ, we analyze

the interaction between the monodromy operator and the convolution filtration.

For simplicity, assume K is totally ramified and choose an ordering of its embeddings into

Qp so that the Hodge–Tate weights are given by an e-tuple of elementary divisors (λi)1≤i≤e. Let

(M,Mi) ∈ Y ∇,conv
λ (Zp) be a Breuil–Kisin module coming from a crystalline representation, together

with its associated convolution structure. The crystallinity of M guarantees that, for each 1 ≤ i ≤ e,
one has the stability

(1.3)

( i∏
j=1

(u− κj(π))

)
φ∗N (Mi) ⊂Mi[

1
p ],

(more precisely, the right hand side should be replaced by a suitable completion of Mi[
1
p ]). For a

fixed 1 ≤ i ≤ e we can, after trivializing Mi−1, interpret the lattice Mi ⊂ Mi−1 as a point xi in

the Schubert variety Gr≤λi
of the affine Grassmannian for GLd, with parameter u − κi(π). The

stability in (1.3) then admits the following equivalent reformulation: after inverting p, the point xi

is fixed by an L+G-conjugate of the loop rotation Gm-action on Gr≤λi
. Specifically, the conjugating

element in L+G is obtained from the restriction of

(∏i−1
j=1(u− κj(π))

)
φ∗N to Mi−1.

The fixed points under this Gm-action are well known: they are the L+G-translates of a disjoint

union of flag varieties
⋃

µ≤λi
FLµ embedded into Gr≤λi

. However, only the translate of the top flag

variety FLλi
⊂ Grλi

is relevant to Breuil–Kisin modules of weight (λi)1≤i≤e. To single it out we

use the Plücker embedding

Gr≤λi
↪→ P(V ),

and characterise FLλi
as the locus where

(∏i
j=1(u− κj(π))

)
φ∗N acts with certain explicit eigen-

values. When λi is concentrated in degree [0, p − 1], N0 is a sufficiently good approximation of

N to interpret these conditions as equations mod p, where they cut out the stack Y ∇,conv
λ inside

Y conv
≤λ ⊗Zp

Fp.
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Up to this point, everything works for λ concentrated in degree [0, p − 1]. However, unless λ is

quasi-minuscule the process above produces a large number of equations which we are not generally

able to control. When λ is quasi-minuscule, a numerical coincidence ensures the number of Plücker

equations obtained as above is exactly the codimension of FLλi
inside Gr≤λi

. The upshot is that

if the inequality dimY ∇,conv
λ ≥ dimYcr,conv

λ ⊗Zp
Fp is an equality, then Y ∇,conv

λ is a local complete

intersection inside an affine bundle over a convolution product of the Gr≤λi
’s. Since the latter is

known to be Cohen–Macaulay, this implies the same for Y ∇,conv
λ . Additionally if one knows that

Y ∇,conv
λ is generically reduced and irreducible, then one concludes Ycr,conv

λ ⊗Zp
Fp coincides with

Y ∇,conv
λ for dimension reasons, and both are reduced.

Step 3 - Dimension estimates and irreducibility: The last step is to control the dimension of

Y ∇,conv
λ , and show it is generically reduced and irreducible. We do this in Section 5, specializing to

the case d = 3 and λκ = (2, 1, 0) for each κ : K ↪→ Qp. This is done by analyzing the base and the

fiber of the natural map π : Y ∇,conv
λ → Y ∇

≤λ given by forgetting the convolution structure.

First, we analyze Y ∇
≤λ, which is the moduli of pairs (M, N0) such that Nφ

0 is compatible with

Frobenius and satisfies Griffiths transversality. Concretely, after choosing a basis of M, this is the

space of pairs (X,N ) ∈ LGL3 × ugl3[u]/ue+1 such that X has elementary divisors ≤ e(2, 1, 0) and

obey the relation

ue
(
Xφ(N )X−1 − c(u)

d

du
(X)X−1

)
≡ c(u)N mod ue+1

for a suitable c(u) ∈ Fp[u] depending on E(u). In particular, we can stratify Y ∇
≤λ into strata Y ∇(µ)

according to the elementary divisor µ of X. An explicit but technical analysis of the Y ∇(µ) yields

the key estimate

dimY ∇(µ) ≤ 3e− 1

2
(dim Gr≤λ− dim Gr≤µ),

and shows the open stratum Y ∇((2e, e, 0)) contains a unique generically reduced irreducible com-

ponent of maximal dimension 3e.

Finally, we analyze the fibers of π : Y ∇,conv
λ → Y ∇

≤λ which are closed subschemes of the fibers for

the convolution map

conv : Gr≤(2,1,0) ×̃Gr≤(2,1,0) · · · ×̃Gr≤(2,1,0) → Gr≤(2e,e,0) .

The semi-smallness of conv now shows that dimπ−1(Y ∇(µ)) ≤ 3e, so it remains to show that

the inequality is strict when µ < e(2, 1, 0). We do this by exhibiting for each such µ and each

top dimensional irreducible component C ⊂ conv−1(Grµ) an explicit point in C \ π−1(Y ∇(µ)), by

exploiting the description of C in terms of (convolution of) Mirkov-Vilonen cycles as in [MV07].
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2. Stacks of Breuil–Kisin modules

2.1. Setup.

• Fix a finite extension K of Qp with residue field k and a compatible system π1/p
∞

of p-th

power roots of a uniformiser π ∈ K inside a completed algebraic closure C of K. Write

E(u) ∈ W (k)[u] for the minimal polynomial of π over W (k), whose degree equals the

ramification degree e = e(K/Qp) of K over Qp.

• For any Zp-algebra A we write SA for the E(u)-adic completion of (W (k) ⊗Zp A)[u]. If

A is p-adically complete then SA
∼= (W (k) ⊗Zp A)[[u]] and we write φ for the A-linear

Frobenius on SA lifting the p-th power map on k and sending u 7→ up. If A is Zp-finite,

then SA = S⊗Zp A for S := SZp .

• Let C♭ := lim←−x7→xp C denote the tilt of C and OC♭ its ring of integers. Consider W (C♭) and

the subring Ainf = W (OC♭), viewed as an S-algebra via u 7→ [π1/p
∞

], and write φ for the

Witt vector Frobenius which extends φ on S. We write µ = [ϵ∞] − 1 ∈ Ainf for a fixed

compatible system ϵ∞ = (1, ϵ1, . . .) ∈ Zp(1) of primitive p-th power roots of unity in C.

• If A is p-adically complete and topologically of finite type over Zp (i.e. A ⊗Zp Fp is finite

type over Fp) then we can form the SA-algebras Ainf,A and W (C♭)A as in [EG23, §2.2]. If

A is Zp-finite, then Ainf,A = Ainf ⊗Zp A and W (C♭)A = W (C♭)⊗Zp A.

• Write c(u) = φ(E(u))−uep

p ∈ S and set c∗(u) = φ(E(u))−E(u)p

p = c(u) + uep−E(u)p

p .

2.2. Crystalline Breuil–Kisin modules. If A is any p-adically complete Zp-algebra, then a

Breuil–Kisin module of rank d over A is a projective SA-module M of rank d equipped with an

isomorphism

φM : M⊗φ,SA
SA[ 1

E(u) ]
∼−→M[ 1

E(u) ]

Define φ∗M := M ⊗φ,SA
SA. We say M has height ≤ h if E(u)hM ⊂ φM(φ∗M) ⊂ M. If A is

furthermore topologically of finite type over Zp then a crystallineGK-action on M is a φ-equivariant,

continuous, and Ainf,A-semilinear action of GK on M⊗SA
Ainf,A satisfying

(2.1) σ(m)−m ∈M⊗SA
uφ−1(µ)Ainf,A, σ∞(m) = m

for all m ∈M and all σ ∈ GK and all σ∞ ∈ GK∞ .

Definition 2.1. Fix d ≥ 1. For any p-adically complete topologically finite type Zp-algebra A

we write Y≤h(A) for the groupoid of rank d Breuil–Kisin modules over A of height ≤ h equipped

with a crystalline GK-action. We write Y≤h for the resulting limit preserving category fibred over

Spf Zp. This is a finite type p-adic formal algebraic stack over Spf Zp in the sense of [EG23, A.7].

See [EG23, 4.5.20]. We write Ycr
≤h for the Zp-flat substack of Y≤h characterised uniquely by the

property that Ycr
≤h(A) = Y≤h(A) whenever A is finite flat over Zp. See [EG23, Proposition 4.8.2]

or [Bar24, Prop 10.7].
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To work with Ycr
≤h, we will use an additional level of control on theGK-action in (2.1). Specifically,

we claim that for all n ≥ 1, one has

(2.2) (τ − 1)n(m) ∈M⊗SA
uφ−1(µ)nAinf,A

whenever m ∈ M and τ ∈ GK is such that χcyc(τ) = 1 and ϵ(τ) := τ(u)/u−1 ∈ Zp(1) is a Zp-

generator. To see this one first notes that, as explained in e.g. the proof of [Bar20, Lemma 2.2.8],

(2.2) cuts out a closed substack of Ycr
≤h. By [Bar23a, Proposition 20.10] this closed substack has

the same A-valued points as Ycr
≤h whenever A is finite flat over Zp. The characterising property of

Ycr
≤h therefore ensures this closed substack coincides with Ycr

≤h.

Remark 2.2. Note that τ as in (2.2) always exists when p > 2. This is not always the case when

p = 2, but it is shown in [Wan22, Lemma 2.1] that π can be chosen so that such τ exist. Thus,

when p = 2 we assume throughout that such a π has been chosen.

Lemma 2.3. If A is a finite Fp-algebra and M ∈ Ycr
≤h(A) then there exists a finite flat Zp-algebra

A◦ with A = A◦ ⊗Zp Fp and M◦ ∈ Ycr
≤h(A◦) with M◦ ⊗Zp Fp = M.

Proof. This follows as in [Bar24, Lemma 10.9]. □

2.3. Breuil–Kisin modules with monodromy. One difficulty controlling the geometry of Ycr
≤h

arises from the lack of explicit coordinates on this stack. We address this when h ≤ p − 1 by

interpreting the Galois action on crystalline Breuil–Kisin modules in terms of coherent data.

To simplify notation we write Me := φ−1
M (E(u)hM) ⊂ φ∗M whenever M is a Breuil–Kisin

module of height ≤ h.

Definition 2.4. Assume h ≤ p. Let Y ∇
≤h denote the finite type algebraic stack over SpecFp whose

A-points classify rank d Breuil–Kisin modules M of height ≤ h over A equipped with an SA-linear

N0 : M/ue+1M→M/ue+1M with N0 ≡ 0 modulo u and satisfying the following conditions:

• IfNφ
0 denotes the operator on φ∗M/uep+1φ∗M given bym⊗f 7→ N0(m)⊗f+m⊗c(u)u d

du(f)

then ue−1Nφ
0 stabilises Me/u

ep+eφ∗M.

• For any operator N on M lifting N0 and satisfying the Leibniz rule N(fm) = fN(m) +

mue+1 d
du(f) for m ∈M, f ∈ SA, one has

ueNφ
0 ≡ φ

−1
M ◦ c(u)N ◦ φM mod ue+1Me

as operators on Me/u
ep+e+1φ∗M.

Note Nφ
0 is well defined since d

du kills φ(SFp). We also use that h ≤ p to ensure uepφ∗M ⊂ Me

so that ue+1Me/u
ep+e+1φ∗M makes sense. Finally, we point out that the second condition is

independent of the chosen lift N .



RESOLUTIONS OF SPACES OF CRYSTALLINE REPRESENTATIONS AND MODULARITY 13

Remark 2.5. To parse the conditions in Definition 2.4 it is helpful to consider N0 as the reduction

modulo ue+1 of a derivation over E(u)u d
du . We would then like to interpret Nφ

0 as the Frobenius

pullback of this derivation and so interpret the second bullet point as a commutation between N0

and Frobenius. However, this does not make sense over p-torsion coefficients—such a pullback

would necessarily be a derivation over φ(E(u))
p u. To circumvent this we instead define Nφ

0 directly,

using c(u) as an integral truncation of φ(E(u))
p .

Remark 2.6. See Section 5.3.1 for an explicit description of the conditions from Definition 2.4 after

choosing bases.

The following motivates this construction and is the main result of this section. We emphasize

that, while the definition of Y ∇
≤h makes sense whenever h ≤ p, we are only able to relate the resulting

object to Ycr
≤h when h ≤ p− 1.

Theorem 2.7. Fix τ ∈ GK as in (2.2); when p = 2 assume π is chosen as in Remark 2.2. If

h ≤ p− 1 then there is a closed immersion

Ycr
≤h ⊗Zp Fp → Y ∇

≤h

of algebraic stacks over SpecFp. On points valued in a finite type Fp-algebra A this morphism is

given by M 7→ (M, N0) with N0 determined by the formula

(2.3) N0(m) ≡
∑
n≥1

(
(τ − 1)n(m)

φ−1(µ)n

)
cn mod M⊗SA

ue+1Ainf,A

for a sequence cn ∈ Ainf converging p-adically to zero and depending only on the choices of π ∈ K,

τ ∈ GK , and ϵ∞ ∈ Zp(1).

Remark 2.8. In (2.3) we are using (2.2) to ensure this sum converges to an element inside M⊗SA

Ainf,A. Part of the content of the theorem is then that this sum is, modulo ue+1Ainf,A, inside M.

2.4. Truncated monodromy. To prepare for the proof of Theorem 2.7 we consider a finite flat

and local Zp-algebra A and a Breuil–Kisin module M over A equipped with a crystalline GK-action.

There is then an associated crystalline representation T = (M⊗SW (C♭))φ=1 of GK on a projective

A-module (as explained in e.g. [Bar20, Theorem 2.1.12]) and an A-linear φ-equivariant comparison

(2.4) M⊗S Orig[ 1λ ] ∼= D ⊗K0 Orig[ 1λ ]

where D = (T ⊗Zp Bcrys)
GK and Orig ⊂ K0[[u]] is the subring of series convergent on the open unit

disk, containing λ =
∏∞

n=0 φ
n(E(u)

E(0) ). This allows us to define a derivation N∇ on M⊗SOrig[ 1λ ] via

the formula N∇(d⊗ f) = d⊗E(u)u d
du(f) whenever d ∈ D, f ∈ Orig[ 1λ ]⊗Zp A. We also write φ∗N∇

for the derivation on φ∗M⊗S Orig[ 1
φ(λ) ] given by

(2.5) m⊗ f 7→ N∇(m)⊗ f +m⊗ φ(E(u))
p u d

du(f)
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which satisfies the relation

(2.6) E(u)φ∗N∇ = φ−1
M ◦

φ(E(u))
p N∇ ◦ φM

when viewed as operators on φ∗M ⊗S Orig[ 1
φ(λ) ]. This follows from the definition of N∇ and the

observation that φ ◦ E(u)u d
du = φ(E(u)

p u d
du ◦ φ in K0[[u]].

All the above is essentially formal, with such operators existing for any Breuil–Kisin over A (see

[Kis06, §1]). However, we also need two properties which are specific to the crystalline situation.

Firstly, N∇ stabilises M⊗SA
Orig[ 1

φ(λ) ], see [Kis06, Corollary 1.3.15]. Given (2.6), this stability is

equivalent to

(2.7) E(u)φ∗N∇(Me) ⊂Me ⊗S Orig[ 1
φ(λ) ]

for Me := φ−1
M (E(u)hM). This holds for any Breuil–Kisin module associated to a GK∞-stable

Zp-lattice inside a crystalline representation. Secondly, as M furthermore comes from a GK-stable

Zp-lattice inside a crystalline representation, N∇ enjoys the following integrality:

(2.8) N∇(m) ∈M⊗S uSmax

for all m ∈M and where Smax := W (k)[[u, u
e

p ]]∩Orig[ 1
φ(λ) ]. This is proven in [Bar23a, Proposition

20.1], noting that what we call N∇ would be written as E(u)N∇ in the notation of loc. cit., and

also that E(u) ∈ pW (k)[[u, u
e

p ]].

Proposition 2.9. There exists:

(1) An operator N on M satisfying N(fm) = fN(m) +mE(u)u d
du(f) for f ∈ SA,m ∈M and

N ≡ N∇ modulo M⊗S
ue+1

p Smax.

(2) An operator Nφ on φ∗M satisfying Nφ(fm) = fNφ(m)+mc∗(u)u d
du(f) for f ∈ SA,m ∈M

and with Nφ ≡ φ∗N∇ modulo φ∗M⊗S u
E(u)p

p Smax.

Furthermore, if φ∗N is the operator on φ∗M[1p ] defined as in (2.5), then φ∗N ≡ Nφ modulo

uep+1φ∗M[1p ] + puφ∗M.

Proof. To construct N as in (1) notice that, since A is local, we can assume M admits an SA-

basis β. Since uS → uSmax is surjective modulo ue+1

p we can choose a tuple N(β) in M so that

N(β) ≡ N∇(β) modulo M⊗ ue+1

p Smax. Extending N to M via the Leibniz rule in (1) then produces

an operator N as claimed.

Given such an N we can form φ∗N by the same formula as in (2.5). We then have φ∗N ≡ φ∗N∇

modulo φ∗M⊗S
u(e+1)p

p Smax. Applying Lemma 2.10 below with h = p gives

(2.9) φ∗N ≡ φ∗N∇ mod φ∗M⊗S u
p E(u)p

p Smax + pupφ∗M

We can therefore choose a tuple Nφ(β ⊗ 1) in φ∗M so that

Nφ(β ⊗ 1) ≡ φ∗N∇(β ⊗ 1) mod φ∗M⊗S u
p E(u)p

p Smax
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and

Nφ(β ⊗ 1) ≡ φ∗N(β ⊗ 1) mod pupφ∗M

We then extendNφ to a derivation on φ∗M using the Leibniz ruleNφ(fm) = fNφ(m)+mc∗(u)u d
du(f).

Since c∗(u) ≡ φ(E(u))
p modulo E(u)p

p S[1p ] we obtain the congruence from part (2). Also, since

c∗(u) ≡ φ(E(u))
p modulo uepS[1p ] + pS we obtain the final congruence of the proposition. □

Lemma 2.10. For h ≥ 0 one has

ueh

p Smax ⊂ E(u)h

p Smax + pδS

with δ = 1 if p divides h and δ = 0 otherwise.

Proof. We can write E(u) = ue +pd(u) for d(u) ∈ S of degree < e. The binomial formula therefore

gives ueh

p = E(u)h

p + pδ
∑h−1

i=0 fiu
eiph−1−i for some fi ∈ S. As a consequence, we can express any

monomial from ueh

p W (k)[[u, u
e

p ]] as(
ueh

p

)(
uj

p⌊
j
e
⌋

)
≡ ph−1+δ

h−1∑
i=0

fi

(
uei+j

p⌊
ei+j
e

⌋

)

modulo E(u)h

p W (k)[[u, u
e

p ]]. If ei+ j < eh then the i-th term in the right hand sum lies in pδS. If

ei+ j = k ≥ eh then the i-th term is an S-multiple of the monomial(
ueh

p

)(
uk−eh

p⌊
k−eh

e
⌋

)
pδ

These are again monomials in ueh

p W (k)[[u, u
e

p ]] of smaller degree, and so repeating this process

shows that all such monomials lie in E(u)h

p W (k)[[u, u
e

p ]] + pδS.

Any element of Smax is an infinite W (k)-linear sum of monomials in W (k)[[u, u
e

p ]] with coefficients

in W (k) converging p-adically to zero. The previous discussion therefore shows that if f ∈ Smax

then ueh

p f ∈ E(u)h

p W (k)[[u, u
e

p ]] + pδS and so the lemma follows. □

The next proposition describes relations between N and Nφ which, after reducing modulo p,

matches the conditions imposed in Definition 2.4.

Proposition 2.11. If M above has height h ≤ p then E(u)Nφ(Me) ⊂Me for Me = φ−1
M (E(u)hM)

defined as above. If M has height h ≤ p− 1 then, as operators on Me, we furthermore have

E(u)Nφ ≡ φ−1
M ◦ c(u)N ◦ φM

modulo ue+1Me + puMe.
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Proof. As operators on φ∗M we have E(u)Nφ ≡ E(u)φ∗N∇ modulo

φ∗M⊗S u
E(u)p+1

p Smax ⊂ φ∗M⊗S uE(u)pSmax ⊂

Me ⊗S uE(u)Smax if h ≤ p− 1

Me ⊗S uSmax if h ≤ p

(the first inclusion following since E(u) ∈ pSmax and the second since E(u)hφ∗M ⊂ Me). This

combined with (2.7) shows E(u)Nφ stabilises Me. Also, since N ≡ N∇ modulo M⊗S
ue+1

p Smax, it

follows that, as operators on E(u)hM,

φ(E(u))
p N∇ ≡ c(u)N∇ ≡ c(u)N mod E(u)hM⊗S

ue+1

p Smax

As we just saw, if h ≤ p − 1 then E(u)Nφ ≡ E(u)φ∗N∇ modulo Me ⊗S uE(u)Smax as operators

on φ∗M. Therefore, (2.6) implies that E(u)Nφ ≡ φ−1
M ◦ c(u)N ◦ φM modulo(

Me ⊗S
ue+1

p Smax + Me ⊗S uE(u)Smax

)
∩Me = uE(u)Me + ue+1Me = ue+1Me + puMe

which finishes the proof. □

2.5. Galois and monodromy. Here we show how the operator N from Proposition 2.9 can be

interpreted in terms of the crystalline GK-action on M. This is really just an unravelling of the

proof of 2.8 from [Bar23a, §20]. Reducing this description modulo p will give the formula for N0

in Theorem 2.7. The key property we need is that, after base-changing to BdR, (2.4) becomes

GK-equivariant for the trivial GK-action on D. From this one can deduce that

(2.10)

N∇(m) =
E(u)

log([ϵ(σ)])

∑
n≥1

(−1)n+1 (σ − 1)n(m)

n
, (σ − 1)(m) =

∑
n≥1

(
N∇
E(u)

)n

(m)⊗ log([ϵ(σ)])n

n!

whenever m ∈M and σ ∈ GK . See [Bar23a, Lemma 20.9], but note again that N∇ defined here is

E(u)N∇ for N∇ from loc. cit.

Lemma 2.12. Let N be a derivation as in Proposition 2.9.

(1) Fix τ ∈ GK as in Theorem 2.7. Then there are cn → 0 for the p-adic topology on Ainf , not

depending on M, so that

N(m) ≡
∑
n≥1

(
(τ − 1)n(m)

φ−1(µ)n

)
cn mod M⊗SA

ue+1Ainf,A

for m ∈M.

(2) For each σ ∈ GK there exists a sequence dn(σ) → 0 for the p-adic topology on Ainf , not

depending on M, so that

(σ − 1)(m) ≡
∑
n≥1

Nn(m)dn(σ) mod M⊗S u
e+1φ−1(µ)Ainf

for m ∈M.
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Proof. From (2.10) we find

N∇(m) =
∑
n≥1

(
(τ − 1)n(m)

φ−1(µ)n

)
Cn

for Cn = (−1)n+1E(u)φ−1(µ)n

log([ϵ(τ)])n . The proof of [Bar23a, Proposition 20.4] shows that Cn lies in the

subring Amax ⊂ BdR consisting of sums
∑

n≥0 an

(
E(u)
p

)n
with an → 0 for the (p, u)-adic topology

on Ainf . Now, Ainf surjects onto Amax/
ue

p and so we can find cn ∈ Ainf with cn ≡ Cn modulo ue

p Amax.

From (2.1) we observe that (τ−1)n

φ−1(µ)n
(m) ∈M⊗S uAinf . Therefore, N(m)−

∑
n≥1

(
(τ−1)n(m)
φ−1(µ)n

)
cn ∈

M⊗S
ue+1

p Amax whenever m ∈M. Part (1) then follows since ue+1

p Amax ∩Ainf = ue+1Ainf (see the

last two sentences in the proof of [Bar23a, Proposition 20.10]).

For (2), an induction shows there are dn,i ∈ W (k)[u] so that E(u)n( N∇
E(u))

n(m) = Nn
∇(m) +∑

i<n dn,iN
i
∇(m). We can therefore express the second identity from (2.10) as

(σ − 1)(m) =
∑
n≥1

Nn
∇(m)Dn(σ)

where Dn(σ) is a W (k)[u]-linear combination of 1
i!

(
log([ϵ(σ)])

E(u)

)i
for i ≥ 1. Observe E(u)φ−1(µ)

divides log([ϵ(σ)]) in Amax. Also, the argument from the proof of [Bar23a, Proposition 20.4] showing

Cn ∈ Amax implies more generally that φ−1(µ)i−1

i! ∈ Amax for any i ≥ 1. Thus, Dn(σ) ∈ φ−1(µ)Amax

for each n ≥ 1. Since N l(m) ≡ N l
∇(m) modulo M⊗S

ue+1

p Amax for each l ≥ 1 and N ≡ 0 modulo

uM it follows that

(σ − 1)(m)−
∑
n≥1

Nn(m)dn(σ) ∈M⊗S
ue+1

p φ−1(µ)Amax

where dn(σ) ∈ Ainf map onto the images of Dn(σ)
φ1(µ)

in Amax/
ue

p . As Ainf ∩ ue+1

p Amax = ue+1Ainf the

left hand side actually lies in M⊗S u
e+1φ−1(µ)Ainf which proves (2). □

2.6. Proof of Theorem 2.7. Fix a sequence cn → 0 in Ainf as in part (1) of Proposition 2.12.

The starting point is to show that the formula

(2.11)
∑
n≥1

(
(τ − 1)n(m)

φ−1(µ)n

)
cn mod ue+1M⊗SA

Ainf,A

for m ∈M defines an SA-linear endomorphism of M/ue+1M whenever M ∈ Ycr
≤h⊗Zp Fp. When M

is defined over a finite Fp-algebra, this follows by combining Lemma 2.3 and Lemma 2.12. However,

an additional argument is required to handle general points.

Lemma 2.13. Assume h ≤ p and τ ∈ GK is as in Theorem 2.7. Then Ycr
≤h ⊗Zp Fp is isomorphic

to the algebraic stack over SpecFp whose A-points, for any finite type Fp-algebra A, classifies pairs

(M, N0) with M ∈ Ycr
≤h(A) and N0 an SA-linear endomorphism of M/ue+1M so that (2.11) holds.

Specifically, this isomorphism is given by forgetting the endomorphism N0.
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Proof. Let Zcr temporarily denote the stack of pairs (M, N0) described in the lemma. We claim

that Zcr is a closed substack of the finite type algebraic stack over SpecFp whose points valued in

a finite type Fp-algebra A classify M ∈ Ycr
≤h(A) together with an SA-linear endomorphism N0 of

M/ue+1M. To see this recall, e.g. from [EG23, §B.24], that if A is any finite type Fp-algebra and

x ∈ Ainf,A then the condition that x ∈ ue+1Ainf,A is closed in SpecA.

Forgetting the endomorphismN0 therefore gives a morphism Zcr → Ycr
≤h⊗ZpFp of algebraic stacks

which are finite type over SpecFp. To show this is an isomorphism it suffices, by [Bar24, Lemma

15.1], to show this morphism induces an equivalence on points valued in a finite local Fp-algebra

A. For essential surjectivity, take M ∈ Y cr
≤h(A) and apply Lemma 2.3 to produce M◦ ∈ Y cr

≤h(A◦)

with A◦ finite flat over Zp. Applying Proposition 2.9 to M◦ produces an operator N◦ on M◦

whose reduction modulo pSA + ue+1SA is an SA-linear endomorphism of M/ue+1M. Reducing

the formula for N◦ given in Lemma 2.12 shows (M, N0) lies in the image of Zcr(A)→ Y cr
≤h(A). For

full-faithfulness, take (M, N0) ∈ Zcr(A). Applying the same lifting process and using the second

part of Lemma 2.12 shows N0 determines the GK-action on M⊗SA
Ainf,A/u

e+1φ−1(µ)Ainf,A. Full-

faithfulness is therefore a consequence of Lemma 2.14, which finishes the proof. □

Lemma 2.14. Let A be any finite type Fp-algebra and M a Breuil–Kisin module over A of height ≤
p. Suppose σ0 denotes an Ainf,A-semilinear, continuous action of GK on M⊗SA

Ainf/u
e+1φ−1(µ)Ainf

satisfying

φM ◦ (σ̃0 − 1) ◦ φ−1
M ≡ 0 mod M⊗SA

ue+1φ−1(µ)Ainf

for any lift σ̃0 of σ0 to an operator on M⊗SA
Ainf,A. Here φM is interpreted as a semilinear operator

on M. Then there exists a unique Ainf,A-semilinear, continuous action σ of GK on M ⊗SA
Ainf

which is φ-equivariant and satisfies σ ≡ σ0 modulo M⊗SA
ue+1φ−1(µ)Ainf .

Proof. Let Q be any A-linear endomorphism of M ⊗SA
Ainf,A with image contained in M ⊗SA

ue+1φ−1(µ)Ainf,A. Since A is an Fp-algebra, φ−1(µ) and ue/(p−1) generate the same ideal of Ainf,A,

and so this is the same as Q having image in M ⊗SA
ue+1+e/(p−1)Ainf,A. Thus, φ ◦Q ◦ φ−1 maps

uehM into M ⊗SA
upe+p+pe/(p−1)Ainf . If h ≤ p then φ ◦ Q ◦ φ−1 is an A-linear endomorphism of

M ⊗SA
Ainf,A with image contained in M ⊗SA

ue+e/(p−1)+pAinf,A. It follows that the action of

Q 7→ φ ◦Q ◦ φ−1 on such endomorphisms is topologically nilpotent.

Applying this with Q = φM ◦ (σ̃0 − 1) ◦ φ−1
M shows that, for each σ ∈ GK ,

σ := 1 +
∑
n≥1

φn
M ◦Q ◦ φ−n

M

defines a φ-equivariant Ainf,A-semilinear operator on M⊗SA
Ainf,A varying continuously with σ ∈

GK and lifting σ0. This operator is unique since if σ1, σ2 are two such lifts of σ0 then taking

Q = σ1 − σ2 shows σ1 − σ2 = φn
M ◦ (σ1 − σ2) ◦ φ−n

M goes to zero as n → ∞. This uniqueness also

shows that the operators σ define an action of GK on M⊗SA
Ainf,A, which finishes the proof. □
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Proof of Theorem 2.7. Using Lemma 2.13 we obtain a morphism

(2.12) Ycr
≤h ⊗Zp Fp → Z≤h, M 7→ (M, N0)

where Z≤h denotes the finite type algebraic stack over SpecFp whose A-points classify Breuil–Kisin

modules over A of height ≤ h together with an SA-linear endomorphism of M/ue+1M. This is a

monomorphism, as follows by combining part (1) of [Bar24, Lemma 15.1] with the full faithfulness

argument in the last part of Lemma 2.13. So far we have only used the bound h ≤ p.
Clearly, Y ∇

≤h appears as a closed substack of Z≤h and so the existence of a monomorphism as in

Theorem 2.7 can be deduced by showing (2.12) factors through this closed substack. By [Bar24,

Corollary 15.2] it suffices to do this for points valued in a finite local Fp-algebra. This factorisation

therefore follows from the lifting process employed in the proof of Lemma 2.13 and then reducing the

conclusions of Proposition 2.11 modulo p. In particular, to use the second part of Proposition 2.11

we need h ≤ p− 1.

In order to complete the proof of Theorem 2.7 we need to show this morphism is not just a

monomorphism but a closed immersion. For this choose, for each σ ∈ GK , sequences dn(σ) → 0

in Ainf as in Lemma 2.12 and, for each M ∈ Y ∇
≤h(A), consider the Ainf,A-semilinear operators on

M⊗SA
Ainf/u

e+1φ−1(µ)Ainf defined by

(σ0 − 1)(m) ≡
∑
n≥1

Nn(m)dn(σ) mod M⊗S u
e+1φ−1(µ)Ainf

We can then consider the locus Q ⊂ Y ∇
≤h where this σ0 defines an action of the group GK and

satisfies the hypothesis in Lemma 2.14. This locus is closed by the same fact used in the proof

of Lemma 2.13: namely, if x ∈ Ainf,A then x ∈ ue+1Ainf,A defines a closed condition on SpecA

whenever A is a finite type Fp-algebra.

Remark 2.15. It seems likely that the inclusion Q ⊂ Y ∇
≤h is an equality, but we have not tried to

prove this.

Using Lemma 2.14 we obtain a monomorphism Q→ Y≤h⊗Zp Fp (recall from Definition 2.1 that

Y≤h parametrises Breuil–Kisin modules of height ≤ h together with a crystalline GK-action). On

the other hand, the argument from the previous paragraph shows that Ycr
≤h ⊗Zp Fp → Y ∇

≤h factors

through Q. The uniqueness in Lemma 2.14 shows that the composite

Ycr
≤h ⊗Zp Fp → Q→ Y≤h ⊗Zp Fp

is just the base change of the closed immersion Ycr
≤h → Y≤h. In particular, this composite is

proper. Since Q → Y≤h ⊗Zp Fp is a monomorphism it is, by [Sta18, Tag 01L4], separated. Thus,

Ycr
≤h⊗Zp Fp → Q is proper too. Since proper monomorphisms are closed immersions it follows that

Ycr
≤h⊗Zp Fp → Q is a closed immersion, and hence Ycr

≤h⊗Zp Fp → Y ∇
≤h is a closed immersion also. □
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3. Plücker coordinates for the Hodge type

3.1. Setup continued. In this section we further specialise the setup from Section 2.1 by intro-

ducing coefficients:

• Fix a finite extension of Qp containing a Galois closure of K, and write O and F respectively

for its ring of integers and residue field. Consequently, if J := HomQp(K,O[1p ]) then

a ⊗ b 7→ (κ(a)b)κ∈J defines an isomorphism K ⊗Zp O ∼=
∏

κ∈J O[1p ]. Thus, any K ⊗Zp O-

module D decomposes as

(3.1) D =
∏
κ∈J

Dκ

for Dκ ⊂ D the O[1p ]-submodule on which K acts through κ. We call Dκ the κ-th part of

D and refer to the projection of d ∈ D onto Dκ as the κ-th part of d.

• Similarly, if J0 := HomZp(W (k),O) then a ⊗ b 7→ (τ(a)b)τ∈J0 gives an isomorphism

W (k)⊗Zp O ∼=
∏

τ∈J0
O. Thus, any W (k)⊗Zp A-module M decomposes as

(3.2) M =
∏
τ∈J0

Mτ

where Mτ ⊂ M identifies as the O-submodule on which W (k) acts through τ .1 As above,

we call Mτ the τ -th part of M and refer to the projection of m ∈ M onto Mτ as its τ -th

part.

• For each embedding τ ∈ J0 we choose an indexing κ = κ(i, τ) for 1 ≤ i ≤ e of the

embeddings κ ∈ J extending τ . We can therefore write

E(u)⊗ 1 =

e∏
i=1

(u− πi)

inside (W (k) ⊗Zp O)[u] where πi = (κ(π))κ=κ(i,τ) under the above isomorphism W (k) ⊗Zp

O ∼=
∏

τ∈J0
O. For 1 ≤ i ≤ e, we also set Ei(u) =

∏i
j=1(u− πj).

3.2. Fixing the Hodge type.

Definition 3.1. • A Hodge type is an isomorphism class λ of Z-gradings on (K ⊗Zp O)d by

K⊗ZpO-submodules. We will often express such λ as (λκ)κ∈J with λκ = (λκ,1 ≥ . . . ≥ λκ,d)

a tuple of integers containing ℓ with multiplicity equal to the O[1p ]-dimension of the κ-th

part (in the sense of (3.1)) of grℓ(λ).

• If M ∈ Ycr
≤h(A) for a finite flat O-algebra A then we say M has Hodge type λ if the filtration

Filℓ(φ∗M/E(u)φ∗M) := Im
(
φ∗M ∩ φ−1

M (E(u)ℓM)→ φ∗M/E(u)φ∗M
)

1Note that (3.1) does not descend to a decomposition of OK ⊗Zp O-modules since the idempotents in K ⊗Zp O
are not integral, unless K = K0.
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on φ∗M/E(u)φ∗M has associated graded of type λ⊗O[ 1
p
] A[1p ] after inverting p.

Example 3.2. Consider the rank one Breuil–Kisin module over S with S-generator e ∈ M and

φM(e ⊗ 1) = E(u)e. This corresponds, using the conventions from Section 2.4, to the one dimen-

sional representation of GK given by the inverse of the cyclotomic character. Then

Filℓ(φ∗M/E(u)φ∗M) =

φ∗M/E(u)φ∗M if ℓ ≤ 1

0 if ℓ ≥ 2

and so M has Hodge type 1.

It is known, see [EG23, Proposition 4.7.2], that the graded pieces of (φ∗M/E(u)φ∗M) [1p ] are

always A[1p ]-projective and so each M ∈ Ycr
≤h(A) has a well defined Hodge type whenever SpecA is

connected. Consequently, the locus in Ycr
≤h of a fixed Hodge type is closed. More precisely,

Proposition 3.3. For any Hodge type λ concentrated in degrees [0, h] there exists an O-flat substack
Ycr
λ ⊂ Ycr

≤h characterised by the fact that if A is finite flat over O then M ∈ Ycr
≤h(A) factors through

Ycr
λ if and only if M has Hodge type λ. Furthermore,

(1) If A is a finite F-algebra and M ∈ Ycr
λ (A) then there exists a finite flat O-algebra A◦ with

A = A◦ ⊗O F and M◦ ∈ Ycr
λ (A◦) with M◦ ⊗O F = M.

(2) dimYcr
λ ⊗OF = dim FLλ where FLλ denotes the flag variety over O[1p ] classifying decreasing2

filtrations on (K ⊗Zp O)d with associated graded of type λ.

Proof. See [EG23, §4.8] or [Bar24, §10]. □

The difficulty with these constructions is that they only make sense after inverting p. This makes

the integral and mod p behaviour of Ycr
λ difficult to analyse. In this section we address this by

giving integral conditions cutting out these loci.

3.3. Convolution. One immediate problem that arises when attempting to impose the Hodge

type integrally in the presence of ramification is that, while Hodge types decompose according to

embeddings κ ∈ J , the integral Breuil–Kisin modules only decompose according to the embeddings

τ ∈ J0. To accommodate this disparity we introduce the following notion:

Definition 3.4. Let M be a Breuil–Kisin module over a p-adically complete O-algebra A of height

≤ h. Then a convolution structure M• on M is a filtration

φ−1
M (E(u)hM) = Me ⊂Me−1 ⊂ . . . ⊂M1 ⊂M0 = φ∗M

by finite projective SA-submodules such that (u−πi)hMi−1 ⊂Mi ⊂Mi−1 for each 1 ≤ i ≤ e. If A

is Zp-flat then, by [Bar23b, Lemma 3.3.3], such a sequence is uniquely determined by the formula

Mi = φ∗M ∩ φ−1
M

(
Ei(u)hM

)
.

2i.e. with . . . ⊂ Fili+1 ⊂ Fili ⊂ Fili−1 ⊂ . . .
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We can then, after base-changing to Spf O, consider variants of Y≤h and Ycr
≤h from Definition 2.1,

in which we additionally parametrise a choice of convolution structure:

Definition 3.5. For any p-adically complete O-algebra A define Yconv
≤h (A) to be the groupoid

consisting of (M,M•) with M ∈ Y≤h(A) and M• a convolution structure on M. The resulting

limit preserving category fibred over Spf O is clearly then projective over Y≤h ×Spf Zp Spf O and so

itself a p-adic formal stack of finite type over Spf O. Write Ycr,conv
≤h for the O-flat substack of Yconv

≤h .

Likewise, we can add convolution structures to the Ycr
λ from Proposition 3.3:

Proposition 3.6. For any Hodge type λ concentrated in degrees [0, h] there exists an O-flat substack
Ycr,conv
λ ⊂ Ycr,conv

≤h characterised by the fact that if A is finite flat over O then M ∈ Yconv
≤h (A) factors

through Ycr,conv
λ if and only if M has Hodge type λ. Furthermore,

(1) If A is a finite F-algebra and M ∈ Ycr,conv
λ (A) then there exists a finite flat O-algebra A◦

with A = A◦ ⊗O F and M◦ ∈ Ycr,conv
λ (A◦) with M◦ ⊗O F = M.

(2) dimYcr,conv
λ ⊗OF = dim FLλ =

∑
κ∈J dimO FLλκ where FLλ and FLλκ are the flag varieties

from Proposition 3.3.

Proof. The proof is identical to that of Proposition 3.3. For (2) one uses that convolution structures

are uniquely determined on Breuil–Kisin modules with Zp-flat coefficients. □

3.4. Affine Grassmannians. We will see that if M ∈ Ycr,conv
≤h (A) for a finite flat O-algebra A

then the relative positions of the lattices Mi,τ ⊂ Mi−1,τ encode the Hodge type κ(i, τ)-th part of

the Hodge type of M. The most convenient way to articulate this is via the affine Grassmannian:

Construction 3.7. We fit Ycr,conv
≤h into the following diagram

Ỹcr,conv
≤h

Ycr,conv
≤h

∏
κ∈J Gr

(κ)
≤h

Ψ

where:

• Ỹcr,conv
λ denotes the formal p-adic stack over Spf O classifying pairs M ∈ Ycr,conv

λ (A) together

with a choice of SA-basis βi of Mi. By convention we set β0 := φM(E(u)−hβe), which is

an SA-basis of M and β0 := β0 ⊗ 1, which is an SA-basis of φ∗M.

• Gr
(κ)
≤h denotes the finite type O-scheme with A-points classifying A[[u− κ(π)]]-submodules

(u−κ(π))hA[[u−κ(π)]]d ⊂ E ⊂ A[[u−κ(π)]]d. This is equipped with an action of the group

scheme L+,(κ)G⋊Aut+, where L+,(κ)G represents the functor A 7→ GLd(A[[u−κ(π)]]) and

acts via the standard action on A[[u − κ(π)]]d while Aut+ represents A 7→ A[[u − κ(π)]]×

and acts by scaling the parameter u− κ(π).
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• The κ = κ(i, τ)-th factor of Ψ sends (M, β•) onto the element Ψ(Mi,τ , βi−1) ∈ Gr
(κ)
≤h(A)

corresponding to the submodule

Mi,τ ⊂Mi−1,τ
∼= A[[u− κ(π)]]d

where the isomorphism is obtained by considering the τ -th part of the identification Mi−1
∼=

Sd
A induced by βi−1 using that SA,τ

∼= A[[u− κ(π)]] whenever A is p-adically complete.

Construction 3.7 allows us to pull closed conditions on Gr
(κ)
≤h back to Ỹcr,conv

≤h . The most basic

example of such closed conditions are given by Schubert varieties:

Definition 3.8. If η = (η1 ≥ . . . ≥ ηd) with each ηℓ ∈ [0, h] then we write Gr
(κ)
η for the L+,(κ)G-

orbit through the O-point Eη ∈ Gr
(κ)
≤h corresponding to the submodule in O[[u− κ(π)]]d generated

by (u− κ(π))ηℓeℓ for e1, . . . , ed the standard basis of A[[u− κ(π)]]d. Set Gr
(κ)
≤η equal to the closure

of Gr
(κ)
η in Gr

(κ)
≤h.

The geometry of these orbit closures is very well understood. In particular:

Proposition 3.9. Gr
(κ)
≤η ⊗OF is Cohen–Macaulay and integral of dimension∑

1≤j<ℓ≤d

(ηj − ηℓ)

Furthermore, the O-valued point of Gr
(κ)
≤h corresponding to Eν ⊂ O[[u−κ(π)]]d factors through Gr

(κ)
≤η

if and only if νd + . . . + . . . + νd−j ≥ ηd + . . . + ηd−j for each 0 ≤ j ≤ d − 1, with equality when

j = d− 1.

Proof. See, for example, [Lou23, Theorem 1.4]. □

In what follows we will write ν ≤ η if ν = (ν1, . . . , νd) satisfies the last condition from Proposi-

tion 3.9. If η and ν are interpreted as cocharacters of the diagonal torus in G = GLd this is just

the usual dominance ordering with respect to the upper triangular Borel.

3.5. Main results. We now state the main results of this section. Our goal is to isolate the Hodge

type on Ycr,conv
≤h without inverting p using the constructions from Construction 3.7. The following

most basic constraint is well-known (but see Section 3.7 for a precise proof):

Proposition 3.10. Let λ be a Hodge type concentrated in degree [0, h]. Suppose (M, β•) ∈
Ỹcr,conv
λ (A) for an O-algebra A of topologically finite type. Then, for each κ = κ(i, τ), one has

Ψ(Mi,τ , βi−1) ∈ Gr
(κ)
≤λ∗

κ
(A)

where λ∗κ = (λ∗κ,1 ≥ . . . ≥ λ∗κ,d) with λ∗κ,i := h − λκ,d−i for all 1 ≤ i ≤ d. Here, no assumptions on

h are necessary.
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Remark 3.11. The twisted λ∗κ appears in Proposition 3.10 due to the definition of Ψ(Mi,τ , βi−1)

from Construction 3.7. Specifically, Ψ(Mi,τ , βi−1) is built from convolution structures between

Me = φ−1
M (E(u)hM) and φ∗M, and so must depend on h.

As observed in the introduction, this is not sufficient to isolate Ycr,conv
λ as the same conditions hold

for any Hodge type ν with νκ ≤ λκ for each κ. The main results of this section (see Theorems 3.12

and 3.13 below) describe a refinement of this condition.

In order to articulate these refinements we use an embedding of Gr
(κ)
≤λ∗

κ
into projective space. More

precisely, set Vh := O[[u− κ(π)]]d/(u− κ(π))hO[[u− κ(π)]]d and consider the Plücker embedding

(3.3) Θκ : Gr
(κ)
≤λ∗

κ
→ P

(
dh−r∧
Vh

)
, r := λ∗κ,1 + . . .+ λ∗κ,d = dh− (λκ,1 + . . .+ λκ,d)

sending an A-valued point E onto the line in
∧dh−r(Vh⊗OA) given by the determinant of the image

of E in (Vh ⊗O A). This is well-defined since A[[u − κ(π)]]d/E is A-projective of rank r whenever

E ∈ Gr
(κ)
≤λ∗

κ
(A). The map is L+,(κ)G⋊ Aut+-equivariant, for the standard action on Vh.

Theorem 3.12. For any finite flat O-algebra A, consider (M, β•) ∈ Ỹcr,conv
λ (A) with h ≤ p and fix

a derivation Nφ on φ∗M as in Proposition 2.9. Then for each 1 ≤ i ≤ e,

(3.4) Ei−1(u)
u Nφ(Mi−1) ⊂Mi−1

for Ei(u) =
∏i

j=1(u − πj) defined as in Section 3.1. Moreover, for each κ = κ(i, τ), we have the

following identity

(3.5) Ei(u)
u Nφ · vM,κ =

((
c∗(u)Ei−1(u)

)∣∣∣
u=κ(π)

d∑
l=1

h−1∑
j=λ∗

κ,l

j

)
vM,κ

where c∗(u) is as defined in Section 2.1, and

• Ei(u)
u Nφ is interpreted as a derivation on Vh ⊗O A ∼= Mi−1,τ/(u − κ(π))hMi−1,τ with the

isomorphism obtained from the basis βi−1.

• Ei(u)
u Nφ acts on exterior powers of Vh⊗O A by sending v1 ∧ . . .∧ vdh−r to

∑dh−r
i=1 v1 ∧ . . .∧

vi−1 ∧ Ei(u)
u Nφ(vi) ∧ vi+1 ∧ . . . ∧ vdh−r.

• vM,κ ∈
∧dh−r(Vh ⊗O A) is a vector spanning the line Θκ(Ψ(Mi,τ , βi−1)) (such vM,κ exist

Zariski locally on SpecA).

The proof will be given in Section 3.7 following some general setup in Section 3.6. For later

applications it will be convenient to work with the following dual version of Theorem 3.12. Here

we impose the condition in (3.5) through the vanishing of specific global sections on Gr
(κ)
≤λ∗

κ
. More

precisely, let L denote the pullback of O(1) along (3.3) and view
∧r(Vh) as (possibly zero) global
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sections on L via the non-degenerate pairing

(3.6)

r∧
Vh ×

dh−r∧
Vh → det(Vh)

given by (v, w) 7→ v ∧ w. Concretely, the pullback of L along an A-valued point corresponding to

E ∈ Gr
(κ)
≤λ∗

κ
is given by the A-module

∧r A[[u− κ(π)]]d/E .

Theorem 3.13. Maintain the notation from Theorem 3.12 so that Ei(u)
u Nφ can be viewed as a

derivation on Vh ⊗O A. Then (M, β•) ∈ Ỹcr,conv
λ (A) implies Ψ(Mi,τ , βi−1) lies in the vanishing

locus of

(3.7) Ei(u)
u Nφ · v −

((
c∗(u)Ei−1(u)

)∣∣∣
u=κ(π)

d∑
l=1

λ∗
κ,l−1∑
j=1

j

)
v ∈

r∧
(Vh ⊗O A)

for all v ∈
∧r Vh interpreted as global sections on L.

We will see that the majority of the equations imposed in (3.7) are vacuous in the sense that they

vanish on the whole of Gr
(κ)
≤λ∗

κ
. Specifically, this occurs for any v ∈

∧r Vh on which the constant

subgroup Gm ⊂ Aut+ acts with weight ≥
∑d

l=1

∑λ∗
κ,l−1

j=1 j (as in Construction 3.7, Aut+ acts on Vh
by scaling the parameter u− κ(π)).

3.6. Plücker coordinates and constant flag varieties. Here we explain the conditions from

the two theorems in the previous section in a general context. For this fix κ and consider ν = (ν1 ≥
. . . ≥ νd) ≤ λκ (note, this is not λ∗κ). There is then a closed immersion

(3.8) FLν ↪→ Gr
(κ)
≤λ∗

κ
, Fil• 7→

∑
j∈Z

Filj ⊗A(u− κ(π))h−jA[[u− κ(π)]]

where, as in Proposition 3.6, FLν denotes the projective O-scheme with A-points classifying de-

creasing filtrations on Ad whose i-th graded piece is A-projective of constant rank equal to the

multiplicity of i in ν. Equivalently, this closed immersion identifies FLν with the (closed) G-orbit

in Gr
(κ)
≤h through the O-valued point Eν∗ ∈ Gr

(κ)
≤h(O) from Definition 3.8, for ν∗ = (ν∗1 ≥ . . . ≥ ν∗d)

with ν∗ℓ := h− νd−ℓ for 1 ≤ ℓ ≤ d.

We write ∂ := (u−κ(π)) d
du which we view as a derivation on A[[u−κ(π)]]d acting coordinate-wise.

Also, if X ∈ L+,(κ)G(A) then we set dlog(X) = X−1∂(X), interpreted as an A[[u − κ(π)]]-linear

endomorphism of A[[u− κ(π)]]d. Consider the following assertions:

Proposition 3.14. Let A be any O-algebra with SpecA connected. Suppose E ∈ Gr
(κ)
≤λ∗

κ
(A) and

that vE ∈
∧dh−r(Vh ⊗O A) spans the line corresponding to Ψκ(E) ∈ P(

∧dh−r Vh).

(1) There is an X ∈ L+,(κ)G(A) and ν = (ν1 ≥ . . . ≥ νd) ≤ λκ so that X · E ∈ FLν .
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(2) There is an α(u) ∈ A[[u− κ(π)]] and a derivation N on A[[u− κ(π)]]d over α(u)∂ so that

N · vE =

α(u)|u=κ(π)

d∑
i=1

h−1∑
j=ν∗i

j

 vE

(3) There is an α(u) ∈ A[[u− κ(π)]] and a derivation N on A[[u− κ(π)]]d over α(u)∂ so that

N (E) ⊂ E.

Then (1)⇒ (2) for any α(u) and N := α(u) dlog(X) + α(u)∂ and (2)⇒ (3).

Conversely, suppose in (3) that α(u) ∈ A[[u−κ(π)]]× and N = N0+α(u)∂ for an endomorphism

N0 ≡ 0 modulo u− κ(π). If h ≤ p then (1) holds for some ν ≤ λκ and X ∈ L+,(κ)G(A) satisfying

α(u) dlog(X) ≡ N0 modulo (u− κ(π))h.

In the proof it will be convenient to interpret derivations N as in the proposition as elements

of Lie
(
L+,(κ)G⋊ Aut+

)
⊗O A. More precisely, any derivation N = N0 + α(u)∂ identifies with

the A[ϵ]/(ϵ2)-valued point of L+,(κ)G ⋊ Aut+ given by (1 + ϵN0, 1 + ϵα(u)). In particular, under

these identifications the adjoint action of X−1 ∈ L+,(κ)G(A) on Lie
(
L+,(κ)G⋊ Aut+

)
⊗O A sends

1 + ϵα(u) onto α(u) dlog(X) + α(u)∂.

Proof. To prove (1) ⇒ (2) we observe that FLν is fixed by the Aut+-action on Gr
(κ)
≤λ∗

κ
. Thus, if

X · E ∈ FLν then Aut+ acts on the line spanned by X · vE in
∧dh−r (Vh ⊗O A) through some

character of Aut+. Any such character must factor through the maximal reductive quotient of

Aut+, i.e. through the constant term map Aut+ → Gm. Consequently, there is an N ∈ Z such that

(3.9) f · (X · vE) = f(κ(π))NX · vE

whenever f(u) ∈ Aut+. We claim that X · E ∈ FLν implies N =
∑d

i=1

∑h−1
j=ν∗ j. This can be

checked directly on any point of FLν because the constant subgroup G ⊂ L+,(κ)G acts transitively

on FLν and commutes with Aut+. In particular, we can consider the O-valued point Eν∗ whose

corresponding line Ψκ(Eν) is spanned by the vector

(3.10)
d∧

j=1

(
(u− κ(π))ν

∗
i ei ∧ . . . ∧ (u− κ(π))h−1ei

)
on which Aut+ clearly acts as claimed with N =

∑d
i=1

∑h−1
j=ν∗i

j. Applying (3.9) with f = 1 + ϵα(u)

therefore gives

X−1(1 + ϵα(u)) · (X · vE) =

1 + ϵ

α(u)|u=κ(π)

d∑
i=1

h−1∑
j=ν∗i

j

 · vE
This combined with the observation that the adjoint action ofX−1 sends 1+ϵα(u) onto α(u) dlog(X)+

α(u)∂ implies (2).
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To prove (2) ⇒ (3) we write, possibly after localising A, vE = v1 ∧ . . . ∧ vdh−r for an A-basis of

the image of E inside Vh ⊗O A. Then N (E) ⊂ E if and only if

N (vj) ∧ v1 ∧ . . . ∧ vdh−r = ±(N · vE) ∧ vj

vanishes inside
∧dh−r+1 (Vh ⊗O A) for each j = 1, . . . , dh− r. But (2) implies (N · vE) ∧ vj = 0 so

we are done.

Finally, we turn to the converse statement. Since α(u) is now a unit we can assume α(u) = 1 by

rescaling N . Since N0 ≡ 0 modulo u − κ(π), a straightforward calculation shows the existence of

X ∈ L+,(κ)G with N0 ≡ dlog(X) modulo (u−κ(π))h whenever (h− 1)! is invertible in A. As h ≤ p
this is automatic. For such X we have X−1∂(X · E) = N (E) and N · vE = X−1∂(X · vE). This

allows us to reduce the claim to the case N0 = 0. The condition N (E) ⊂ E is then equivalent to

the assertion that, for Gm ⊂ Aut+ the constant subgroup, the action map Gm → Gr
(κ)
≤λ∗

κ
given by

t 7→ t · E has vanishing derivative. We claim this implies E is fixed by this Gm-action. This would

follow if an affine neighbourhood of E ∈ Gr
(κ)
≤λ∗

κ
could be embedded Gm-equivariantly into a smooth

affine scheme with Gm-weights < p. But this is clear since Gr
(κ)
≤λ∗

κ
embeds into the Grassmannian

of dh − r-planes inside Vh and h ≤ p ensures Vh has Gm-weights < p. It is well-known that the

Gm-fixed points in Gr
(κ)
≤λ∗

κ
are the disjoint union of the FLν for ν ≤ λκ. Since each FLν is connected

we have E ∈ FLν for some ν, which finishes the proof. □

The following shows that the condition in (2) of the proposition is sufficient to isolate FLλκ ⊂
Gr

(κ)
≤λκ

in characteristic zero. However, this need not be the case integrally, even when h ≤ p:

Corollary 3.15. The condition ∂ · vE =
(∑d

ℓ=1

∑h−1
j=λ∗

κ,ℓ
j
)
vE cuts out the closed subscheme

FLλκ [1p ] ⊂ Gr
(κ)
≤λκ

[1p ]. The same is also true without inverting p if
∑d

ℓ=1

∑h−1
j=ν∗ℓ

j < p for all

ν ≤ λκ.

Proof. Proposition 3.14 shows the stated condition cuts out a union of FLν for ν ≤ λκ. If ν =

(ν1, . . . , νd) < λκ then
∑d

ℓ=1

∑h−1
j=λ∗

κ,ℓ
j <

∑d
ℓ=1

∑h−1
j=ν∗ℓ

j so if p is invertible this condition isolates

FLλκ . If p is not invertible then this is only the case if
∑d

ℓ=1

∑h−1
j=λ∗

κ,ℓ
j ̸≡

∑d
ℓ=1

∑h−1
j=ν∗ℓ

j modulo p

for any ν < λκ. □

Finally, we explain the relationship between the conditions from Theorem 3.12 and Theorem 3.13.

Lemma 3.16. Suppose v ∈
∧dh−r(Vh ⊗O A) spans a line contained in the image of Ψκ and that

N = N0 + α(u)∂ for an endomorphism N0 ≡ 0 modulo u − κ(π) and α(u) ∈ A[[u − κ(π)]]. The

following are then equivalent:

(1) N · v =
(∑d

i=ℓ

∑h−1
j=λ∗

κ,ℓ
j
)
v

(2) The linear functional N·w−
(
α(u)|u=κ(π)

∑d
ℓ=1

∑λ∗
κ,ℓ−1

j=1 j
)
w vanishes on v for all w ∈

∧r Vh
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(3) The same as in (2) but only for those w ∈
∧r Vh with weight <

∑d
ℓ=1

∑λκ,ℓ−1
j=1 j for the

action of the constant subgroup Gm ⊂ Aut+.

Here w ∈
∧r Vh are viewed as linear functionals on

∧dh−r Vh via (3.6) and a chosen trivialisation

of detVh.

Proof. For (1) ⇔ (2), note that the L+,(κ)G ⋊ Aut+-equivariance of the pairing (3.6) implies that

if n ∈ Lie
(
L+,(κ)G⋊ Aut+

)
then v ∧ (n ·w) = det(n)(v ∧w)− (n · v)∧w where det(n) denotes the

scalar through which n acts on det(Vh). The assumption that N0 ≡ 0 modulo u− κ(π) implies N
acts on det(Vh) via α(u)|u=κ(π)

∑d
ℓ=1

∑h−1
j=1 j and so

v ∧ (N · w) =

α(u)|u=κ(π)

d∑
i=ℓ

h−1∑
j=1

j

 v ∧ w − (N · v) ∧ w

for any w ∈
∧r Vh. This immediately shows (1)⇒ (2) and, when combined with the non-degeneracy

of (3.6), gives (2)⇒ (1).

It remains to show (3)⇒ (2). We do this by showing that if w has Gm-weight ≥
∑d

ℓ=1

∑λ∗
κ,ℓ−1

j=1 j

then N ·w+(x−α(u)|u=κ(π)

∑d
ℓ=1

∑h−1
j=1 j)w vanishes when viewed as an element of H0(Gr

(κ)
≤λ∗

κ
,L).

First, we claim that w itself vanishes inside H0(Gr
(κ)
≤λ∗

κ
,L) if it has Gm-weight >

∑d
ℓ=1

∑λ∗
κ,ℓ−1

j=1 j.

Let us see why this claim finishes the proof. Since N0 ≡ 0 modulo u−κ(π) we can express N0 ·w as

a sum of vectors with strictly greater Gm-weights. The claim therefore lets us assume N = α(u)∂

and that w has exact Gm-weight
∑d

i=ℓ

∑λ∗
κ,ℓ−1

j=1 j. But then α(u)∂ ·w = α(u)|u=κ(π)

∑d
ℓ=1

∑λ∗
κ,ℓ−1

j=1 w

is automatic.

It only remains to check the claim. From the construction of Gr
(κ)
≤λ∗

κ
in Definition 3.8 the given

vanishing can be checked on any E = X · Eλ∗
κ

with X ∈ L+,(κ)G(A). Thus, it suffices to show

w ∧ (X · vλ∗
κ
) = det(X)(X−1 · w) ∧ vλ∗

κ

vanishes for vλ∗
κ
∈
∧dh−r V spanning the line Ψκ(Eλ∗

κ
). Invertibility of X implies det(X) ∈ A×

while X−1 · w is an A-linear sum of elements in
∧r Vh with Gm-weight ≥ that of w. We are

therefore reduced to showing w ∧ vλ∗
κ

= 0 whenever w has Gm-weight >
∑d

ℓ=1

∑λ∗
κ,ℓ−1

j=1 j. We

can assume w is of the form
∧r

s=1(u − κ(π))jseℓs for some 1 ≤ ℓs ≤ d and 0 ≤ js ≤ h − 1 with∑r
s=1 js >

∑d
ℓ=1

∑λ∗
κ,ℓ−1

j=1 j. But vλ∗
κ

can be expressed, up to a scalar, as in (3.10), and so the

vanishing of w ∧ vλ∗
κ

is clear. □

3.7. Proofs of Proposition 3.10, Theorem 3.12, and Theorem 3.13. We now return to the

notation from Section 3.5. Thus, we fix a finite flat O-algebra A and (M, β•) ∈ Ỹcr,conv
λ (A).

Recall the convention that β0 := φM(E(u)−hβe)⊗1 is an SA-basis of φ∗M. Recall also that SA[ 1
p
]

is defined as the E(u)-adic completion of (W (k)⊗ZpA[1p ])[u] and so there is an isomorphism SA[ 1
p
]
∼=∏

κ∈J A[1p ][[u − κ(π)]] arising from the factorisation E(u) =
∏

κ∈J (u − κ(π)). As a consequence,
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we can, for each κ, consider the A[1p ]-valued point Ψ(M, β0)κ ∈ Gr
(κ)
≤h(A[1p ]) corresponding to the

κ-th part of the submodule

Me ⊗SA
SA[ 1

p
] ⊂ φ

∗M⊗SA
SA[ 1

p
]
∼= Sd

A[ 1
p
]

with the right-hand isomorphism induced by β0.

The following proposition refines the notion from Definition 3.1 that M has Hodge type λ, and

is the fundamental property on which all the results in Section 3.5 depend.

Proposition 3.17. For each κ(i, τ) there exists Xκ ∈ L+,(κ)G(A[1p ]) such that

• Xκ ·Ψ(M, β0)κ ∈ FLλκ [1p ] ⊂ Gr
(κ)
≤h.

• If X = (Xκ)κ∈J ∈ GLd(SA[ 1
p
]) then the derivation φ∗N∇ from Section 2.4 can be written,

with respect to the basis β0, as φ
∗N∇ = φ(E(u))

p X−1u d
du(X) + φ(E(u))

p u d
du .

Proof. As explained in [Bar25, §6] this follows from Kisin’s initial construction in [Kis06] of the

Breuil–Kisin modules associated to crystalline representations. Note, however, that the point

Ψ(M, β0)κ defined here is a twist of that in [Bar25] since we use Me in place of φ−1
M (M). This mir-

rors the twist by h appearing in the embedding FLλκ ↪→ Gr
(κ)
≤λ∗

κ
from (3.8). This discussion shows

additionally that X is determined, up to right translation by a constant matrix in GLd(A[1p ]), by

the identity β0 = βX for some choice of A[1p ]-basis β of φ∗D under the Frobenius twist of (2.4).

The statement can also be deduced as follows. The assertion in (2.7) that E(u)φ∗N∇ stabilises

Me⊗SOrig[ 1
φ(λ) ] combined with Proposition 3.14 implies the existence of Xκ satisfying the second

bullet point, and with Xκ · Ψ(M, β0)κ ∈ FLν [1p ] for some ν. The description of what it means for

M to have Hodge type ν in Definition 3.1 ensures ν = λκ. □

The next lemma, which follows directly from the definitions, shows how to translate between the

A[1p ]-valued point Ψ(M, β0)κ and the A-valued point Ψ(Mi,τ , βi−1).

Lemma 3.18. Suppose that gi−1 ∈ GLd(SA[ 1
(u−π1)...(u−πi−1)

]) is such that βi−1 = β0gi−1. If

κ = κ(i, τ) then

Ψ(M, β0)κ = gi−1,κ ·Ψ(Mi, βi−1)[
1
p ]

for gi−1,κ ∈ L+,(κ)G(A[1p ]) the κ-th part of gi−1.

Proof of Proposition 3.10. Proposition 3.17 and Lemma 3.18 give

(3.11) (Xκgi−1,κ) ·Ψ(Mi,τ , βi−1)[
1
p ] ∈ FLλκ [1p ]

Thus, Ψ(Mi,τ , βi−1)[
1
p ] ∈ Gr

(κ)
≤λ∗

κ
(A[1p ]) and so Ψ(Mi,τ , βi−1) ∈ Gr

(κ)
≤λ∗

κ
(A) as claimed. □

Proof of Theorem 3.12. The first thing we check is that if (3.5) holds for all τ then

Ei(u)

u
Nφ(Mi) ⊂Mi
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In particular, this means (3.4) holds with i− 1 replaced by i. For this notice that, using the basis

βi−1, we can express the derivation Ei(u)
u Nφ on Mi−1 as

N (i) +

(
Ei−1(u)c∗(u)

)
(u− πi)

d

du

for an endomorphism N (i) of Mi−1. Note N (i) ≡ 0 modulo (u − πi) since Ei−1(u)
u Nφ already

stabilises Mi−1. For each τ ∈ J0 we can therefore apply Proposition 3.14 with κ = κ(i, τ) and α(u)

equal the τ -th part of Ei−1(u)c∗(u). In particular, the implication (2) ⇒ (3) of Proposition 3.14

ensures the τ -th part of Ei(u)
u (Mi) lies inside the τ -th part of Mi, as required.

Since the containment in (3.4) is automatic when i = 1 (as Nφ ≡ 0 modulo u on φ∗M from the

definition in Proposition 2.9) an inductive argument on 1 ≤ i ≤ e therefore allows us to assume

(3.4). It just remains to prove (3.5) for i.

Combining (3.11) with the implication (1)⇒ (2) from Proposition 3.14 shows

(3.12) (α(u) dlog(Xκgi−1,κ) + α(u)∂) · vM,κ =

α(u)|u=κ(π)

d∑
i=1

h−1∑
j=λ∗

κ,i

j

 vM,κ

for α(u) equal the τ -th part of c∗(u)Ei−1(u) and ∂ = (u− κ(π)) d
du . Recall that here we are using

the basis βi−1 to view α(u) dlog(Xκgi−1,κ) + α(u)∂ as a derivation on Mi−1,τ
∼= A[[u− κ(π)]]d. To

prove the theorem we need to identify this derivation with Ei
u N

φ. For this we compute

φ∗N∇(βi−1) = φ∗N∇(β0)gi−1 + φ(E(u))
p β0

(
u d
du

)
(gi−1)

= β0
φ(E(u))

p X−1
(
u d
du

)
(X)gi−1 + φ(E(u))

p β0
(
u d
du

)
(gi−1)

= βi−1(Xgi−1)
−1
(
φ(E(u))

p u d
du

)
(Xgi−1)

where the second equality is using point two from Proposition 3.17. Multiplying this identity by
Ei(u)

u and using that Nφ ≡ φ∗N∇ modulo E(u)hφ∗M⊗SA
SA[ 1

p
] and c∗(u) ≡ φ(E(u))

u modulo E(u)h

gives
Ei(u)

u
Nφ(βi−1) ≡ βi−1(Xgi−1)

−1
(
c∗(u)Ei−1(u)(u− πi) d

du

)
(Xgi−1)

modulo (u−πi)hMi−1⊗SA
SA[ 1

p
]. Passing to the κ-th part of this identity shows dlog(Xκgi−1,κ) +

α(u)∂ ≡ Ei(u)
u Nφ modulo (u−κ(π))h as derivations on Mi−1,τ . We can therefore substitute Ei(u)

u Nφ

into (3.12) which proves the theorem. □

Proof of the equivalence of Theorem 3.12 and Theorem 3.13. This follows from Lemma 3.16, ap-

plied with α(u) = c∗(u)Ei−1(u) and N = Ei(u)
u Nφ. Note that this is valid since N ≡ 0 modulo

u− κ(π). □
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4. Equations for quasi-minuscule Hodge types

Here we maintain the setup from Section 3.1 and fix a Hodge type λ concentrated in degrees

[0, h] with h ≤ p− 1. Theorem 2.7 therefore yields a closed immersion Ycr
≤h ⊗Zp F→ Y ∇

≤h ⊗Fp F. In

this section we add convolutions structures to this morphism and, by imposing mod p versions of

the equations from Theorem 3.13, give a more refined description of the image of Ycr,conv
λ .

4.1. New loci in the affine Grassmannian. First, we consider an arbitrary tuple of integers

µ = (µ1 ≥ . . . ≥ µd) contained in [0, h]. To fit the conventions from Section set µ∗ = (µ∗1 ≥ . . . ≥ µ∗d)

with µ∗i = h − µd−i and consider Gr≤µ∗ := Gr
(κ)
≤µ∗ ⊗OF (which is independent of the choice of κ).

We also set g = LieG and write g[u]<h−1 ⊂ g[[u]] for the affine space of polynomials in g of degree

< h−1. Then, for each 1 ≤ i ≤ e and each unit c(u) ∈ F[[u]]× we use the equations in Theorem 3.13

to define closed subschemes

Sµ,i,c(u) ⊂ Gr≤µ∗ ×ug[u]<h−1

Specifically, Sµ,i,c(u) is defined as the locus of (E ,N ) on which the the linear functionals

(
N + c(u)ui d

du

)
· w −


(
c(u)

∣∣∣
u=0

∑d
l=1

∑µ∗
l −1

j=1 j
)
w if i = 1

0 if i > 1

vanish, for all w ∈
∧r Vh on which the constant subgroup Gm ⊂ Aut+ acts with weight <∑d

l=1

∑µ∗
l −1

j=1 j and where, as in (3.3), r = µ∗1 + . . . + µ∗d. As the following lemma makes precise,

these closed subschemes describe a family discretely interpolating between constant flag varieties

and loci in the affine Springer space.

Lemma 4.1. (1) If i = 1 and
∑d

ℓ=1

∑h−1
j=ν∗ℓ

j < p for all ν ≤ µ then Sµ,i,c(u) = FLµ via the

embedding in (3.8).

(2) If i ≥ h then Sµ,i,c(u) is contained in the affine Springer locus consisting of (E ,N ) with

N (E) ⊂ E.

Proof. The first part follows from Corollary 3.15 and the second from the implication (2)⇒ (3) in

Proposition 3.14. □

Example 4.2. Here we describe the equations cutting out Sµ,i,c(u) explicitly in the case d = 3,

h = 2, and µ = (2, 1, 0). In this case µ∗ = µ and r = 3. Write e1, e2, e3 for the standard basis of

F[[u]]3 and index the standard F-basis of Vh = A[[u]]3/u2A[[u]]3 as

(y0, y1, y2, y3, y4, y5) = (e1, e2, e3, ue1, ue2, ue3)

and write yi,j,k := yi ∧ yj ∧ yk ∈
∧r Vh. Notice y0,1,2 ∈

∧3 Vh spans the unique line on which

Gm ⊂ Aut+ acts with weight < 1 =
∑d

l=1

∑µ∗
l −1

j=1 j. Thus, Sµ,i,c(u) is the vanishing of the a single

equation. Concretely, these are equations can be computed as:
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• For each i ≥ 1, Sµ,i,c(u) is the vanishing locus of the section

y1,2,3n1,1 + y1,2,4n2,1 + y1,2,5n3,1 − y0,2,3n1,2 − y0,2,4n2,2

−y0,2,5n3,2 + y0,1,3n1,3 + y0,1,4n2,3 + y0,1,5n3,3

+

y0,1,2c(u)
∣∣∣
u=0

if i = 1

0 if i ≥ 2

where nij denotes the function on (E ,N ) with N = u
( n1,1 n1,2 n1,3
n2,1 n2,2 n2,3
n3,1 n3,2 n3,3

)
modulo u2.

For this specific µ one can check that the Sµ,i,c(u) is exactly the underlying reduced locus in

Gr≤µ∗ ×ug[u]≤h−1 of the affine Springer locus defined by N (E) ⊂ E .

4.2. Equations on the special fibre. It is convenient to work inside the following ambient space:

Let Zconv
≤λ denote the algebraic stack over SpecF whose A-points classify tuples (M, N0) as follows

where

• M is a Breuil–Kisin module over A of height ≤ h with convolution structure M• such that,

Zariski locally on SpecA, Mi admits SA-bases βi with

Ψ(Mi,τ , βi−1) ∈ Gr
(κ)
≤λ∗

κ
(A)

for all κ = κ(i, τ). Here Ψ(Mi,τ , βi−1) is defined exactly as in Construction 3.7, with the

usual convention that β0 := φM(E(u)−hβe)⊗ 1, while λ∗κ is as in Proposition 3.10.

• N0 an SA-linear endomorphism of M/ue+1M with N0 ≡ 0 modulo uM

Let Z̃conv
≤λ denote the F-scheme over Zconv

≤λ withA-points classifying tuples (M, N0, β•) with (M, N0) ∈
Zconv
≤λ and βi an SA-basis of Mi for each 1 ≤ i ≤ e. Then Z̃conv

≤λ is a
∏

κ:K↪→O[ 1
p
] L

+,(κ)G-torsor over

Zconv
≤λ , with the group operating on the bases elements β•.

Proposition 4.3. Zconv
≤λ is Cohen–Macaulay of dimension (

∑
κ∈J

(
dim Gr

(κ)
≤λ∗

κ
⊗OF

)
)+
∑

τ∈J0
ed2.

Proof. This is standard, so we just sketch the argument. Consider the map

Z̃conv
≤λ →

∏
κ∈J

(
Gr

(κ)
≤λ∗

κ
⊗OF

)
×Matd(SF)/ue Matd(SF)

given by (M, N0, βi) 7→ ((Ψ(Mi,τ , βi−1))κ(i,τ), u
−1N0). For N >> 0 relative to λ this map factors

through the quotient Z̃conv
≤λ /

(∏
κ∈J K

(κ)
N

)
where K(κ)

N ⊂ L+,(κ)G is the congruence subgroup con-

sisting of g ≡ 1 modulo (u− κ(π))N . The basic observation, first made in [PR09], is that, possibly

after further increasing N , the resulting factorisation is an
∏

κ∈J

(
L+,(κ)G/K(κ)

N

)
-torsor for a new

action of this group on Z̃conv
≤λ /KN . See also [Bar24, 9.7] for an account with similar notation to that

considered here. It follows that Z̃conv
≤λ /

(∏
κ∈J K

(κ)
N

)
is a smooth cover of

(∏
κ∈J Gr

(κ)
≤λ∗

κ
⊗OF

)
×

Matd(SF)/ue Matd(SF) with relative dimension dimO
∏

κ∈J

(
L+,(κ)G/K(κ)

N

)
. This gives the claimed
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dimension of Zconv
≤λ , and the Cohen–Macaulayness follows from that of Gr

(κ)
≤λ∗

κ
⊗OF in Proposi-

tion 3.9. □

Construction 4.4. Just as in Definition 2.4, if (M, N0) ∈ Zconv
≤λ then we write Nφ

0 for the derivation

on φ∗M/uep+1φ∗M over c(u)u d
du given by m ⊗ f 7→ N0(m) ⊗ f + m ⊗ c(u)u d

du(f). We can then

impose the following closed conditions on Z̃conv
≤λ for 1 ≤ i ≤ e:

(Ai) The derivation ui−1Nφ
0 on φ∗M/uep+iφ∗M stabilises Mi/u

ep+iφ∗M.

(Bi) Assume (Ai−1), so that ui−1Nφ
0 is a derivation on Mi−1/u

ep+iφ∗M which is ≡ 0 modulo

uMi−1/u
ep+iφ∗M (note this is automatic if i = 1). Thus, for each κ = κ(i, τ), there is a

morphism

Z̃conv
≤λ → Gr≤λ∗

κ
×ug[u]<h−1

given by (M, N0, β•) 7→ (Ψ(Mi,τ , βi−1),Ni−1,τ ) where Ni−1,τ ∈ ug[u]≤h−1 is the reduction

modulo uh of the matrix expressing the action of ui−1Nφ
0 on the τ -th part of βi−1. Then

condition (Bi) asks that (M, N0, β•) lies in the pullback of Sλκ,i,c(u).

(C) Assume (Ae). For any (equivalently, one) derivation N on M over ue+1 d
du lifting N0 one

has a congruence

ueNφ
0 ≡ φ

−1
M ◦ c(u)N ◦ φM modulo ue+1Me

of operators on Me.

Lemma 4.5. (1) (Bi)⇒ (Ai) for each 1 ≤ i ≤ e.
(2) Assume that

∑d
i=1

∑h−1
j=νi

j < p for all ν ≤ λκ for κ = κ(1, τ). Then (B1) implies

Ψ(M1,τ , β0) lies in the closed subscheme FLλκ ⊂ Gr
(κ)
≤λ∗

κ
.

(3) Each of (Ai) and (Bi) are stable under the
∏

κ∈J L
+,(κ)G-action on Z̃conv

≤λ acting on the

bases β•.

Proof. Applying Lemma 3.16 shows that (Bi) is equivalent to asking that, Zariski locally on SpecA,

Ni−1,τ · vE =

(c(u)ui−1
)
|u=κ(π)

d∑
l=1

h−1∑
j=λ∗

κ,l

j

 vE

for vE spanning the line Θκ(Ψ(Mi,τ , βi−1)). Then (1) follows from the implication (2) ⇒ (3) in

Proposition 3.14, while (2) follows from Corollary 3.15. It only remains to check the stability

in (3). For (Ai) this is clear. For (Bi) take g = (gi,τ )κ=κ(i,τ) ∈
∏

κ∈J L
+,(κ)G and note that

Ni−1,τ · vE = CvE for a constant C implies(
gi−1,τNi−1,τg

−1
i−1,τ

)
· vgi−1,τ ·E = Cvgi−1,τ ·E

This proves the desired stability since, under the action of g on (M, N0, β•), the data of Ψ(Mi−1,τ , βi−1)

and Ni−1,τ transforms to gi−1,τ ·Ψ(Mi−1,τ , βi−1) and gi−1,τNi−1,τg
−1
i−1,τ . □
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Definition 4.6. Consider the closed subschemes

Ỹ ∇,conv
λ ⊂ Ỹ ∇,conv

≤λ ⊂ Z̃conv
≤λ

with the former defined using part (1) in Lemma 4.5 to inductively impose (Bi) for 1 ≤ i ≤ e and

(C), and the latter defined by imposing (B1), (Ai) for 2 ≤ i ≤ e, and (C). By part (3) of Lemma 4.5

each of these subschemes is
∏

κ∈J L
+,(κ)G-stable and hence descends to closed substacks

Y ∇,conv
λ ⊂ Y ∇,conv

≤λ ⊂ Zconv
≤λ

Remark 4.7. The stacks Y ∇,conv
≤λ are introduced in Definition 4.6 primarily for convenience. As

we will see later when d = 3, we expect that the underlying reduced substacks of Y ∇,conv
≤λ and

Y ∇,conv
λ coincide when λκ = (d− 1, d− 2, . . . , 1, 0) (though one should not expect Y ∇,conv

≤λ itself to

be reduced unless λ is minuscule). Thus, in these cases Y ∇,conv
≤λ can be used to control topological

aspects of Y ∇,conv
λ . Note, one does not expect this to be the case for general λ since it contradicts

the Breuil–Mézard conjecture.

Proposition 4.8. Suppose h ≤ p − 1. Then, for each Hodge type λ concentrated in degree [0, h],

there is a monomorphism Ycr,conv
λ ⊗O F→ Y ∇,conv

λ fitting into the commutative diagram

Ycr,conv
λ ⊗O F Y ∇,conv

λ

Ycr
≤h ⊗Zp F Y ∇

≤h ⊗Fp F

whose vertical arrows forget convolution structures, and whose bottom horizontal arrow is the base

change of the monomorphism from Theorem 2.7.

Proof. We immediately get a commutative diagram as claimed but with the top arrow replaced by

the morphism Ycr,conv
λ ⊗O F→ Y ∇,conv

≤h induced from Theorem 2.7, with Y ∇,conv
≤h ⊂ Zconv

≤h the locus

defined by the conditions (Ae) and (C). Indeed, (Ae) and (C) are exactly the conditions defining

Y ∇
≤h in Definition 2.4.

It therefore suffices to show that, on the level of points valued in a finite F-algebra A, this

morphism factors through Y ∇,conv
λ . Fix M ∈ Ycr,conv

λ (A) which is mapped onto (M, N0) ∈ Y ∇,conv
≤h .

The claimed factorisation can be checked Zariski locally, and so we can assume the M• admits

SA-bases β•. We saw in Section 3.7 that Nφ
0 (as in Definition 2.4) can be obtained by lifting M

to M◦ ∈ Ycr,conv
λ (A◦) for A◦ finite flat over O and setting Nφ

0 = N◦,φ ⊗O F modulo uep+1φ∗M

with N◦,φ a derivation as in part (2) of Proposition 2.9. On the other hand, applying ⊗OF to

Theorem 3.13 shows Ψ(Mi,τ , βi−1) lies in the zero locus of

ui−1N◦,φ ⊗O F · v −

(c(u)ui−1
)
|u=κ(π)

d∑
l=1

λ∗
κ,l−1∑
j=1

j

 v
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for all v ∈
∧r Vh on which the constant subgroup Gm ⊂ Aut+ acts with weight <

∑d
l=1

∑λ∗
κ,l−1

j=1 j.

Since ui−1N◦,φ ⊗O F lifts ui−1Nφ
0 we conclude that (M, N0, β•) satisfies (Bi) and hence that

(M, N0) ∈ Y ∇
λ (A). □

4.3. Quasi-minuscule coweights. We do not know whether the morphism in Proposition 4.8 is

generally an isomorphism. However, for sufficiently constrained λ we can show this is the case under

sufficient topological control on Y ∇,conv
≤λ . Specifically we consider λ which are minuscule/quasi-

minuscule at each κ, so that the only ν ≤ λκ in the Bruhat order is a constant tuple of integers.

Concretely, this means that, up to a twist, we can take

λ∗κ = (1, . . . , 1, 0, . . . , 0) or λ∗κ = (2, 1, . . . , 1, 0)

for each κ ∈ J . The significance of this restriction is that

Dκ := codim(FLλκ ,Gr
(κ)
≤λ∗

κ
) =

1 if λ∗κ = (2, 1, . . . , 1, 0)

0 if λ∗κ = (1, . . . , 1, 0, . . . , 0)

This follows from a comparison of well-known dimension formulas for FLλκ and Gr
(κ)
≤λ∗

κ
. It also

follows from a combination of Corollary 3.15 and Lemma 3.16, which assert that FLλκ [1p ] ⊂ Gr
(κ)
≤λ∗

κ
[1p ]

is cut out by the vanishing of equations indexed by v ∈
∧r Vh with Gm-weight <

∑d
i=1

∑λ∗
κ,i−1

j=1 j.

Indeed, if λ∗κ = (1, . . . , 1, 0, . . . , 0) then
∑d

l=1

∑λ∗
κ,l−1

j=1 j = 0, while if λ∗κ = (2, 1, . . . , 1, 0) then∑d
l=1

∑λ∗
κ,l−1

j=1 j = 1 and, since r = d,
∧r Vh contains a unique line with Gm-weight 0, namely that

spanned by e1 ∧ . . . ∧ ed.

Theorem 4.9. Suppose λ is minuscule/quasi-minuscule and p ≥ 3. If dimY ∇,conv
λ = dimYcr,conv

λ ⊗O

F then Y ∇,conv
λ is Cohen–Macaulay. If, in addition, Y ∇,conv

λ is irreducible and generically reduced

then Y ∇,conv
λ is reduced and Proposition 4.8 induces an isomorphism Ycr,conv

λ ⊗O F ∼= Y ∇,conv
λ .

Proof. Since λ is minuscule/quasi-minuscule, each λκ is bounded in the interval [0, 2] and so all our

results thus far apply whenever 2 ≤ p− 1. Furthermore, Proposition 4.3 implies

dimY ∇,conv
λ = dimYcr,conv

λ ⊗O F = dimZ∇,conv
λ −

∑
κ∈J

Dκ −
∑
τ∈J0

d2

with Dκ as defined above. The conditions (Bi) from Construction 4.4 for 1 ≤ i ≤ e impose the

vanishing of
∑

κ∈J Dκ locally defined equations, while condition (C) specifies the equality of two

derivations on Me/u
e+1Me which are ≡ 0 modulo u, and hence is equivalent to the vanishing

of
∑

τ∈cJ0 d
2 locally defined equations. Thus, Y ∇,conv

λ is a local complete intersection inside the

Cohen–Macaulay algebraic stack Zconv
≤λ . It is therefore itself Cohen–Macaulay.

For the last assertion recall that generically reduced and Cohen–Macaulay algebraic stacks are

reduced [Sta18, Tag 0344], while any closed immersion between two finite type algebraic stacks of

the same dimension is necessarily an isomorphism if the target is irreducible and reduced. □
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5. Dimension bounds via an explicit model

5.1. Main results. The purpose of this section is to prove the following:

Theorem 5.1. Suppose d = 3 and ηκ = (2, 1, 0) for each κ ∈ J . If p ≥ 5 and e ≡ 0 modulo 3 then

Y ∇,conv
≤η from Definition 4.6 has dimension 3e with a single top-dimensional irreducible component

which is generically reduced.

The proof of this theorem takes the entire section, but see Section 5.2 for an overview of the

argument. The assumption that p ≥ 5 and e ≡ 0 modulo 3 appear as artifacts of certain dimension

estimates, and it seems plausible that the theorem remains true without these hypotheses (though

recall we only establish a link between Y ∇,conv
≤η and Ycr,conv

η when p ≥ 3).

Corollary 5.2. Under the assumptions in Theorem 5.1 the morphism in Proposition 4.8 induces

an isomorphism Y ∇,conv
η

∼= Ycr,conv
η ⊗O F of algebraic stacks. Furthermore, both are irreducible and

reduced.

Proof. Since Y ∇,conv
η ⊂ Y ∇,conv

≤η we have dimY ∇,conv
η ≤ 3e. By Theorem 4.9, Y ∇,conv

η is Cohen–

Macaulay of dimension 3e; hence equidimensional. Therefore Y ∇,conv
η ⊂ Y ∇,conv

≤η is supported on

the top-dimensional component of Y ∇,conv
≤η . In particular, Y ∇,conv

η is irreducible and generically

reduced. Applying Theorem 4.9 again shows Y ∇,conv
η is reduced and that Proposition 4.8 induces

an isomorphism Y ∇,conv
η

∼= Ycr,conv
η ⊗O F. □

For the whole of this section we set G = GL3. We point out, however, that various elements

of our analysis go through without this restriction. Since we also work entirely over F we use

similar notation to that in Section 4.1. Specifically, we write L+G := L+,(κ)G ⊗O F and, for a

coweight µ = (µ1 ≥ . . . ≥ µd), we set Gr≤µ := Gr
(κ)
≤µ⊗OF and Grµ := Gr

(κ)
µ ⊗OF. For N ≥ 1 set

KN ⊂ L+G equal to the congruence subgroups of matrices ≡ 1 modulo uN . Set g := LieG and

g[[u]] := LieL+G. Finally, we continue to write g[u]<e ⊂ g[[u]] for the affine space of polynomials

in g of degree < e.

5.2. Strategy. To prove Theorem 5.1 set h = 2. Note that, in this case, η∗κ = ηκ = (2, 1, 0) for

each κ ∈ J . Consider the morphism

(5.1) Y ∇,conv
≤η → Y ∇

≤h

forgetting the convolution structure. The (reduced) image of this morphism admits a natural

stratification indexed by tuples µ = (µτ )τ∈J0 with

µτ = (µτ,1 ≥ µτ,2 ≥ µτ,3) ≤
∑

κ=κ(i,τ)

ηκ = (2e, e, 0)

For such µ let Y ∇(µ) ⊂ Y ∇
≤h denote the locally closed substack whose closed points consist of

M ∈ Y ∇
≤h admitting a basis β0 so that φM(β0 ⊗ 1) = β0X for a matrix X with τ -th part Xτ ∈
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L+GuµτL+G. Then the image of (5.1) has underlying reduced substack equal to the union of

all such Y ∇(µ). Our first step is to bound the dimension of these strata. For this the following

notation is useful:

Notation 5.3. Viewing µτ as a cocharacter of the diagonal torus in G = GL3 and α, β as the

simple positive roots (relative to the upper triangular Borel) with γ = α+ β, allows us to write

µτ,∗ = ⟨∗, µτ ⟩

for ∗ ∈ {α, β, γ} and ⟨−,−⟩ the standard evaluation pairing of characters and cocharacters.

Definition 5.4. For each τ ∈ J0 write µτ = e(2, 1, 0)+nτ (−1, 1, 0)+mτ (0,−1, 1) with mτ , nτ ≥ 0.

We say µτ is unbalanced if one of the following holds:

• µτ,α = e− 2nτ +mτ > e,

• µτ,β = e+ nτ − 2mτ > e,

• µτ,γ = 2e− nτ −mτ < e.

Otherwise, we say that µτ is balanced.

In Section 5.3 we prove the following by an explicit computation on an open cover.

Theorem 5.5. For each τ ∈ J0 write µτ = e(2, 1, 0) + nτ (−1, 1, 0) +mτ (0,−1, 1) with mτ , nτ ≥ 0

as above, and recall h = 2. Then

dimY ∇(µ) ≤
∑
τ∈J0

(3e− nτ −mτ )

with the inequality strict if there exists τ ∈ J0 so that µτ is unbalanced.

Furthermore, if µτ = (2e, e, 0) for all τ ∈ J0 then Y ∇(µ) contains a unique irreducible component

of dimension
∑

τ∈J0
3e, and this component is generically reduced.

Granting Theorem 5.5 we can prove Theorem 5.1 by bounding the fibres of (5.1) over each

Y ∇(µ). Specifically, it suffices to show that

(5.2)
∑
τ∈J0

nτ +mτ

gives an upper bound for the dimension of the fibres of (5.1) over Y ∇(µ), with the bound strict on

a dense open subset of Y ∇(µ) whenever each µτ is balanced and µτ ̸= (2e, e, 0) for each τ ∈ J0. In

fact, the bound in (5.2) arises automatically because
∑

τ∈J0
nτ +mτ is precisely the dimension of

the locus

(5.3) m−1
≤η•

(M) :=

{
M•

∣∣∣∣∣ Ψ(Mi,τ , βi−1) ∈ Gr≤(2,1,0) for any choice of

SA-bases β•, and any τ ∈ J0 and 1 ≤ i ≤ e.

}
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whenever (M, N0) ∈ Y ∇(µ). Indeed, m−1
≤η•

(M) is a product over τ ∈ J0 of fibres of the convolution

morphism in the affine Grassmannians, and the dimension of the latter are described in e.g. [Hai06,

§2.1]. Thus, Theorem 5.1 follows from:

Theorem 5.6. Assume that µτ is balanced for all τ ∈ J0 and there exists τ ∈ J0 with µτ ̸= (2e, e, 0)

and set h = 2. Assume additionally that e ≡ 0 modulo 3. Then there exists an open substack

U ⊂ Y ∇(µ) such that

• The complement Y ∇
≤h(µ) \ U has dimension <

∑
τ∈J0

(3e− nτ −mτ ).

• For each closed point (M, N0) ∈ U and each top-dimensional irreducible component C ⊂
m−1

≤η•
(M), there exists M• ∈ C with (M, N0,M•) ̸∈ Y ∇,conv

≤η .

This is proven in Section 5.4. The central ingredient is that the top-dimensional irreducible

components of m−1
≤η•

(M) have an explicit (and, in our specific setting, very simple) description in

terms of Mirkovic–Villonen cycles. The assumption e ≡ 0 modulo 3 is likely unnecessary, but allows

some difficult edge cases to be avoided.

Proof of Theorem 5.1 granting Theorem 5.5 and Theorem 5.6. Theorem 5.5 and Theorem 5.6 to-

gether imply that the preimage of Y ∇(µ) under (5.1) has dimension < 3e except when µτ = (2e, e, 0)

for each τ . Since (5.1) is an isomorphism over Y ∇(µ) when µτ = (2e, e, 0) for each τ it follows

from the last part of Theorem 5.5 that Y ∇
≤η has a unique top-dimensional irreducible component of

dimension 3e, which is furthermore generically reduced. □

5.3. Dimension bounds without convolution.

5.3.1. Explicit coordinates. We begin by temporarily dropping the assumptions d = 3 and h = 2

and giving an explicit description of Y ∇
≤h in terms of matrix equations. Suppose M is a Breuil–Kisin

module of height ≤ h over A with a choice of SA-basis β0 and an endomorphism N0 of M/ue+1M.

Then there are matrices X,N such that

φM(β0) = β0X, N0(β
0) ≡ β0N mod ue+1M

for β0 := β0 ⊗ 1, which is an SA-basis of φ∗M. If βe := φ−1
M (E(u)hβ0), which is an SA-basis of

Me := φ−1
M (E(u)hM) then βeXe = β0 for Xe = XE(u)−h. Thus

(5.4) ueNφ
0 (βe) ≡ βe

[
ueXeφ(N )X−1

e − c(u)ue∂(Xe)X
−1
e

]
mod uep+1φ∗M

where ∂ = u d
du . On the other hand, if N is the derivation of M over ue∂ with N(β0) = β0N then

(5.5) φM ◦ c(u)N ◦ φ−1
M (βe) = βe

[
c(u)N + c(u)ue∂(E(u)h)E(u)−h

]
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Substituting X = XeE(u)h into (5.4) and then taking τ -th parts therefore shows that (M, N0) ∈
Y ∇
≤h(A) if and only if,

(5.6) ue
[
Xτϕ(Nτ◦φ)X−1

τ − cτ (u)∂(Xτ )X−1
τ

]
≡ cτ (u)Nτ mod ue+1g[[u]]

for each τ ∈ J0, and for ϕ the F-linear endomorphism of g[[u]] given by u 7→ up. Here we use that

the τ -th part of φ(N ) equals ϕ(Nτ◦φ). In particular, this gives

Lemma 5.7. Let Ỹ ∇(µ) denote the F-scheme with A-points classifying (M, N0) ∈ Y ∇(µ)(A) to-

gether with an SA-basis β
0 of M. Then there is a closed immersion

Ỹ ∇(µ)→
∏
τ∈J0

(
L+GuµτL+G× ug[u]<e

)
with image cut out by (5.6).

For later analysis it will be useful to simplify the equations in (5.6). For convenience we return to

the case d = 3 (though the same can clearly be done for any d) and consider affine spaces Jτ ⊂ L+G

and n ⊂ ug[u]≤e−1 respectively consisting of matrices

Bτ =

 1 0 0

xτ 1 0

zτ yτ 1

 , Yτ =

 0 0 0

Yτ,α 0 0

Yτ,γ Yτ,β 0


where

• xτ , yτ , and zτ are polynomials with degree < µτ,α, µτ,β , and µτ,γ respectively.

• Yτ,α, Yτ,β, and Yτ,γ are each polynomials of degree ≤ e with vanishing constant term.

We write xτ,i for the coefficient of ui in xτ , and likewise with the other entries of these matrices, and

interpret these coefficients as coordinates on these affine spaces. More generally, for any 3×3 matrix

over R((u)), let Mα denote the (21)-entry and Mα,i denote the coefficient of ui in Mα. Similarly,

let Mβ (resp. Mγ) denote the (32) (resp. (31))-entry.

We then consider the locus

N∇
µ ⊂

∏
τ∈J0

(
L+G× Jτ × n

)
consisting of (hτ , Bτ , Yτ )τ∈J0 satisfying the closed condition

(5.7) Ad(uµτ )ue
[
∂(Bτ )B−1

τ +Bτϕ

(
h−1
τ◦φdτ◦φ(u)Yτ◦φhτ◦φ

)
B−1

τ

]
= Yτ mod ue+1g[[u]]

for each τ ∈ J0, where dτ (u) ∈ F[[u]]× denotes the τ -th part of d(u) = φ−1(c(u))−1 ∈ SF for c(u)

defined in Section 2.1. Note that dτ (0) ̸= 0.
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Lemma 5.8. Fix gτ ∈ G for each τ ∈ J0. Then there is an immersion

N∇
µ →

∏
τ∈J0

(
L+GuµτL+G× ug[u]<e

)
given by (hτ , Bτ , Yτ )τ∈J0 7→ (hτu

µτBτgτ ,−h−1
τ Yτhτ ) which identifies N∇

µ with an open subscheme

of Ỹ ∇(µ). Furthermore, these images form an open cover of Ỹ ∇(µ) as (gτ )τ varies in GJ0.

Proof. Recall that L+GuµτJτgτ ⊂ L+GuµτL+G is open and forms an open cover as gτ runs over the

Weyl group of G. In particular, the same holds for gτ running over G. Consequently, it suffices to

show that (5.6) and (5.7) are equivalent after setting Xτ = hτu
µτBτgτ and Nτ = −h−1

τ Yτhτ , which

is a straightforward manipulation using that ∂(gτ ) = 0 whenever gτ ∈ G. Lastly, one observes

that the dominance of µτ forces any solution to (5.7) with Yτ ∈ ug[u]≤e to be nilpotent lower

triangular. □

Notice that if N >> 0 then there is a left action of
∏

τ∈J0
KN on N∇

µ given by (kτ ) ·(hτ , Bτ , Yτ ) =

(kτhτ , Bτ , Yτ ).

Corollary 5.9. There is a cover {Ug} indexed by g = (gτ )τ∈J0 ∈
∏

τ∈J0
G(F) of Y ∇(µ) by open

substacks such that, for each g = (gτ )τ∈J0 and N >> 0,∏
τ∈J0

KN

 \N∇
µ

can be realised as an
∏

τ∈J0
L+G/KN -torsor over Ug.

Proof. This follows from the same standard argument employed in Proposition 4.3. Specifically, as

in e.g. [Bar24, 9.7] one shows that, for sufficiently N , there is an isomorphism of quotient stacks∏
τ∈J0

KN

 \Ỹ ∇
≤h(µ) ∼= Ỹ ∇

≤h(µ)/

∏
τ∈J0

KN


where the right hand action is given by

∏
τ∈J0

KN operating on the choice of basis β0 and the left

hand action identifies, under Lemma 5.8, with the left multiplication action on the L+GuµτL+G-th

factor. Tracing through the substitutions just made shows this coincides with the left multiplication

action on N∇
µ . Clearly,

(∏
τ∈J0

KN

)
\Ỹ ∇

≤h(µ) is a
∏

τ∈cJ0 L
+G/KN -torsor over Y ∇

≤h(µ) so this finishes

the proof. □

5.3.2. Some tools for bounding dimension. Let F[X] be a polynomial ring with a Gm-action scaling

the variables. For f ∈ F[X], the leading term lead(f) of f is the sum of terms with highest weight

for the Gm-action.

Lemma 5.10. Let I = (f1, f2, . . . , fr) ⊂ F[X]. If J = (lead(f1), lead(f2), . . . , lead(fr)), then

dimF[X]/J ≥ dimF[X]/I.
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Proof. Let ki be the weight of the leading term of fi. Consider the family defined by the ideal

Jt = (tkifi(t
−1X)) ⊂ F[X, t]

This defines a family Xt = V (Jt) → A1
F. Note that the Gm-action identifies the fibers over t ̸= 0.

Thus, dimX1 = dimF[X]/I is the same as the generic fiber dimension. Since X0 = Spec F[X]/J ,

we have dimX0 ≥ dimX1. □

Let Pn denote the affine space of polynomials of degree ≤ n over F.

Lemma 5.11. Let r, s be positive integers. Let t ≤ r+ s+ 1. Consider the space M of polynomials

A,C ∈ Pr and B,D ∈ Ps in variable Z such that AB = CD mod Zt in Pr+s. Then the codimension

of M in P2
r × P2

s is greater than or equal to min{2r + 2, 2s+ 2, t}

Proof. First, consider the case where r + s + 1 = t, where we have equality AB = CD. We can

stratify the space by the degree of the polynomials so let Mk,ℓ,m,n ⊂ M be the locally closed

subspace where degA = k, degB = ℓ, degC = m and degD = n. The condition requires that

k + ℓ = m+ n for the strata to be non-empty. Consider the map

Mk,ℓ,m,n → Ak × Aℓ ×Gm

which sends (A,B,C,D) to (A,B, cm) where cm is highest degree coefficient of C. The map is

finite because with AB fixed, there are only finitely many choices for C which then determines D

uniquely. Thus, dimMk,ℓ,m,n ≤ (k + 1) + (ℓ+ 1) + 1 ≤ r + s+ 3 and so

codimMk,ℓ,m,n ≥ (2r + 2) + (2s+ 2)− (r + s+ 3) = r + s+ 1 = t

The complement of the Mk,ℓ,m,n is the locus where one of the pairs (A,C), (A,D), (B,C) or (B,D)

are identically zero. These are easily seen to have codimension ≥ min{2r + 2, 2s+ 2}.
For the general case t ≤ r + s + 1, fix t and let M (r,s) be the corresponding space. Applying

Lemma 5.10 giving the leading coefficient of B,D weight 0 and the remaining variables weight > 1,

we see that

dimM (r,s) ≤ dimM (r,s−1) + 2.

Similarly, dimM (r,s) ≤ dimM (r−1,s) + 2. Applying this procedure inductively (always to the larger

of r and s so that the degrees are positive), we eventually arrive at the case where r + s+ 1 = t.

□

5.3.3. Enumerating the equations defining N∇
µ . In view of Corollary 5.9 it suffices to control the

dimension of N∇
µ by analysing the fibres of the projection

N∇
µ →

∏
τ∈J0

L+G, (hτ , Bτ , Yτ )τ∈J0 7→ (hτ )τ∈J0
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Fix (hτ )τ∈J0 . The corresponding fibre is a closed subscheme of
∏

τ∈J0
(Jτ × n), an affine space of

dimension
∑

τ∈J0
(µτ,α + µτ,β + µτ,γ + 3e), and is cut out by the equations in (5.7) for each τ ∈ J0.

To make these equations explicit, fix τ ∈ J0 and δ ∈ {α, β, γ}, and take the δ-entry of (5.7). After

multiplying by uµτ,δ−e, the condition becomes

uµτ,δ−eYτ,δ ≡
[
Bτϕ

(
h−1
τ◦φdτ◦φ(u)Yτ◦φhτ◦φ

)
B−1

τ + ∂(Bτ )B−1
τ

]
δ

mod uµτ,δ+1F[[u]]

Equivalently, comparing coefficients of ui yields a family of equations

(5.8) Yτ,δ,i−(µτ,δ−e) =

[
Bτϕ

(
h−1
τ◦φdτ◦φ(u)Yτ◦φhτ◦φ

)
B−1

τ

]
δ,i

+


ixτ,i if δ = α

iyτ,i if δ = β

izτ,i +
∑

k+ℓ=i ℓxτ,kyτ,ℓ if δ = γ

indexed by min{1, 1 + µτ,δ − e} ≤ i ≤ µτ,δ (as usual, coordinates of u-adic degree below those

allowed in the definition of N∇
µ are understood to be zero). In particular, the number of equations

in (5.8) immediately gives the lower bound∑
τ∈J0

∑
δ∈{α,β,γ}

min{e, µτ,δ}

on the dimension of any non-empty fibre. We expect this bound to be sharp (and prove it in the

balanced case in Proposition 5.13). When at least one µτ is unbalanced we will instead estab-

lish an intermediate upper bound, which suffices for our purposes. We begin with the following

observations:

• Type I substitutions (of index i, δ, and τ): If i >
p(µτ,δ−e)

p−1 then (5.8) expresses

Yτ,δ,i−(µτ,δ−e) in terms of xτ,j , yτ,j , zτ,j with j ≤ i and Yτ◦φ,δ′,j with j + (µτ,δ − e) < i.

Indeed, if Yτ◦φ,δ′,j appears on the right hand side of (5.8) then j ≤ i/p < i− (µτ,δ − e).
• Type II substitutions (of index i, δ, and τ): When 1 ≤ i ≤ µτ,δ and is prime to p then

(5.8) with δ = α, β allows xτ,i and yτ,i to be expressed in terms of Yτ,δ,i−(µτ,δ−e), Yτ◦φ,δ′,j

with j ≤ i/p, and xτ,j , yτ,j , zτ,j with j < i. Similarly, if δ = γ then zτ,i can be expressed in

terms of xτ,i, yτ,i, Yτ,δ,i−(µτ,δ−e), Yτ◦φ,δ′,j with j ≤ i/p, and xτ,j , yτ,j , zτ,j with j < i.

In particular, if for each δ and τ , we are given subsets

Sτ,δ,I ⊂ {i ∈ Z | p(µτ,δ−e)
p−1 < i ≤ µτ,δ}, Sτ,δ,II ⊂ {i ∈ Z | 1 ≤ i ≤ µτ,δ, i ̸≡ 0 mod p}

with Sτ,δ,I ∩ Sτ,δ,II = ∅ then repeatedly applying Type I substitutions of index i, δ, and τ whenever

i ∈ Sτ,δ,I and Type II substitutions of index i, δ, and τ whenever i ∈ Sτ,δ,II allow the complete

elimination of the appropriate variables from the equations in (5.8). The following lemma provides

the key control we need over this process:
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Lemma 5.12. For any fixed Sτ,δ,I and Sτ,δ,II the resulting expressions for any substituted Yτ,δ,i−(µτ,δ−e)

(if i ∈ Sτ,δ,I) and any substituted xτ,i, yτ,i or zτ,i (if i ∈ Sτ,δ,II) have total u-adic degree ≤ i in the

remaining variables (the u-adic grading being that placing xτ,i, yτ,i, zτ,i and Yτ,δ,i in degree i).

In particular, note that Type I substitutions can increase the u-adic grading if µτ,δ − e > 0.

Proof. We argue by induction on i and the length of the root δ. Thus, we assume that if j ∈ Sτ ′,δ′,I
then Yτ ′,δ′,j−(µτ ′,δ′−e) has an expression in the remaining variables of u-adic degree ≤ j whenever

j < i or whenever j = i, δ = γ, and δ′ ∈ {α, β}. Similarly, for j ∈ Sτ ′,δ′,II.
Now suppose i ∈ Sτ,δ,I and consider the expression for Yτ,δ,i−(µτ,δ−e) given by (5.8). If δ = α or β

then the rightmost term of (5.8) has an expression of degree ≤ i in terms of the remaining variables

because i ̸∈ Sτ,δ,II. The same is true if δ = γ by the inductive hypothesis. It therefore suffices to

prove the same is true of any monomial appearing in the square bracketed term of (5.8). Such a

monomial is a product of Yτ◦φ,δ′,j with 1 ≤ j ≤ i/p and a second monomial in the xτ,k, yτ,k, zτ,k of

total u-adic degree i− jp < i. In particular, each k < i and so the inductive hypothesis ensures this

second monomial has an expression of total degree ≤ i− jp in the remaining variables. To handle

the term Yτ◦φ,δ′,j note that if j+µτ◦φ,δ′−e ≥ i then j+µτ◦φ,δ′−e ≥ pj. Thus, j ≤ µτ◦φ,δ′−e

p−1 and so

j + (µτ◦φ,δ′ − e) ̸∈ Sτ◦φ,δ′,I. We conclude, in this case, that the entire monomial has an expression

of degree ≤ i in terms of the remaining variables as required. If j+ (µτ◦φ,δ′ − e) ∈ Sτ◦φ,δ′,I then we

just showed j + µτ◦φ,δ′ − e < i. The inductive hypothesis therefore gives an expression of degree

≤ j + µτ◦φ,δ′ − e for Yτ◦φ,δ′,j in the remaining variables. Consequently, the whole monomial has

such an expression of total degree

≤ i− pj + j + µτ◦φ,δ′ − e < i

where the right inequality uses that j + (µτ◦φ,δ′ − e) ∈ Sτ◦φ,δ′,I which implies j >
µτ◦φ,δ′−e

p−1 . Com-

pletely identical calculations handle the case i ∈ Sτ,δ,II. □

5.3.4. Dimension bounds via degeneration. Recall that µτ is balanced if µτ,α, µτ,β ≤ e, and µτ,γ ≥ e
for all τ ∈ J0.

Proposition 5.13. The fibres of the natural projection N∇
µ →

∏
τ∈J0

L+G have dimension ≤∑
τ∈J0

(µτ,α + µτ,β + e) =
∑

τ∈J0
(3e − (nτ + mτ )) with equality occurring if and only if µτ is

balanced for each τ ∈ J0.

Proof. We apply the Type I and II substitutions from the previous section as follows: If µτ,δ ≤ e

we take

Sτ,δ,I = {1 + µτ,δ − e, . . . , µτ,δ}, Sτ,δ,II = ∅

In other words, we eliminate all of the Yτ,δ,i coordinates. If µτ,γ > e we take

Sτ,γ,I = {pi ∈ Z | p(µτ,γ−e)
p−1 < pi ≤ µτ,γ}, Sτ,γ,II = {i ∈ Z | 1 ≤ i ≤ µτ,γ , i ̸≡ 0 mod p}
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Thus, we eliminate each of the zτ,i with i prime to p, as well as some of the Yτ,γ,i. If µτ,α > e we

take

Sτ,α,I = {pi ∈ Z | p(µτ,α−e)
p−1 < pi ≤ µτ,α}, Sτ,α,II = {i ∈ Z | 1 ≤ i ≤ µτ,α − e, i ̸≡ 0 mod p}

and similarly if α and β are interchanged. These substitutions are similar to those made when

µτ,γ > e, but we are careful not to eliminate all the xτ,i. As we will see below, maintaining some

of the xτ,i as free variables will help make use of the unused δ = γ equations for i = np with

n ≤ µτ,γ−e
p−1 .

Making these substitutions produces an affine space, and we write Dτ for the number of variables

over τ (we will enumerate this number precisely momentarily). To prove the proposition we are

going to show that the equations on this affine space arising from (5.8) when δ = γ and i = np for

1 ≤ n ≤ tτ := ⌊µτ,γ−e
p−1 ⌋ (which are unused in all the above substitutions) produce a high enough

codimension.

To achieve this we simplify these equations using a degeneration. Specifically, we equip our affine

space with a “new-grading” which places the unsubstituted xτ,i, yτ,i and zτ,i in degree i and the

unsubstituted Yτ,γ,i in degree 0. Then:

Claim. Assume µτ,α ≥ µτ,β. With the above new grading the leading terms, in the sense of

Lemma 5.10, of the equations from (5.8) with δ = γ and i = np for 1 ≤ n ≤ tτ are given by

(5.9)
∑

k+ℓ=np
k>µτ,α−e

ℓxτ,kyτ,ℓ = 0

for each τ ∈ J0. If µτ,α < µτ,β then the same holds but with the sum running over ℓ > µτ,β − e.

Proof of Claim. Notice that if µτ,γ ≤ e then tτ = 0 and the claim is vacuous. Notice also that if

µτ,γ > e then the claim makes sense because the yτ,ℓ and xτ,k for k > µτ,α − e are unsubstituted

variables—indeed k ̸∈ Sτ,α,II while the assumption µτ,α ≥ µτ,β means µτ,β ≤ e and so k ̸∈ Sτ,β,II.
To prove the claim first note that the left hand term of (5.8) is unsubstituted when i = np with

1 ≤ n ≤ tτ . It therefore has new degree 0 and does not contribute towards the leading term. Also,

the proof of Lemma 5.12 shows that if µτ,α − e > 0 then any Type II substitution for xτ,i writes

this variable as a degree < i expression in the unsubstituted terms (rather than ≤ i). In particular,

we see that if k ≤ µτ,α − e then the ℓxτ,kyτ,ℓ appearing in the right hand term of (5.8) with δ = γ

has new degree < i = np and does not contribute to the leading term.

Consequently, we just have to show that expanding the square bracket term in (5.8) into mono-

mials and performing the appropriate Type I and II substitutions gives an expression in terms of

the unsubstituted variables with degree < i = np for the new grading. This relies on the estimates

from Lemma 5.12.
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First, any such monomial is a product of Yτ◦φ,δ′,j with 1 ≤ j ≤ i/p and a second monomial in the

xτ,k, yτ,k, zτ,k of total u-adic degree i − jp < i. Lemma 5.12 ensures this second monomial has an

expression of total degree ≤ i− jp for the u-adic grading in the remaining variables, and hence for

the new grading also. If Yτ◦φ,δ′,j is unsolved for then it has degree 0 in the new grading and so the

whole monomial has degree < i as required. We can therefore assume j + (µτ◦φ,δ′ − e) ∈ Sτ◦φ,δ′,I
and, by Lemma 5.12, write Yτ◦φ,δ′,j as an expression of u-adic degree (and hence also of new degree)

≤ j + (µτ◦φ,δ′ − e). The whole monomial therefore has new degree

≤ i− pj + j + µτ◦φ,δ′ − e < i

where, the rightmost inequality follows as it did in the last part of the proof of Lemma 5.12. This

finishes the proof. □

Notice that, in contrast to the equations in (5.8), the locus in (5.9) only consists of variables above

a single τ ∈ J0. If ∆τ denotes the codimension of the locus above τ then, in view of Lemma 5.10,

it suffices to show

(5.10) Dτ −∆τ ≤ µτ,α + µτ,β + e

with the inequality strict whenever µτ,δ < e or µτ,α > e or µτ,β > e. For this it is convenient to

work case-by-case:

Case 1: The easy case If µτ,δ ≤ e then only Type I substitutions are made, and these eliminate

each of the Yτ,δ,i’s. Thus, the τ -coordinates of the affine space described are the xτ,i, yτ,i, and zτ,i

and Dτ = µτ,α + µτ,β + µτ,γ . Since ∆τ = 0 the inequality in (5.10), and its strict refinement, are

immediate.

Case 2: The strictly balanced case If µτ,δ > e and µτ,α, µτ,β ≤ e then the only equations unused

by the Type I and II substitutions are those in (5.8) with δ = γ and i = np with 1 ≤ n ≤ tτ .

Therefore, Dτ = µτ,α + µτ,β + e+ tτ and we need to show that ∆τ = tτ .

Without loss of generality, assume µτ,α ≥ µτ,β. If tτ > 0, then µτ,γ = µτ,α + µτ,β ≥ e + p − 1.

Using the balanced condition we deduce e ≥ µτ,β ≥ e + p − 1 − µτ,α ≥ p − 1. If µτ,β = p − 1

then, since µτ,α ≤ e, tτ = ⌊1 +
µτ,α−e
p−1 ⌋ ≤ 1, in which case the lemma is clear. We therefore assume

µτ,β ≥ p, and so µτ,α ≥ p also.

We want to replace the equations in question with equations as in Lemma 5.11. For this, weight

the variables by giving xτ,k weight 1 if k ≡ p− 1, p− 2 mod p and 0 otherwise and yτ,ℓ weight 1 if

ℓ ≡ 1, 2 mod p and 0 otherwise. The leading term ideal, in the sense of Lemma 5.10, is generated

by the equations ∑
0≤k≤n−1

(
xτ,p−1+kpyτ,1+(n−k−1)p + 2xτ,p−2+kpyτ,2+(n−k−1)p

)
= 0
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for 1 ≤ n ≤ tτ . These can be repackaged as a congruence CτDτ = GτHτ modulo Ztτ of polynomials

in a variable Z, where

Cτ =

rτ∑
k=0

yτ,1+kpZ
k, Gτ =

rτ∑
k=0

2yτ,2+kpZ
k, Dτ =

sτ∑
k=0

xτ,kp+p−1Z
k, Hτ =

sτ∑
k=0

−xτ,kp+p−2Z
k

for rτ , sτ chosen as large as possible so that the coefficients of these polynomials exist as variables.

This means that psτ + p − 1 ≤ µτ,α − 1 and 2 + prτ ≤ µτ,β − 1. Hence, sτ = ⌊µτ,α

p ⌋ − 1 and

rτ = ⌊µτ,β−3
p ⌋, both of which are ≥ 0 by the estimates in the first paragraph.

By Lemma 5.10 one just needs to show this locus has codimension tτ . Lemma 5.11 asserts

this locus has codimension min{2rτ + 2, 2sτ + 2, tτ}. Since p ≥ 5 we have rτ ≥ ⌊
µτ,β

p ⌋ − 1. Also

tτ ≤ ⌊
µτ,β

p−1 ⌋. We will therefore be done if 2⌊xp⌋ ≥ ⌊
x

p−1⌋ whenever x ≥ p. But this is clear—if

x = l + pk with 0 ≤ l ≤ p− 1 then x = l + (p− 1)k + k and so ⌊ x
p−1⌋ ≤ 1 + k + ⌊ k

p−1⌋ ≤ 2k where

the last inequality uses that k ≥ 1 (since x ≥ p) and is deduced by separating the cases k = 1 and

k ≥ 2.

Case 3: The main unbalanced case Finally, suppose µτ,α > e. Since µτ,γ = µτ,α + µτ,β < 2e this

forces µτ,β < e. Note that the case where instead µτ,β > e is handled in exactly the same way.

In this case the Type I and II substitutions leave unused the equations from (5.8) with δ = γ

and i = np with 1 ≤ n ≤ tτ . Also unused are the equations with δ = α and i > µτ,α − e and i

prime to p. It follows that

Dτ = e+
⌊µτ,α − e
p− 1

⌋
+
⌊µτ,α − e

p

⌋
+ µτ,β + e+ tτ

If µτ,β ≤ 2, then Dτ is already < µτ,α + µτ,β + e; indeed µτ,γ ≤ µτ,α + 2, and so the claim follows

from the inequality

x >
⌊x
p

⌋
+
⌊ x

p− 1

⌋
+
⌊x+ 2

p− 1

⌋
, x ≥ 1

specialised to x = µτ,α − e. This inequality holds whenever p ≥ 5 (to see this check x = 1 directly

and when x ≥ 2 use the bound ⌊r⌋ ≤ r for any rational r). Similarly, if p > e then, since µτ,γ < 2e,

we have µτ,α − e < µτ,γ − e ≤ p− 2, and so Dτ = 2e+ µτ,β and there is nothing to prove.

Our goal is therefore to show that if µτ,β > 2 and e ≥ p then ∆τ > tτ + e+ ⌊µτ,α−e
p−1 ⌋+ ⌊µτ,α−e

p ⌋−
µτ,α. Just as in the balanced case we do this by introducing a grading by placing yτ,ℓ in degree 1 if

ℓ ≡ 1, 2 modulo p and in degree 0 otherwise, and placing xτ,i in degree 1 if i ≡ p− 1, p− 2 modulo

p and i > µτ,α − e and in degree 0 otherwise. The leading term ideal, in the sense of Lemma 5.10,

is then generated by equations∑
dτ≤k≤n−1

(
xτ,p−1+kpyτ,1+(n−k−1)p + 2xτ,p−2+kpyτ,2+(n−k−1)p

)
= 0

where dτ = ⌈µτ,α−e−p+3
p ⌉ and 1 ≤ n ≤ tτ . Note, we require dτ ≤ k to ensure p−2+kp > µτ,α−e. As

in the proof of the balanced case, these equations can be repackaged as a congruence CτDτ = GτHτ
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modulo Ztτ of polynomials in a variable Z, where

Cτ =

rτ∑
k=0

yτ,1+kpZ
k, Gτ =

rτ∑
k=0

2yτ,2+kpZ
k, Dτ =

sτ∑
k=dτ

xτ,kp+p−1Z
k, Hτ =

sτ∑
k=dτ

−xτ,kp+p−2Z
k

for sτ = ⌊µτ,α

p ⌋ − 1 and rτ = ⌊µτ,β−3
p ⌋. Note rτ ≥ 0 since µτ,β > 2 while sτ ≥ 0 since µτ,α > e ≥ p.

Combining Lemma 5.10 and Lemma 5.11 therefore gives ∆τ ≥ min{2rτ + 2, 2(sτ −dτ ) + 2, tτ −dτ}.
The following claim (specialised to y = µτ,β and µτ,α = e+ x) therefore finishes the proof. □

Claim. Let x, y be integers less than e with y ≥ 3 and x ≥ 1. Assume e ≥ p ≥ 5. If ∆ =

min{2⌊y−3
p ⌋+ 2, 2⌊x+e

p ⌋ − 2⌈x+3−p
p ⌉+ 2, ⌊x+y

p−1 ⌋ − ⌈
x+3−p

p ⌉}, then

x−
⌊x
p

⌋
−
⌊ x

p− 1

⌋
−
⌊x+ y

p− 1

⌋
+ ∆ > 0

Proof of Claim. Write E := x− ⌊xp⌋ − ⌊
x

p−1⌋ − ⌊
x+y
p−1 ⌋ and

A := 2
⌊y − 3

p

⌋
+ 2, B := 2

⌊x+ e

p

⌋
− 2
⌈x+ 3− p

p

⌉
+ 2, C :=

⌊x+ y

p− 1

⌋
−
⌈x+ 3− p

p

⌉
It suffices to show E +A,E +B, and E + C are all > 0. First, look at

E + C = x−
⌊x
p

⌋
−
⌊ x

p− 1

⌋
−
⌈x+ 3− p

p

⌉
If x = 1 this is clearly > 0. If x ≥ 2 use the bounds ⌊r⌋ ≤ r and ⌈r⌉ ≤ r + 1 then

E + C ≥ x
(

1− 2

p
− 1

p− 1

)
− 3

p
≥ 7x

20
− 3

5
> 0

where the second inequality uses that p ≥ 5. Second, since ⌊x+y
p−1 ⌋ ≤ ⌊

x
p−1⌋+ ⌊ y

p−1⌋+ 1 we deduce

that

E +A = x−
⌊x
p

⌋
− 2
⌊ x

p− 1

⌋
︸ ︷︷ ︸

>0 for x ≥ 1

−
⌊ y

p− 1

⌋
+ 2
⌊y − 3

p

⌋
+ 1︸ ︷︷ ︸

≥⌊ y
p−1

⌋for y ≥ 3

where the first inequality follows from the bound ⌊r⌋ ≤ r and the fact p ≥ 5 and for the second one

notes that y− 3 ≤ p(k+ 1) for k = ⌊y−3
p ⌋ and (2k+ 2)(p− 1)− (k+ 1)p− 3 = (k+ 1)(p− 2)− 3 ≥ 0

since p− 2 ≥ 3. It follows that E +A > 0. Finally, since y < e we have

E +B ≥ x−
⌊x
p

⌋
− 2
⌊ x

p− 1

⌋
︸ ︷︷ ︸

>0 as above

−


⌊x+ e− 1

p− 1

⌋
−
⌊ x

p− 1

⌋
︸ ︷︷ ︸

≤⌈ e−1
p−1

⌉

+ 2


⌊x+ e

p

⌋
−
⌊x+ 3− p

p

⌋
+ 1︸ ︷︷ ︸

≥⌊ e+p−2
p

⌋


If we write e = bp+ r with 0 ≤ r ≤ p− 1 then ⌊ e+p−2

p ⌋ ≥ b, while ⌈ e−1
p−1⌉ = b+ ⌈ b+r−1

p−1 ⌉ ≤ 2b since
b+r−1
p−1 ≤ 1 + b−1

p−1 ≤ b. It follows that E +B > 0 and we are done. □
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5.3.5. Top-dimensional components. Here we give more precise control on N∇
µ in the case µτ =

(2e, e, 0) for each τ ∈ J0.

Proposition 5.14. Suppose µτ = (2e, e, 0) for each τ ∈ J0. Then there is a dense open locus

in
∏

τ∈J0
L+G over which the fibres of the projection N∇

µ →
∏

τ∈J0
L+G contain a dense open

subscheme which is irreducible and of dimension
∑

τ∈J0
3e =

∑
τ∈J0

(µτ,α + µτ,β + e).

Proof. We begin as in Proposition 5.13, making the same Type I and II substitutions. These

eliminate the Yτ,α, Yτ,β, the zτ,i for i prime to p, and the Yτ,γ,np−e for n > e
p−1 . The remaining

equations are then of the form

(5.11) Yτ,γ,np−e =
∑

k+ℓ=np

ℓxτ,kyτ,ℓ + (Bτϕ(h−1
τ◦φdτ◦φ(u)Yτ◦φhτ◦φ)B−1

τ )γ,np.

where n ≤ e
p−1 . We prove the proposition by identifying an open locus of (hτ )τ∈J0 ∈

∏
τ∈J0

L+G

on which (5.11) can be used to eliminate the Yτ,γ,n for each n ≤ e
p−1 .

To proceed, set X0 = Bτϕ(h−1
τ◦φ) mod u and look at the right hand term in (5.11). We claim

that, after making the substitutions as above, the difference

(5.12) (Bτϕ(h−1
τ◦φdτ◦φ(u)Yτ◦φhτ◦φ)B−1

τ )γ,np −
(
X0ϕ

(
dτ◦φ(0)Yτ◦φ

)
X−1

0

)
γ,np

can be expressed entirely in terms of the free variables xτ,i, yτ,i and zτ,ip and Yτ ′,γ,n′ with n′ < n.

The Type I substitutions are not relevant here because if Yτ◦φ,δ,j appears in (5.12) then j < n and

so j + e < e
p−1 + e = pe

p−1 . For the Type II substitutions, note that if zτ,i appears in (5.12) then

i ≤ (n − 1)p. Thus, the Type II substitutions only introduce Yτ◦φ,δ,n′ ’s with n′ ≤ i/p < n and

Yτ,γ,i−e. But i ≤ np− p ≤ n+ e− p so i− e < n.

Next, we examine right hand term of (5.12) and write(
X0ϕ

(
dτ◦φ(0)Yτ◦φ

)
X−1

0

)
γ,np

= FγYτ◦φ,γ,n +GαYτ◦φ,α,n +GβYτ◦φ,β,n

where Fγ , Gα, and Gβ are expressions in the entries of hτ◦φ(0) and Bτ (0) which are independent

of n. Notice that, by the same argument as in the previous paragraph, making the Type I and

II substitutions expresses each of GαYτ◦φ,α,n and GβYτ◦φ,β,n entirely in terms of the free variables

xτ,i, yτ,i and zτ,ip and Yτ ′,γ,n′ with n′ < n. It remains to analyse the term Fγ . For this we first

assume (hτ )τ∈J0 ∈
∏

τ∈J0
L+G lies in the open locus where there exists a Gauss factorisation hτ

mod u = aτ tτ bτ with aτ ∈ U and bτ ∈ U− respectively in the upper and lower triangular unipotent

subgroups, and tτ ∈ T inside the diagonal torus. Then

Fγ,τ = dτ◦φ(0)tτ◦φ,γ + F (aτ◦φ, bτ◦φ, tτ◦φ, xτ,0, yτ,0, zτ,0)
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with F (aτ◦φ, bτ◦φ, tτ◦φ, xτ,0, yτ,0, zτ,0) of degree ≥ 2 in the variables aτ◦φ, bτ◦φ and tτ◦φ. Since

dτ◦φ(0)tτ◦φ,γ ∈ F× we can shrink the open locus of (hτ )τ∈J0 ∈
∏

τ∈J0
L+G so that Fγ,τ = F0,τ +

F1(xτ,0, yτ,0, zτ,0) with F0,τ ̸= 0 and
∏

τ∈J0
F0,τ ̸= 1.

Finally, we return to the task described in the first paragraph of the proof and consider the fibres

of N∇
µ →

∏
τ∈J0

L+G over the open locus just defined. Note that xτ,0, yτ,0, zτ,0 are free coordinates

on this fibre and so there is a dense open locus where Fγ,τ ̸= 0 and
∏

τ∈J0
Fγ,τ ̸= 1. The equations

(5.11) can therefore be rewritten as

Yτ,γ,np−e = Fγ,τYτ◦φ,γ,n +G(xτ,i, yτ,i, zτ,ip, Yτ ′,γ,j ; j < n)

For n < e
p−1 we have np− e < n so these equations allow the elimination of Yτ◦φ,γ,n in terms of the

xτ,i, yτ,i, zτ,ip, and the unsolved for Yτ,γ,j with j > e
p−1 . If n = e

p−1 (so e is divisible by p− 1) then

np− e = n. Iterating these equations then gives

Yτ,γ,n = Yτ,γ,n
∏

τ ′∈J0

Fγ,τ ′ +Gτ (xτ,i, yτ,i, zτ,ip, Yτ ′,γ,j ; j < n)

Since
∏

τ ′∈J0
Fγ,τ ′ ̸= 1 we can likewise solve for Yτ,γ, e

p−1
. In conclusion, there is an open locus of∏

τ∈J0
L+G over which the fibres of N∇

µ →
∏

τ∈J0
L+G admits a dense open locus which is smooth

of dimension
∑

τ∈J0
3e. □

5.3.6. Finishing the proof of Theorem 5.5. For N >> 0, Proposition 5.13 gives

dim

∏
τ∈J0

KN

 \N∇
µ ≤

∑
τ∈J0

(
3e− nτ −mτ + dimKN\L+G

)
with the inequality strict when µ is unbalanced. Corollary 5.9 then implies

(∏
τ∈J0

KN

)
\Ỹ ∇(µ)

has a cover by open subschemes whose dimension has the same upper bound. Each open subscheme

is furthermore an
∏

τ∈J0
KN\L+G-torsor over an open substack of Y ∇(µ). It follows that Y ∇

≤h(µ)

has an open cover by substacks of dimension ≤
∑

τ∈J0
(3e− nτ −mτ ) with the inequality strict

when µ is unbalanced.

It remains to consider the case where µτ = (2e, e, 0) for each τ ∈ J0. Proposition 5.14 shows that

each open in the above cover of Y ∇
≤h(µ) has a unique irreducible component of dimension

∑
τ∈J0

3e,

but this does not imply the same holds for Y ∇
≤h(µ). Instead, we note that Lemma 5.8 produces a

surjective morphism

∏
τ∈J0

G×

∏
τ∈J0

KN

 \N∇
µ →

∏
τ∈J0

KN

 \Ỹ ∇(µ)

via (gτ , hτ , Bτ , Yτ ) → (hτu
µτBτgτ ,−h−1

τ Yτhτ ) whose restriction to {g} ×
(∏

τ∈J0
KN

)
\N∇

µ is an

open immersion for any g ∈
∏

τ∈J0
G(F). Proposition 5.14 asserts the source of this surjection has

a unique top dimensional irreducible component. If the target has two top-dimensional irreducible
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components then one can choose top-dimensional open subsets U1, U2 of the target which are

disjoint. Continuity implies the preimage of U1 contains a non-empty open subset
∏

τ∈J0
Uτ ×U∇

with Uτ ⊂ G open and U∇ ⊂
(∏

τ∈J0
KN

)
\N∇

µ open and top-dimensional. Hence, the preimage

of U1 is dense in the unique top-dimensional component of the source. The same is true for the

preimage of U2, so these preimages intersect. Since the morphism is surjective, this contradicts the

assumption that U1 ∩ U2 = ∅.

5.4. Bounding the fibres of convolution.

5.4.1. The main argument. Now we prove Theorem 5.6. Let h = 2. Thus, consider an F-valued

point (M, N0) ∈ Y ∇(µ) and fix τ ∈ J0 with µτ balanced and ̸= (2e, e, 0). Recall m−1
≤η•

(M) then

classifies certain sequences

M• : Me ⊂Me−1 ⊂ . . . ⊂M0

where Me := φ−1
M (u2eM) and M0 := φ∗M. Since (M, N0) ∈ Y ∇(µ) we can choose SF-bases γe, γ0

of Me and M0 respectively, so that

γe,τ = γ0,τu
µ∗
τ

where, as in Proposition 3.10, µ∗τ = (µ∗1,τ ≥ . . . ≥ µ∗d,τ ) with µ∗ℓ,τ = h − µ∗d−ℓ,τ . Note, we do not

require that γ0 and γe are related via the Frobenius on M in any specific way. Note also that,

since µτ ≤ (2e, e, 0) and µ∗τ = (2e, 2e, 2e) − w0(µτ ) for w0 ∈ W the longest element, we have

µ∗τ ≤ (2e, e, 0).

For each irreducible component C ⊂ m−1
≤η•

(M) there are additionally dominant µ
(i)
τ ≤ (2i, i, 0)

for 1 ≤ i ≤ e such that for generic M• ∈ C one has Mi,τ generated by γ0,τgiu
µ
(i)
τ for some gi ∈ L+G.

In particular µ(e) = µ∗. In Section 5.4.2 we will give more control on the possible gi which can

appear. Specifically, we prove:

Proposition 5.15. Fix an irreducible component C ⊂ m−1
≤η•

(M) and choose k ≥ 1. Then there

exists M• ∈ C with Mi,τ generated by the inductively defined

γi,τ =

γi+1,τu
µ
(i)
τ −µ

(i+1)
τ if k + 1 ≤ i ≤ e,

γi+1,τgu
µ
(i)
τ −µ

(i+1)
τ if i = k

where g can be any element in

• the upper triangular unipotent U ⊂ G if µ
(k+1)
τ − µ(k)τ ̸= (1, 1, 1).

• Uα,−1 =

{(
1 x

u
y
u

0 1 0
0 0 1

)
| x, y ∈ F

}
or Uβ,−1 =

{(
1 0 y

u
0 1 x

u
0 0 1

)
| x, y ∈ F

}
(the choice depending

upon the irreducible component C) if µ
(k+1)
τ − µ(k)τ = (1, 1, 1).

Under certain assumptions on N0 (it should be sufficiently indivisible by u) we will be able to

choose g as in the Proposition 5.15 so that (M, N0,M•) does not satisfy condition (Ak+1) from

Definition 4.6. The following definition makes this precise:
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Definition 5.16. Say N0 is i-generic relative to an F[[u]]-basis γi,τ of Mi,τ if uiNφ
0 (γi,τ ) = γi,τY

(i)

with

Y (i) =

u
ih1 Y

(i)
α Y

(i)
γ

0 uih2 Y
(i)
β

0 0 uih3


for Y

(i)
α having u-adic valuation i+ 1− ⟨α, µ(i)τ ⟩ and Y

(i)
β having u-adic valuation i+ 1− ⟨β, µ(i)τ ⟩.

The basic calculation is:

Lemma 5.17. Suppose 1 ≤ k < e is such that µ
(k)
τ = (2k, k, 0) and µ

(k+1)
τ ̸= (2(k+1), k+1, 0). If N0

is e-generic then g can be chosen as in Proposition 5.15 so that either uk+1Nφ
0 (Mk+1,τ ) ̸⊂ uMk+1,τ

or ukNφ
0 (Mk,τ ) ̸⊂ uMk,τ .

In particular, if N0 is e-generic and there exists k ≥ 1 with µ
(k)
τ = (2k, k, 0) then (M, N0,M•)

does not satisfy one of (Ak+1) or (Ak) from Definition 4.6, and so (M, N0,M•) ̸∈ Y ∇,conv
≤η .

Proof. For each i set νi = µ
(i+1)
τ − µ(i)τ ≤ (2, 1, 0) and write γi,τ = γi+1,τhu

−νi with h = 1 unless

i = k, in which case h = g for g as in Proposition 5.15 to be chosen shortly. If uiNφ
0 (γi,τ ) = γi,τY

(i)

then

(5.13) Y (i) = u−1

[
uνih−1Y (i+1)hu−νi + cτ (u)ui+1

(
uνih−1∂(h)u−νi + uνi∂(u−νi)

)]
.

An immediate consequence of (5.13) when h = 1 is that i+ 1-genericity of N0 implies i-genericity.

Indeed, Y
(i)
α = u⟨α,νi⟩−1Y

(i+1)
α , and likewise with α replaced by β. Applying this inductively gives

k + 1-genericity of N0.

The choice of k gives:

µ(k+1)
τ ∈ (2k, k, 0) + {(2, 0, 1), (1, 2, 0), (1, 0, 2), (0, 2, 1), (0, 1, 2), (1, 1, 1)}

The k+1-genericity of N0 immediately handles the first two possibilities. Indeed, ⟨α, µ(k+1)
τ ⟩ = k+2

in the first case and and ⟨β, µ(k+1)
τ ⟩ = k + 2 in the second. Thus, Y (k+1) has an entry with u-adic

valuation 0 and so uk+1Nφ
0 (Mk+1,τ ) ̸⊂ uMk+1,τ .

For the remaining cases we have to force failure at the k-th level by suitably choosing g as in

Proposition 5.15. First, suppose µ
(k+1)
τ = (2k+ 1, 2k, 2), (2k, k+ 2, 1), or (2k, k+ 1, 2). Since g can

be any element in U it can be chosen so that the upper right entry of u−1g−1Y (k+1)g has u-adic

valuation

min{vu(Y (k+1)
α ), vu(Y

(k+1)
β )} − 1

Accordingly, this top right entry has u-adic valuation 1, 1, or 2. Conjugating this matrix by uνk

drops this u-adic valuation by 1, 1 or 2. Plugging this into (5.13) with i = k shows Y (k) has top

right entry with u-adic valuation 0. Thus, ukNφ
0 (Mk,τ ) ̸⊂ uMk,τ .
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If instead µ
(k+1)
τ = (2k + 1, k + 1, 1) then g can be chosen in Proposition 5.15 so that the top

right entry of u−1g−1Y (k+1)g has u-adic valuation

≤ max{vu(Y (k+1)
α ), vu(Y

(k+1)
β )} − 2

By k + 1-genericity of N0 this maximum is 0. Putting this into (5.13) and noting that ∂(g) = g−1

again shows Y (k) has top right entry with u-adic valuation 0. Thus, ukNφ
0 (Mk,τ ) ̸⊂ uMk,τ . □

Notice that if µ
(1)
τ = (1, 1, 1) and M• ∈ C then, in view of part (2) of Lemma 4.5, (M, N0,M•)

does not satisfy (B1) from Definition 4.6. Thus, the following proposition (which we prove in

Section 5.4.3) completes the proof of Theorem 5.6 in most cases:

Proposition 5.18. Suppose that µτ,α ≥ 2 and µτ,β ≥ 2. Then there exists an open substack

U ⊂ Y ∇(µ) with complement of dimension <
∑

τ ′∈J0
(3e − nτ ′ −mτ ′) such that, for each F-point

(M, N0) ∈ U , there exists SF-bases γe and γ0 of Me and M0 such that γe,τ = γ0,τu
µ
(e)
τ and such

N0 is e-generic relative to γe,τ .

We will show that, under the assumption that e ≡ 0 modulo 3, there are only two balanced

µτ not covered by Proposition 5.18, namely (5e3 ,
2e
3 ,

2e
3 ) and (4e3 ,

4e
3 ,

e
3). For these we use a slightly

different notion of genericity and then (a much simpler) variant of Lemma 5.24. This is done in

Section 5.4.4.

5.4.2. MV cycles and irreducible components. Here we prove Proposition 5.15. We begin by recall-

ing some background regarding fibres of convolution in the affine Grassmannian. Recall U ⊂ G

denotes the upper triangular unipotent, and let LU : A 7→ U(A((u))) denote the loop group of U .

Let µ be a dominant cocharacter and δ any cocharacter. Recall that an MV-cycle inside Gr≤µ of

type δ is an irreducible component of the scheme theoretic image of the map

L+GuµL+G ∩ vδLU → Gr≤µ

given by the action map on the base point in Gr≤h.

Next, fix dominant cocharacters λ, ν, µ with ν ≤ λ+ µ and consider the locus

(5.14) {E ∈ Gr≤µ | Eν ⊂ E defines a point of Gr≤λ for any trivialisation of E}

where Eν ∈ Gr≤h is as in Definition 3.8. It follows from [Hai06, Theorem 1.3] that this locus is

equidimensional of dimension ⟨ρ, µ + λ − ν⟩ where ρ is half the sum of the positive roots. Then,

[And03, Theorem 8] says that each irreducible component in (5.14) is a translate by −ν of an

MV-cycle inside Gr≤−w0(λ) of type µ−ν. More precisely, each irreducible component is the scheme

theoretic image of an irreducible component under the map

(5.15) uνL+Gu−λL+G ∩ uµLU → Gr≤µ .
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Remark 5.19. Not all such MV cycles generally appear as components of (5.14). Indeed, the

number of MV cycles in (5.15) coincides with the ν − µ weight space inside of the highest weight

representation V (λ), while the number of irreducible components in (5.14) equals the multiplicity

of V (ν) inside V (λ)⊗V (µ), see e.g. [Zhu17, Theorem 5.3.21]. As explained in [And03, Theorem 10]

the latter number is always ≤ the former. However, we will shortly specialise to the quasi-miniscule

λ = (2, 1, 0) and for such coweights these numbers coincide, by e.g. [NP01, Lemme 10.2].

Lemma 5.20. If λ = (2, 1, 0) and ν − µ ≤ λ as above, then each irreducible component

L+Gu−λL+G ∩ uµ−νLU

contains U · uµ−ν where U is:

• the upper triangular unipotent U ⊂ G if ν − µ ̸= (1, 1, 1).

• an open subset of Uα,−1 =

{(
1 x

u
y
u

0 1 0
0 0 1

)
| x, y ∈ F

}
or Uβ,−1 =

{(
1 0 y

u
0 1 x

u
0 0 1

)
| x, y ∈ F

}
(the

choice depending upon the irreducible component C) if ν − µ = (1, 1, 1).

Proof. This follows from [NP01, Lemme 7.4] and [NP01, Corollaire 7.5], but it can also be deduced

directly as follows. Since there is a factorisation LU = U0 · L+U for U0 ⊂ U [u−1] the kernel of

u−1 7→ 1, it suffices to compute

L+Gu−λL+G ∩ uµ−νU0

where ν − µ runs over those cocharacters ≤ (2, 1, 0) which can easily be done on a case-by-case

basis. We give two examples:

If ν − µ = (1, 1, 1), then u−1M ∈ L+Gu−(2,1,0)L+G if and only if uM ∈ L+Gu(2,1,0)L+G. This

implies uM is integral and so

M =

1 xu−1 yu−1

0 1 zu−1

0 0 1

 .

Furthermore, the 2x2-minors of uM must be divisible by u. This forces xz = 0. This gives the two

components.

When ν − µ ∈ W · (2, 1, 0), then clearly U0 · uµ−ν ⊂ L+Gu−µL+G so it suffices to show it is

irreducible. If ν − µ = (1, 2, 0), then u(−1,−2,0)M ∈ L+Gu−(2,1,0)L+G if and only if u(1,0,2)M ∈
L+Gu(2,1,0)L+G. Since u(1,0,2)M is integral,

M =

1 xu−1 yu−1

0 1 0

0 0 1

 .

The minor condition is then automatic and so this is irreducible. □



RESOLUTIONS OF SPACES OF CRYSTALLINE REPRESENTATIONS AND MODULARITY 54

Proof of Proposition 5.15. Consider the closed locus C(k + 1) ⊂ C consisting of M• with Mi,τ

generated by γ0,τu
µ
(i)
τ for k + 1 ≤ i ≤ e. Then M• 7→Mk,τ defines a morphism

C(k + 1)→ Gr≤µ
(k)
τ

which factors through the locus (5.14) with ν = µ
(k+1)
τ , µ = µ

(k)
τ , and λ = (2, 1, 0). We claim this

factorisation surjects onto a union of irreducible components in (5.14). This proves the proposition

because it produces M• ∈ C(k + 1) with Mk,τ generated by γ0,τu
µ
(k+1)
τ guµ

(k)
τ −µ

(k+1)
τ = γk+1,τgu

µ
(k)
τ

with g as described in Lemma 5.20.

Since C(k+ 1)→ Gr≤µ
(k)
τ

is proper, it suffices to show C(k+ 1) is irreducible and that the image

of C(k+ 1)→ Gr≤µ
(k)
τ

has dimension ⟨ρ, (2, 1, 0) + µ
(k)
τ − µ(k+1)

τ ⟩. The basic observation is that on

an open neighbourhood of E
µ
(k+2)
τ

the morphism C(k + 2) → Gr≤µ
(k+2)
τ

is a trivial fibration with

fibre C(k + 1). Thus, if the claim holds for C(k + 2) and dimC(k + 2) equals

(5.16)
∑
τ ′ ̸=τ

(nτ ′ +mτ ′) + ⟨ρ, (2i, i, 0)− µ(i)τ ⟩

when i = k+2, then C(k+1) is irreducible and (5.16) specialised to i = k+1 gives dimC(k+1). Since

(5.16) with i = k is an upper bound for dimC(k) we conclude that the image of C(k+1)→ Gr≤µ
(k)
τ

has dimension ⟨ρ, (2, 1, 0) + µ
(k)
τ − µ(k+1)

τ ⟩ as required. □

5.4.3. Genericity of N0. Here we prove Proposition 5.18. Clearly, the locus in Y ∇(µ) where there

exists γe, γ0 as in Proposition 5.18 is locally closed. To prove the proposition it therefore suffices

to show that the pullback of this locus to∏
τ∈J0

KN

 \Ỹ ∇
≤h(µ) ∼= Ỹ ∇

≤h(µ)/

∏
τ∈J0

KN


with N >> 0 (the isomorphism being as described in Corollary 5.9) has dimension dimY ∇(µ) +∑

τ∈J0
dimL+G/KN , with complement of strictly smaller dimension. We do this by producing an

open substack of the left hand quotient which lies inside this pullback, and has complement of

strictly smaller dimension.

For this, let Ũ denote the image of the open immersion N∇
µ → Ỹ ∇(µ) from Lemma 5.8 in which

one takes wτ = 1 for each τ ∈ J0. This consists of (M, N0, β
0) ∈ Ỹ ∇(µ) so that, if β0 = β0 ⊗ 1 is

an SF-basis of M0, then

φM(β0) = β0X, N0(β
0) ≡ β0N mod ue+1

with Xτ = hτu
µτBτ and Nτ = −hτYτh−1

τ for (hτ , Bτ , Yτ ) ∈ N∇
µ . If w0 ∈ W is the longest element

then γ0,τ := β0,τB
−1
τ w0 is an F[[u]]-basis of M0,τ and

γe,τ := βe,τhτw0 = β0,τE(u)hX−1
τ hτw0 = β0B

−1
τ w0u

µ
(e)
τ = γ0,τu

µ
(e)
τ
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for the dominant µ
(e)
τ = (2e, 2e, 2e)− w0µτ . Using (5.5) and (5.4) one computes that

ueNφ
0 (γe,τ ) ≡ γe,τ cτ (u)

ehu
e −Yτ,β −Yτ,γ

0 ehue −Yτ,α
0 0 ehue


modulo ue+1Me. From the equations (5.7) defining N∇

µ we see that Yτ,α has u-adic valuation

≥ e+ 1− µτ,α = e+ 1− ⟨β, µ(e)τ ⟩

(since w0(β) = −α), and similarly with α and β interchanged. Thus, N0 is e-generic with respect

to the basis γe,τ if and only if this is an equality.

Lemma 5.21. Recall µτ is balanced.

(1) If µτ,α ≥ 2 then the locus in N∇
µ where Yτ,α,e+1−µτ,α = 0 has codimension > 0.

(2) If µτ,α = 0 then the locus in N∇
µ where Yτ,γ,e+1−µτ,γ = 0 has codimension > 0.

Both (1) and (2) also hold with α replaced by β.

Proof. Recall the analysis in the proof of Proposition 5.13. If µτ,α ≥ 1 we have 1 ≥ 1 +µτ,α− e and

so the Type I substitution at i = 1 ∈ Sτ,α,I identifies Yτ,α,e+1−µτ,α = xτ,1. Thus, we need to bound

the locus where xτ,1 = 0. As in loc. cit., we can do this after degenerating to the locus described in

the Claim, then further degenerating as in: The strictly balanced case of loc. cit. Since µτ,α ≥ 2 we

have xτ,1 appearing as a free variable in the last degeneration (since p ≥ 5) which gives the desired

bound. Note the same argument goes through with α replaced by β and xτ,k and yτ,l interchanged.

If instead µτ,α = 0 then µτ,γ = µτ,β and so, since µτ is balanced, µτ,γ = µτ,β = e. Then

i = 1 ∈ Sτ,γ,I and this Type I substitution expresses Yτ,γ,1 = zτ,1 + xτ,1yτ,0 + xτ,0yτ,1. As explained

in: The easy case from the proof of Proposition 5.13, the zτ,i, xτ,i, and yτ,i are all free variables, so

we are done. □

Proof of Proposition 5.18. Consider the open locus Ũ0 ⊂ Ũ where Yτ,α,e+1−µτ,α ̸= 0 and Yτ,β,e+1−µτ,β
̸=

0. Clearly, the left action of
∏

τ∈J0
KN on Ũ stabilises Ũ0 and so we obtain an open substack of(∏

τ∈J0
KN

)
\Ũ . By Lemma 5.21, it has complement of strictly smaller dimension. By Theo-

rem 5.5, the same is therefore true of its complement in
(∏

τ∈J0
KN

)
\Ỹ ∇

≤h(µ). Since it lies inside

the pullback described at the start of Section 5.4.3 we are done. □

5.4.4. Boundary cases. To finish the proof of Theorem 5.6 we must consider those µτ ’s not covered

by Proposition 5.18. The following simple computation is where the assumption e ≡ 0 modulo 3

appear:

Lemma 5.22. Suppose r ∈ Z is such that 3r = e. If µτ is balanced and µτ,α ≤ 1 then µτ =

(4r, 4r, r). If instead µτ,β ≤ 1 then µτ = (5r, 2r, 2r).
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In particular, this rules out the possibility that µτ,α = 1 or µτ,β = 1, and so part (2) of

Lemma 5.21 can be applied. Specifically, we proceed as in Section 5.4.1 but work with the fol-

lowing variant of Definition 5.16:

Definition 5.23. Say N0 is (i, α)-generic relative to an F[[u]]-basis γi,τ of Mi,τ if uiNφ
0 (γi,τ ) =

γi,τY
(i) with

Y (i) =

u
ih1 Y

(i)
α Y

(i)
γ

0 uih2 Y
(i)
β

0 0 uih3


for Y

(i)
α having u-adic valuation i+ 1− ⟨α, µ(i)τ ⟩ and Y

(i)
γ having u-adic valuation i+ 1− ⟨γ, µ(i)τ ⟩.

Likewise, define (i, β)-genericity by interchanging α and β.

We then have the following (much simpler analogue) of Lemma 5.24:

Lemma 5.24. Assume µτ,α = 0 and apply Proposition 5.15 for any k ≤ e − 1 and g = 1. If

N0 is (e, β)-generic then ue−1Nφ
0 (Me−1,τ ) ̸⊂ uMe−1,τ . Likewise, the same holds if α and β are

interchanged.

Proof. Note that µτ,α = 0 implies µ
(e)
τ = (6r, 6r, 6r) − (r, 4r, 4r) = (5r, 2r, 2r). The dominance of

µ
(e−1)
τ means the only valid possibilities for µ

(e−1)
τ are

(5r, 2r, 2r)− {(0, 1, 2), (1, 0, 2), (1, 1, 1), (2, 0, 1)}

Notice that in the first three cases one has ⟨γ, µ(e−1)
τ ⟩ ≥ e, while the fourth case has ⟨β, µ(e−1)

τ ⟩ =

e+ 1.

The same argument as in the first paragraph of the proof of Lemma 5.24 shows that (e, α)-

genericity implies (e − 1, α)-genericity. Thus, in the first three cases Y
(e−1)
γ has u-adic valuation

≤ e − e = 0, and in the fourth case Y
(e−1)
β has u-adic valuation ≤ e − (e + 1) = −1. Thus,

ue−1Nφ
0 (Me−1,τ ) ̸⊂ uMe−1,τ . An identical computation holds if instead µτ = (5r, 2r, 2r) and

µ
(e)
τ = (4r, 4r, r). □

To finish the proof of Theorem 5.6 we only require an analogue of Proposition 5.18 describing

an open locus on which N0 is (e, β)-generic when µτ,α = 0 and (e, α)-generic when µτ,β = 0. The

discussion of Section 5.4.3 constructs such a locus after using part (2) of Lemma 5.21.
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6. Kisin varieties

6.1. The general construction. Fix a continuous representation ρ of GK on a finite dimensional

F-vector space, together with a choice of F-basis α of ρ. We can then consider the framed deforma-

tion ring R□
ρ with universal lifting ρuniv : GK → GLd(R□

ρ ) over O. Following [Kis08, Corollary 2.27],

write Rλ
ρ for the unique O-flat quotient of R□

ρ characterised by the property that any O-algebra

homomorphism R□
ρ → A, with A finite flat over O, factors through Rλ

ρ if and only if ρuniv ⊗Runiv
ρ

A

is crystalline with Hodge type λ.

The following construction, which first appeared in [Kis09] and [Kis08], illustrates how to relate

Rλ
ρ with the Ycr,conv

λ defined in Section 3.2. Here, as we have done previously, we assume λ is

concentrated in degree [0, h] for some fixed h ≥ 0.

Construction 6.1. Take d = dimF ρ in Section 2.1. a Hodge type λ concentrated in degree [0, h].

Then we define

L̂crλ,ρ := Ycr
λ ×Xd

Spf Rλ
ρ , L̂cr,convλ,ρ := Ycr,conv

λ ×Xd
Spf Rλ

ρ

where Xd is the formal algebraic stack defined in [EG23, Definition 3.2.1], the morphism Ycr,conv
λ →

Xd is given by M 7→M⊗Ainf,A
W (C♭)A, and Spf Rλ

ρ → Xd is the morphism from [EG23, Proposition

4.8.10]. As explained in [EG23, 4.5.26], L̂crλ,ρ can be realised as the mRλ
ρ
-adic completion of a

projective Rλ
ρ -scheme, which we denote Lcrλ,ρ. Since Ycr,conv

λ → Ycr
λ is proper, the same argument

produces a projective Rλ
ρ -scheme Lcr,convλ,ρ whose completion is L̂cr,convλ,ρ .

Suppose A is a finite local O-algebra with residue field F. Directly from Construction 6.1 we see

that the A-points of Lcr,convλ,ρ functorially identify with pairs (M, α) where M ∈ Ycr,conv
λ (A) and α

is an A-basis of T (M) := (M⊗Zp W (C♭))φ=1 so that the F-linear isomorphism

T (M)⊗A F ∼= ρ

identifying α ⊗A F and α is GK-equivariant. In particular, this illustrates that the morphism

Lcr,convλ,ρ ⊗O F → Ycr,conv
λ ⊗O F given by (M, α) 7→ M is a formally smooth morphism of algebraic

stacks over SpecF (compare with [Bar23a, Lemma 16.6]). This also shows that Lcr,convλ,ρ → SpecRλ
ρ

becomes an isomorphism after inverting p. See, for example, [Bar23b, Corollary 3.3.7].

The following, whose proof is taken from [Kis09, Corollary 2.4.10], demonstrates the utility of

these constructions.

Proposition 6.2. Suppose x1, x2 are O-valued points of SpecRλ
ρ with (necessarily unique) liftings

(Mi, αi) ∈ Lcr,convλ,ρ (O). If Ycr,conv
λ ⊗O F is reduced then x1, x2 lie in the same irreducible component

of SpecRλ
ρ if the images of (Mi, αi) in Lcr,convλ,ρ ⊗Rλ

ρ
F lie in the same connected component.

Proof. Since Lcr,convλ,ρ ⊗O F→ Ycr,conv
λ ⊗O F is formally smooth, reducedness of Ycr,conv

λ ⊗O F implies

the same for Lcr,convλ,ρ ⊗O F. This implies that any idempotent e ∈ Rλ
ρ [1p ] = O(Lcr,convλ,ρ [1p ]) lies
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inside O(Lcr,convλ,ρ ). If not we could choose a uniformiser ϖ ∈ O and a minimal n ≥ 1 so that

ϖne ∈ O(Lcr,convλ,ρ ); but then the image of ϖne in O(Lcr,convλ,ρ ⊗O F) squares to zero, contradicting

reducedness. It follows that if the images of (Mi, αi) in Lcr,convλ,ρ ⊗O F lie in the same connected

component then the same is true of xi[
1
p ] in SpecRλ

ρ [1p ]. Since Rλ
ρ is O-flat with Rλ

ρ [1p ] regular [Kis08,

Theorem 3.3.8], this is equivalent to asking that the xi lie in the same irreducible component of

SpecRλ
ρ . We conclude using the standard fact that the connected components of any proper scheme

over SpecRλ
ρ are in bijection with the connected components in the fibre over the closed point, as

follows by combining Stein factorisation [Sta18, 03H2] with the idempotent lifting described in

[Sta18, 09X1]. □

6.2. Torus actions and semisimple points. Proposition 6.2 motivates the problem of deter-

mining when two points in Lcr,convλ,ρ ⊗Rλ
ρ
F lie in the same connected component. The following ob-

servation substantially simplifies this process whenever ρ =
⊕d

ℓ=1 ρℓ with each ρℓ one-dimensional.

In this case we assume the basis α of ρ is compatible with this decomposition.

Lemma 6.3. Suppose that ρ is completely reducible as above. Then Lcr,convλ,ρ ⊗Rλ
ρ
F admits a T -action

which, on F-valued points, is given by

t · (M, α) = (M, αt)

(recall from the previous section that α here is an F-basis of T (M), viewed as a row vector).

Proof. One just has to check that the given formula is well-defined, i.e. that if the map T (M)→ ρ

identifying α and α is GK-equivariant, then so is the map identifying αt and α. But this is just

the assertion that t normalises ρ. □

The properness of Lcr,convλ,ρ ⊗Rλ
ρ
F over F therefore ensures every connected component of Lcr,convλ,ρ ⊗Rλ

ρ

F contains a T -fixed F-valued point. Such T -fixed points are very easy to make explicit:

Lemma 6.4. Suppose (M, α) is T -fixed under the action in Lemma 6.3. Then, for 1 ≤ ℓ ≤ d,

there are rank one Breuil–Kisin modules M(ℓ) equipped with convolution structures and crystalline

GK-actions so that

M ∼=
d⊕

ℓ=1

M(ℓ)

compatibly with convolution structures and crystalline GK-actions.

Proof. A standard fact of the functor M 7→ T (M) is the existence of a unique (up to isomorphism)

φ,GK∞-equivariant identification

(6.1) M⊗S C
♭ ∼= T (M)⊗Zp C

♭
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This holds for any Breuil–Kisin module over SF, see for example, [BMS18, Lemma 4.26]. If M

is furthermore equipped with a GK-action then this identification becomes GK-equivariant for the

induced GK-action on T (M).

Then (M, α) being T -fixed means that, for each t ∈ T , the automorphism of T (M)⊗Zp C
♭ given

by α 7→ αt stabilises M under (6.1). If T (M) =
⊕
Tℓ is a weight decomposition for the action of a

sufficiently generic character Gm → T , then there exists a φ-equivariant decomposition

M =

d⊕
ℓ=1

M(ℓ), M(ℓ) := M ∩
(
Tℓ ⊗Fp C

♭
)

which becomes GK-equivariant after extending scalars to C♭. After taking the Frobenius twist of

(6.1) we also have that the convolution structure M• on M is stabilises by the T -action, and so

Mi =

d⊕
ℓ

M
(ℓ)
i , M

(ℓ)
i := Mi ∩

(
Tℓ ⊗Zp C

♭
)

under the Frobenius twist of (6.1). Clearly, each M(ℓ) and M
(ℓ)
i are SF-projective and so define rank

one Breuil–Kisin modules with convolution structure. Our assumption that ρ decomposes as a sum

of 1-dimensional representations compatibly with the basis α ensures that each line Tℓ ⊂ T (M)

is GK-stable. The extension of this GK-action to Tℓ ⊗S C♭ therefore induces a GK-action on

M(ℓ) ⊗S C
♭ which is crystalline (since that the sum of these GK-actions is crystalline on M). □

Corollary 6.5. Let (M, α) ∈ Lcr,convλ,ρ ⊗Rλ
ρ
F and suppose additionally that h ≤ p − 1 so that the

morphism M 7→ (M, N0) from Theorem 2.7 is defined. If (M, α) is T -fixed and ρ is the trivial

d-dimensional GK-representation then N0 ≡ 0 modulo ueM.

Proof. Given the formula for N0 in Theorem 2.7 this follows if we can show (M, α) being T -fixed

implies the divisibility of the crystalline GK-action on M described in (2.2) can be strengthened to

(6.2) (τ − 1)n(m) ∈M⊗S u
eφ−1(µ)nAinf

for all n ≥ 1 and m ∈ M. By Lemma 6.4, it suffices to show that any crystalline GK-action on a

rank one Breuil–Kisin module M over SF satisfies (6.2).

Any such M admits at most one crystalline GK-action. Indeed, any such crystalline GK-action

extends the GK∞-action on T (M) to a GK-action, and the crystalline GK-action can be recovered

from this extension via the identification from (6.1). But T (M) being one dimensional over F ensures

there is a unique extension of the GK∞-action to a GK-action (compare e.g. [Bar21, Lemma 2.2.1]).

As explained in e.g. [Fon90, §1], (6.1) actually descends to an identification over k((u))sep ⊂ C♭.

In particular, if T (M) has a single generator β over F then the image of M under (6.1) is generated

by βf for some f ∈ k((u))sep ⊗Fp F. If we further assume the GK∞-action on T (M) is trivial then
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f is GK∞-fixed and so f ∈ k((u))⊗Fp F. The claimed divisibility in (6.2) therefore reduces to the

assertion that

(τ − 1)n(f) ∈ ueφ−1(µ)nfAinf,F

For this note that τn(ui) ≡ ui modulo µnuiAinf (arguing by induction this follows from the case

n = 1) and recall that µ generates the same ideal of Ainf as ueφ−1(µ). □

6.3. Extremal fixed points and semisimple lifts. As in the previous section we assume that

ρ =
⊕d

ℓ=1 ρℓ compatibly with the basis α. It follows from Lemma 6.4 that if (M, α) ∈ Lcr,convλ,ρ (F)

is T -fixed then there exists SF-bases βi of Mi, compatible with the decomposition in Lemma 6.4,

so that

βi,τ = βi−1,τ


uν

∗
i,τ,1

. . .

uν
∗
i,τ,d


for tuples of integers (ν∗i,τ,1, . . . , ν

∗
i,τ,d) ≤ λ∗κ(i,τ) for each 1 ≤ i ≤ e and τ ∈ J0. Note, we don’t

require for the usual relationship between β0 and βe here.

Definition 6.6. We say that a T -fixed point (M, α) ∈ Lcr,convλ,ρ (F) as above is extremal at κ = κ(i, τ)

if there is a permutation w ∈ Sd so that

(ν∗i,τ,1, . . . , ν
∗
i,τ,d) = w(λ∗κ)

We say (M, α) is extremal if it is extremal at every κ ∈ J .

Lemma 6.7. Suppose (M, α) ∈ Lcr,convλ,ρ (F) is an extremal T -fixed point. Then there exists a

crystalline representation T ◦ of GK with Hodge type λ on a finite free O-module such that

• T ◦ is a direct sum of 1-dimensional crystalline representations and T ⊗O F ∼= ρ.

• If M◦ ∈ Ycr,conv
λ (O) is the Breuil–Kisin module associated to T ◦ (with uniquely determined

convolution structure) then M◦ ⊗O F ∼= M.

Proof. It is a standard fact that any rank 1 Breuil–Kisin module over F with convolution structure

lifts to the Breuil–Kisin module associated to a one dimensional crystalline representation. See,

for example, [Bar23b, Example 5.3.2]. Furthermore, the Hodge type of this character is uniquely

determined by the initial Breuil–Kisin module over F. Since the formation of Breuil–Kisin modules

associated to crystalline representations respects direct sums, it follows that any (not necessarily

extremal) T -fixed (M, α) ∈ Lcr,convλ,ρ (F) is the base change to F of an M◦ ∈ Ycr,conv
ν (O) for a Hodge

type ν with νκ(i,τ) the dominant conjugate of {νi,τ,1, . . . , νi,τ,d} for νi,τ,ℓ := h − ν∗i,τ,ℓ. If (M, α) is

extremal then ν = λ, which gives the claim. □
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6.4. Potential diagonalisability.

Theorem 6.8. Let ρ be the trivial 3-dimensional F-representation and suppose (M, α) ∈ Lcr,convη,ρ (F)

with ηκ = (2, 1, 0) for each κ ∈ J . If p ≥ 5 and e ≡ 0 modulo 3 then (M, α) lies in the same

connected component of Lcr,convη,ρ ⊗Rλ
ρ
F as an extremal T -fixed point.

Proof. Fix h = 2 and recall in this case that ν∗κ = νκ. For a generic choice of character η : Gm → T

the point limt→0 η(t) · (M, α) is T -fixed and lies in the same connected component as (M, α). We

can therefore assume (M, α) is T -fixed and so express the convolution structure on M using the

notation from Section 6.3. Choose a minimal 1 ≤ i ≤ e so that (M, α) is not extremal at κ = κ(i, τ).

Then, νi,τ,1 = νi,τ,2 = νi,τ,3 = 1, and so Mi,τ = uMi−1,τ . Notice that, after part (2) of Lemma 4.5,

this is only possible if i > 1. Minimality of i therefore ensures (M, α) is extremal at κ(i − 1, τ)

and so we can choose an SF-basis βi−2,τ of Mi−2,τ so that Mi−1,τ ⊂ Mi−2,τ is generated by

βi−1,τ := βi−2,τ diag(u2, u, 1). This allows us to vary the submodule Mi−1,τ ⊂Mi,τ by considering

the F[t][[u]]-submodule M
(t)
i−1,τ ⊂Mi−2,τ ⊗F[[u]] F[t][[u]] generated by

(6.3) β
(t)
i−1,τ :=

(
βi−2,τ ⊗ 1

)1 0 0

0 1 t

0 0 1

 diag(u2, u, 1) =
(
βi−1,τ ⊗ 1

)1 0 0

0 1 t
u

0 0 1


Since Mi,τ ⊗F F[t] is contained in M

(t)
i−1,τ we can define a convolution structure on the Breuil–Kisin

module M(t) := M⊗F F[t] over F[t] by setting

M
(t)
j,ν :=

Mj,τ ′ ⊗F[[u]] F[t][[u]] if (j, τ ′) ̸= (i− 1, τ)

M
(t)
i−1,τ if (j, τ ′) = (i− 1, τ)

If the morphism in Theorem 2.7 is given by M 7→ (M, N0) then we can furthermore consider the

pair (M(t), N
(t)
0 ) ∈ Z∇,conv

≤h (F[t]) where N
(t)
0 = N0 ⊗F[[u]] F[t][[u]]. We claim that (M(t), N

(t)
0 ) ∈

Y ∇,conv
λ (F[t]).

Before checking this claim, let us see how it implies the theorem. Corollary 5.2 asserts that

M 7→ (M, N0) defines an isomorphism Ycr,conv
λ ⊗O F ∼= Y ∇,conv

λ . The claim therefore lets us

view (M(t), N0) as an F[t]-valued point of Ycr,conv
λ . Since T (M(t)) = T (M) ⊗F F[t] we can view

(M(t), α ⊗F F[t]) as an F[t]-valued point of Lcr,convλ,ρ ⊗Rλ
ρ
F. Specialising to t = 0 clearly recovers

(M, α), while if (M(∞), α⊗F F[t]) denotes the limit as t→∞ then the chain of submodules

M
(∞)
i,τ ⊂M

(∞)
i−1,τ ⊂M

(∞)
i−2,τ

are generated respectively by βi−2 diag(u3, u2, u) and βi−2 diag(u2, 1, u). Thus, (M(∞), α) is T -fixed,

and extremal at κ = κ(i, τ). Iterating this process therefore creates a chain of P1’s in Lcr,convλ,ρ ⊗R F
connecting (M, α) to an extremal T -fixed point, which finishes the proof.
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Returning to the claim, we have to check (M(t), N
(t)
0 ) that, after choose F[t]-bases β

(t)
• of M•,

the triple (M(t), N
(t)
0 , β

(t)
• ) satisfies the conditions (Bi−1) and (Bi) from Construction 4.4 at the

embedding τ . We can choose β
(t)
• so that β

(t)
i−2 = βi−1⊗1 and β

(t)
i−1 is as in (6.3). We need to compute

the restrictions of ui−1N
(t),φ
0 and uiN

(t),φ
0 to M

(t)
i−2,τ and M

(t)
i−1,τ respectively. Then we will check

the equation from Example 4.2 vanishes on Ej := Ψ(M
(t)
j,τ , βj−1) for j = i, i − 1. Corollary 6.5

ensures the existence of an F[t]-basis (e1, e2, e3) of φ∗M so that N0(e1, e2, e3) ≡ 0 modulo uepφ∗M.

On the other hand, Lemma 6.4 ensures e1, e2, e3 can be chosen so that βi−2 = (ur1e1, u
r2e2, u

r3e3)

and βi−1 = (ur1+2e1, u
r2+1e2, u

r3e3) for some ri ≥ 0. Therefore,

ui−1Nφ
0 (β

(t)
i−2) ≡ β

(t)
i−2u

i−1c(u)

(
r1 0 0
0 r2 0
0 0 r3

)
, uiN

(t),φ
0 (β

(t)
i−1) ≡ β

(t)
i−1u

ic(u)

(
r1+2 0 0

0 r2+1
t(r2−r3−1)

u
0 0 r3

)
modulo uep+i−1φ∗M(t) and uep+iφ∗M(t) respectively. Thus, these congruences also hold respectively

modulo uhM
(t)
i−2 and uhM

(t)
i−1. If i > 2 then both matrices above are ≡ 0 modulo u2, and so

substituting nij = 0 into the equations from Example 4.2 shows (Bi−1) and (Bi) hold. If i = 2

then r1 = r2 = r3 = 0 and so, after substituting n23 = −t and all other nij = 0 in the equations

from Example 4.2, express (B1) and (B2) as the vanishing of

y0,1,2, respectively ty0,1,4

as functions on Ψ(M
(t)
i−1,τ , β

(t)
i−2) and Ψ(M

(t)
i,τ , β

(t)
i−1) respectively. If β

(t)
j = (e1,j , e2,j , e3,j) then the

first vanishing asks that e1,i−2∧e2,i−2∧e3,i−2 is zero inside
∧3M

(t)
i−2/M

(t)
i−1 and the second asks that

e1,i−1 ∧ e2,i−1 ∧ ue2,i−1 is zero inside
∧3M

(t)
i−1/M

(t)
i . Both these are easy to check using (6.3). □

Recall, from [BLGGT14, §1.4], that a potentially crystalline representation ρ : GK → GLd(O)

is potentially diagonalisable if there exists a finite extension L/K so that the restriction of ρ[1p ] to

GL corresponds to an O[1p ]-valued point of SpecRcr,λ
ρ , for some Hodge type λ and ρ = ρ⊗O F|GL

,

contained in the same connected component as an O[1p ]-valued point induced by direct sum of

1-dimensional crystalline representations.

Corollary 6.9. Let K be any finite extension of Qp with p ≥ 5. Then any potentially crystalline

ρ : GK → GL3(O) with Hodge type (2, 1, 0) is potentially diagonalisable.

Proof. If ρ : GK → GL3(O) has Hodge type (2, 1, 0) then so does its restriction to a finite index

subgroup of GK . Enlarging K we can therefore assume that ρ = ρ⊗OF is trivial and ρ is crystalline.

We can also assume e ≡ 0 modulo 3. The corollary therefore follows by combining Theorem 6.8,

Proposition 6.2, and Lemma 6.7. □
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7. Applications

In this section, we prove our main results on automorphy lifting, Breuil–Mézard conjecture, and

the weight part of Serre’s conjecture.

7.1. Global setup. Let F be an imaginary CM field with maximal totally real subfield F+, and

let c ∈ Gal(F/F+) denote complex conjugation. Fix a prime p ≥ 5, n = 3, and an isomorphism

ι : Qp
∼= C. Write Σ+

p (resp. Σp) for the places of F+ (resp. of F ) lying above p. Assume that all

places of Σ+
p split in F .

7.1.1. Algebraic modular forms. We now recall algebraic modular forms. Let G/F+ be a reductive

group which is an outer form for GL3 which is quasi-split at all finite places of F+ and which splits

over F . Suppose that G(F+
v ) ∼= U3(R) for all v|∞. Recall from [EGH13, §7.1] that G admits a

reductive model G defined over OF+ [1/N ], for some N ∈ N which is prime to p, together with an

isomorphism

(7.1) ι : G/OF [1/N ]
ι→ GL3/OF [1/N ]

which specializes to ιw : G(OF+
v

)
∼→ G(OFw)

ι→ GL3(OFw) for all places v ∈ Σ+
p .

Define F+
p := F+ ⊗Q Qp and OF+

p
:= OF+ ⊗Z Zp. If W is a finite O-module endowed with a

continuous action of G(OF+
p

) and U ≤ G(A∞,p
F+ )× G(OF+

p
) is a compact open subgroup, the space

of algebraic automorphic forms on G of level U and coefficients in W is the O-module defined as:

(7.2) S(U,W ) :=
{
f : G(F+)\G(A∞

F+)→W | f(gu) = u−1
p f(g) ∀ g ∈ G(A∞

F+), u ∈ U
}
.

We recall that the level U is said to be sufficiently small if for all t ∈ G(A∞
F+), the finite group

t−1G(F+)t ∩ U is of order prime to p. The space of algebraic automorphic forms S(U,W ) is then

endowed with an action of the Hecke algebra TP where P is a set of “good” finite places of F (see

[LLHLM23, Section 9.1] for details).

Definition 7.1. A Serre weight (for G) is an isomorphism class of a smooth, absolutely irreducible

representation V of G(OF+
p

) over F. If v|p is a place of F+, a Serre weight at v is an isomorphism

class of a smooth, absolutely irreducible representation Vv of G(OF+
v

). Any Serre weight V for

G(OF+
p

) can be written as V ∼=
⊗

v∈Σ+
p

Vv where Vv are Serre weights at v.

Let r : GF → GL3(F) be a continuous Galois representation. Recall that a maximal ideal m ⊂ TP

corresponds to r if it is the kernel of the system of Hecke eigenvalues α : TP → F satisfying the

equality

det
(
1− r∨(Frobw)X

)
=

3∑
j=0

(−1)j(NFw/Qp
(w))(

j
2)α(T (j)

w )Xj

for all w ∈ P.
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Definition 7.2. Let r : GF → GL3(F) be a continuous Galois representation and let V be a Serre

weight for G. We say that r is automorphic of weight V (or that V is a Serre weight of r) if there

exists a compact open subgroup U = Up × G(OF+,p) ⊂ G(A∞
F ) with Up ⊂ G(A∞,p

F ) such that

S(U, V )m ̸= 0.

wher m corresponds to r.

We write W (r) for the set of all Serre weights of r. We say that r is automorphic if W (r) ̸= ∅.

7.2. Automorphy lifting. We refer to Section 2.1 of [BLGGT14] for the definition of a RAECSDC

(regular, algebraic essentially conjugate self dual, cuspidal) automorphic representation (π, χ) of

GL3(AF ). Recall that by Theorem 1.1 of [BLGHT11], we can attach to a RAECSDC representation

a continuous semisimple representation

rι(π) : GF → GL3(Qp).

Given the Corollary 6.9, we immediately deduce the following automorphy lifting theorem:

Theorem 7.3. Let F be an imaginary CM field with maximal totally real subfield F+, and let

c ∈ Gal(F/F+) denote the non-trivial element. Assume F is split at all places of F+ above p ≥ 5

and ζp /∈ F . Let r : GF → GL3(Qp) be a continuous irreducible representation such that:

(1) (odd essential conjugate self-duality) There is an isomorphism rc ∼= r∨⊗χ, and χ(cv) = −1

for all v|∞ for a character χ : GF+ → Q×
p .

(2) (unramified almost everywhere) The representation r is ramified at only finitely many

primes.

(3) (minimal regular potentially crystalline) For all places v|p, the restriction r|GFv
is poten-

tially crystalline with κ-Hodge-Tate weights (2, 1, 0) for all κ : Fv ↪→ Qp.

(4) (adequate) r|GF (ζp)
is irreducible and r(GF (ζp)) is an adequate subgroup of GL3(F); and

(5) (residual modularity) r ∼= rι(π) for some π a regular algebraic conjugate self-dual cuspidal

automorphic representation of GLn(AF ).

Then r is automorphic, i.e. r ∼= rι(π
′) for some π′ a RAECSDC automorphic representation of

GL3(AF ) (of weight 0 at all places dividing p).

Proof. This essentially follows from Theorem 4.2.1 of [BLGGT14] with the improvement in Theorem

A.1.4 of [BLGG13] related to point (4). The main difference is that we don’t assume r is ordinarily

automorphic, and so instead need to show that r̄ satisfies the second condition in (3) of the theorem

in [BLGGT14]: namely r ∼= rι(Π) such that Π has level potentially prime to p and rι(Π)|GFv
is

potentially diagonalizable for all v|p.
To do this, recall that by assumption we have

S(U, V )m ̸= 0,
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for a maximal ideal m ⊂ TP corresponding to r and some Serre weight V of G. By Theorem A.2,

there exists a (regular) K-type σ(τ) such that V is a Jordan–Hölder factor of σ(τ). Let σ◦(τ) be

an O-lattice in σ(τ).

S(U, σ◦(τ))m/ϖ = S(U, σ◦(τ)/ϖ)m ̸= 0.

But any system of Hecke eigenvalues supported on S(U, σ(τ))m gives rise to a RAECSDC auto-

morphic representation Π of GLn(AF ) of weight 0 congruent to π. By Corollary 6.9, rι(Π)|GFv
is

potentially diagonalizable for all v|p.
□

7.3. Breuil–Mézard conjecture. Fix K/Qp finite. We recall the geometric and versal Breuil–

Mézard conjectures following [LLHLM23] which in turn follows [EG23, EG14]. Let X3 denote the

EG stack of 3-dimensional p-adic representations of GK .

Let Z[X3,red] denote the free abelian group on the irreducible components Cσ of X3,red parametrized

by Serre weights σ for GL3(OK). We call elements of Z[X3,red] cycles and, for a Serre weight σ,

call Cσ ∈ Z[X3,red] an irreducible cycle. (One might normally call these top-dimensional cycles

among cycles of varying dimension, but since we only consider top-dimensional cycles, we omit this

adjective.) A cycle is effective if its coefficients are nonnegative. Let K0(RepF(GL3(OK))) be the

Grothendieck group of finite length F[GL3(OK)]-modules, or equivalently the free abelian group

generated by Serre weights for GL3(OK). If W is a finite length F[GL3(OK)]-module, we write

[W ] =
∑

σ[W : σ][σ] for its image in K0(RepF(GL3(OK))) where [W : σ] denotes the multiplicity

of a Serre weight σ as a Jordan–Hölder factor of W . If V is a finite length E[GL3(OK)]-module,

the class [V
◦
] of the mod ϖ reduction of a GL3(OK)-stable O-lattice V ◦ ⊂ V is independent of the

choice of the lattice, and hence we simply denote it by [V ]. We then also denote [V
◦

: σ] by [V : σ].

Recall that an inertial type τ for K is a representation IK → GL3(E) with finite image which

extends to a representation of the Weil group of K. In what follows, we use λ to denote the Hodge

type (as opposed to Hodge–Tate weights); this is the reason for the shift by η = (2, 1, 0) in various

formulas below. Given a pair (λ, τ) where λ ∈ (Z3)J is a dominant weight and τ is an inertial

type for K, let X τ
λ+η be the potentially crystalline stack X τ

λ+η parametrizing potentially crystalline

representations with Hodge type λ and inertial type τ . Let Zλ,τ denote the cycle∑
σ

µσ(X τ
λ+η,F)Cσ

in Z[X3,red] where µσ(X τ
λ+η,F) denotes the multiplicity of Cσ as an irreducible component of X τ

λ+η,F.

Given an inertial type τ for K, there is a finite-dimensional smooth representation σ(τ) of

GL3(OK) over E associated to τ by the “inertial local Langlands correspondence” (see [CEG+16,

Theorem 3.7] for a characterization). The following conjecture is based on a geometric version of a

conjecture of Breuil–Mézard ([BM02], [EG23, Conjecture 8.2.2], [LLHLM23, 8.1.1]).
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Conjecture 7.4 (Geometric Breuil–Mézard conjecture). Let S be a collection of pairs (λ, τ). For

each Serre weight σ for GL3(OK), there exists an effective cycle Zσ ∈ Z[X3,red] such that for all

(λ, τ) ∈ S, we have

(7.3) Zλ,τ =
∑
σ

[σ(λ, τ) : σ]Zσ.

The full conjecture predicts that one can take S to be all pairs. In this paper, we will restrict

attention to the collection S0 = {(0, τ) | τ is an inertial type for K}.

Theorem 7.5. Assume p ≥ 5. Then the geometric Breuil–Mézard Conjecture 7.4 holds for the

collection S0. That is, there exist unique cycles Zσ ∈ Z[X3,red] such that for all τ , we have

(7.4) Z0,τ =
∑
σ

[σ(τ) : σ]Zσ.

Moreover, the cycles Zσ are effective.

Remark 7.6. Not much is known about these cycles but we can extract some information from

previous work.

(1) In general, the support of Zσ includes Cσ (in fact, appearing with multiplicity one). This fol-

lows from the compatibility of Zσ with patching and the existence of ordinary globalizations

for ordinary Serre weights (for example, as constructed in the proof of [LH25, Proposition

2.5.7]).

(2) If K is unramified and σ is generic, then Zσ = Cσ (see Proposition 3.6.1 [LLHLM20]).

(3) For K unramified, the second two authors with Daniel Le and Stefano Morra have on-going

work to fully determine the cycles Zσ and hence to make explicit the weight part of Serre’s

conjecture (see Remark 1.4.)

Recall from [GHS18, §3.3] that a collection S of pairs (λ, τ) is a Breuil–Mézard system if the

map

Z[S]→ K0(RepF(GL3(OK))

(λ, τ) 7→ [σ(λ, τ)]

has finite cokernel. The uniqueness assertion in Theorem 7.5 follows from the fact that S0 is a

Breuil–Mézard system (which in proved in Theorem A.2). Indeed, one is forced to take

Zσ =
∑

aτZ0,τ

where aτ ∈ Q are such that

[σ] =
∑

aτ [σ(τ)].
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Our proof of Theorem 7.5 will proceed by patching and passing to versal rings for X3. As

explained in [LLHLM23, Proposition 8.2.1], taking versal rings for X3 recovers the original Breuil–

Mézard conjecture. We summarize this discussion (see loc. cit for details). Let ρ : GK → GL3(F)

and let ρ denote the corresponding F-point of X3. Fix a versal ring Rver
ρ for X3 at ρ. The fiber

product SpfRver
ρ ×X3 X3,red is a closed formal subscheme of Spf Rver

ρ , which we denote by Spf Ralg
ρ .

Consider

iρ : Spec Ralg
ρ → X3,red.

The map iρ induces a map from the set of irreducible components of Spec Ralg
ρ to the set of

irreducible components X3,red.

Denote by Z[Spec Ralg
ρ ] the free abelian group generated by irreducible components of Spec Ralg

ρ .

The map iρ induces a pullback map i∗ρ : Z[X3,red] → Z[Spec Ralg
ρ ] obtained by formal completion

along components of X3,red. Let Zλ,τ (ρ) denote the cycle i∗ρ(Zλ,τ ) ∈ Z[Spec Ralg
ρ ].

Conjecture 7.7 (Versal Breuil–Mézard conjecture). Let S be a collection of pairs (λ, τ). For

each Serre weight σ for GL3(OK), there exist effective cycles Zσ(ρ) in Spec Ralg
ρ such that for all

(λ, τ) ∈ S, we have

(7.5) Zλ,τ (ρ) =
∑
σ

[σ(λ, τ) : σ]Zσ(ρ).

The conjecture doesn’t depend on the choice of versal ring (Remark 8.1.6 in [LLHLM23]), so in

what follows we will make the universal lifting ring R□
ρ our default choice.

Conjecture 7.4 for a collection S clearly implies the versal conjecture for S so Theorem 7.5 implies

Conjecture 7.7. The converse is also true if one knows the versal conjecture for enough ρ:

Proposition 7.8. Let P be a collection of F-points of X3. Let S be a Breuil–Mézard system. For

every Serre weight σ, assume that P contains a ρ ∈ Cσ such that Cσ is smooth at ρ and ρ does not

lie on any other components. If Conjecture 7.7 for the collection S holds with effective cycles Zσ(ρ)

for all ρ in P, then there exists cycles Zσ ∈ Z[X3,red] such that Conjecture 7.4 holds for S.

Proof. The equivalence of the two conjectures is proved in Remark 8.3.7 in [EG23] and the discussion

before. □

Theorem 7.9. Let ρ ∈ X3(F) and p ≥ 5. Conjecture 7.7 holds for S0.

Proof. We follow the geometric version of the strategy of Gee–Kisin [GK14] formulated in [EG14].

First, we globalize ρ. Since p ≥ 5, there is an imaginary CM field F and suitable globalization

r : GF → GL3(F) as in Corollary A.7 in [EG14] (noting that Conjecture A.3 in loc. cit. is true by

Theorem 6.4.4 in [EG23]). In particular we have a global setup as in Section 7.1 such that:

• r is unramified away from p;
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• letting Σ+
p denote places of F+ over p, for each v ∈ Σ+

p there is a place ṽ of F lying over v

(which we fix) such that Fṽ
∼= K and r|GFṽ

∼= ρ;

• r is automorphic.

Let (λ, τ) = (λv, τv)v∈Σp so that each λv ∈ (Zn)Hom(Fṽ ,Qp) is a Hodge type and τv an inertial type.

Let σ(λ, τ) be the finitely generated E[GL3(Op)]-module ⊗v(V (λv) ⊗ σ(τv)) where V (λv) is the

(dual) Weyl module with highest weight λv. Let Rλv+η,τv
ρ denote the reduced O-flat quotient of

the lifting ring R□
ρ such that its E′-points are exactly the potentially crystalline representations

ρ : GL → GLn(E′) of Hodge–Tate weights λv + η and inertial type τv for E′/E finite. Note that

Rλv+η,τv
ρ is the pullback of X τv

λv+η to R□
ρ .

Set

Rρ :=
⊗̂

v|p,O
R□

ρ

Rλ+η,τ
ρ :=

⊗̂
v|p,O

Rλv+η,τv
ρv

.

In this global setup, the patching argument in [CEG+16, §2] produces a minimal weak patching

functor in the sense of [LLHLM23, Definition 6.1.1]. Let RepO(GL3(OF+
p

)) denote the category of

topological O[GL3(OF+
p

)]-modules which are finitely generated over O. There is a formally smooth

complete local Noetherian equidimensional flat O-algebra Raux with residue field F, and a covariant

exact functor

M∞ : RepO(GL3(OF+
p

))→ Mod(R∞)

where R∞ = Raux⊗̂ORρ, such that

(1) ([CEG+16, Lemma 4.1.18]) Let σ◦(λ, τ) be an O-lattice in σ(λ, τ). Then M∞(σ◦(λ, τ))

is supported on R∞(λ, τ) := R∞ ⊗Rρ R
λ+η,τ
ρ , and is maximal Cohen-Macaulay over it.

Furthermore, M∞(σ◦(λ, τ))[1p ] is locally free of rank 1 over its support.

(2) For all σ ∈ JH(σ(λ, τ)), M∞(σ) is a maximal Cohen–Macaulay module over R∞(λ, τ)/ϖ

(or is 0).

In what follows, we will only consider the case λ = 0, and hence suppress it from the notations (e.g

we abbreviate R∞(0, τ) = R∞(τ)). Let d (resp. dv) be the common relative dimension over O of

R∞(τ) (resp. Rη,τv
ρ ).

Let τ = (τv) be such that R∞(τ) ̸= 0. By Corollary 6.9, any closed point of Spec R∞(τ)[1p ] is

potentially diagonalizable. Hence for each irreducible component C of Spec R∞(τ), we can apply

[BLGGT14, Theorem 4.4.1] with the set S = Σ+
p to produce an automorphic lift r (with respect

to our current global setting) of r such that (rṽ)v∈Σ+
p

induces a point in C. Since the support

of M∞(σ◦(τ)) is a union of irreducible components of R∞(τ) by the maximal Cohen-Macaulay

property, we conclude that its support is all of R∞(τ). It follows that M∞(σ◦(τ))[1p ] is locally free
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of rank 1 over R∞(τ)[1p ]. This implies

(7.6) Z(R∞(τ)/ϖ) = Z(M∞(σ◦(τ)/ϖ)),

where for R∞-module M which is supported on R∞(τ)/ϖ for some τ , we let Z(M) denote its

associated d-dimensional cycle.

We now fix a place v0 ∈ Σ+
p . For each v ∈ Σ+

p \ {v0}, we fix a choice of inertial type τv such that

Rη,τv
ρ ̸= 0 as well as a choice of O-lattice σ◦(τv). We have an injective pullback map

j∞ : Zdv [Spec R
η,τv0
ρ /ϖ] ↪→ Zd[Spec (R∞/ϖ)]

induced by tensoring with Raux⊗̂(⊗̂v∈Σ+
p \{v0}R

η,τv
ρ /ϖ). Clearly

(7.7) j∞(Z0,τv0
(ρ)) = j∞Z(Rη,τv

ρ /ϖ) = Z(R∞(τ)/ϖ)

Now for each Serre weight σv0 for GL3(OK), we choose a presentation

[σv0 ] =
∑

aσ,τ [σ(τv0)]

in K0(F[GL3(OK)]) and set

Zσv0
(ρ) =

∑
aσ,τZ0,τv0

(ρ),

which is a priori a possibly rational combination of cycles. Combining equations (7.6), (7.7), the

exactness of M∞ and the additivity of cycles in short exact sequences, we deduce

j∞(Zσv0
(ρ)) = Z(M∞(σv0 ⊗ (⊗v∈Σ+

p \{v0}σ
◦(τv)/ϖ))))

In particular this shows Zσv0
(ρ) are effective cycles. Finally, the system of equations (7.5) with

λ = 0 hold for Zσv0
(ρ) since they hold after applying the injective map j∞.

□

7.4. Weight part of Serre’s conjecture. Let’s return to the global setup with F/F+ as in

Section 7.1. Let r : GF → GL3(F) be a continuous Galois representation. The existence of the

cycles Zσ in Theorem 7.5 allows us to unconditionally state and prove the weight part of Serre’s

conjecture. (This connection to the Breuil–Mézard conjecture in this generality first appears in

[GHS18].)

Continue to assume p ≥ 5. Let rp be the collection rv := r|GFṽ
. For each v and a Serre weight

σv for G(kv), let Zσv be the effective Breuil–Mézard cycle from Theorem 7.5.

Definition 7.10. (Definition 3.2.7 [GHS18]) Define

WBM(rv) = {σv | rv lies in the support of Zσv}.

Theorem 7.11. (Weight part of Serre’s conjecture) Assume p ≥ 5. Suppose that

(1) if r is ramified at a place ṽ of F , then ṽ|F+ is split in F ;

(2) r : GF (ζp) → GL3(F) is an adequate subgroup and ζp /∈ F
ker adr

; and
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(3) r is automorphic in the sense of Definition 7.2.

Then

σ = ⊗vσv ∈W (r) if and only if σv ∈WBM(rv).

In particular, the modular weights of r only depend on the local components above p.

Proof. We patch in this setup as in [LLHLM23, Appendix A] with the property that for any Serre

weight σ for G,

M∞(σ) ̸= 0 ⇐⇒ r is automorphic of weight σ.

In particular, σ ∈W (r̄) if and only if M∞(σ) ̸= 0.

By the same argument as in the proof of Theorem 7.5 using [BLGGT14, Theorem 4.4.1], for all

types τ , M∞(τ) has full support on Spec R∞(τ). For σ = ⊗vσv, we furthermore learn that the

support cycle of M∞(σ) is the pullback of
∏

v∈Σ+
p
Zσv along Spec R∞ →

∏
v∈Σ+

p
X3,Fṽ

.

□

Remark 7.12. Theorem 7.11 is not restricted to the case of algebraic modular forms. The same

argument goes through in any situation where one can perform Taylor–Wiles patching. For example,

we could take a unitary group G which has signature (2, 1) at some subset of the infinite places

and compact at the others and patch the middle cohomology. The main technical subtlety in this

setting would be the exactness of the patching. This could be arranged by assuming some genericity

assumption at an auxiliary place and applying torsion vanishing results but we don’t pursue this

here.
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Appendix A. Reduction of some GLn(OF )-types (by Andrea Dotto)

We fix a p-adic field F with ring of integers OF , residue field kF , and uniformizer ϖF . We let F be

an algebraic closure of F , we write Fn for the unramified extension of F in F of degree n, and we fix

an F -linear embedding of Fn in the matrix algebra Mn(F ), by choosing an F -basis of Fn. Finally,

we choose a p-adic coefficient field E/Qp with ring of integers O, residue field F, and uniformizer ϖ,

and we assume that E contains Qp(ζp), and that kFn embeds in F. The aim of this appendix is

to prove a result concerning the reduction mod ϖ of certain smooth O[GLn(OF )]-representations,

whose definition we recall next.

Definition A.1. Let s be a Bernstein component of the category of smooth E[GLn(F )]-modules,

let J ⊂ GLn(F ) be a compact open subgroup, and let κ be an irreducible smooth E[J ]-module.

(1) (J, κ) is a type for s if, for all irreducible smooth E[GLn(F )]-modules π, we have HomJ(κ, π) ̸=
0 if and only if π ∈ s.

(2) s is regular if, for all irreducible π ∈ s, the monodromy operator on the Langlands parameter

recE(π) is equal to zero.

(3) We define T ⊂ K0(GLn(OF ), E) as the subgroup spanned by irreducible representations τ

such that (GLn(OF ), τ ⊗E E) is a type for a regular Bernstein component of E[GLn(F )].

Note that if τ ∈ T is a type for the regular Bernstein component s, and ρ : Gal(F/F )→ GLn(E)

is a potentially semistable Galois representation, such that WD(ρ)F-ss is the Langlands parameter

of an irreducible π ∈ s, then ρ is potentially crystalline, by Definition A.1 (2). We will prove the

following result.

Theorem A.2. Assume that |kF | ≥ n+ 1. Then the semisimplified mod ϖ reduction map

rϖ : T ⊗Z Q→ K0(GLn(kF ),F)⊗Z Q

is surjective.

We will prove Theorem A.2 by exhibiting a spanning set of the right-hand side, and showing that

it is contained in the image of rϖ, by explicitly constructing elements of T providing a preimage.

We begin by constructing the spanning set.

Lemma A.3. Let S be a set of representatives of the GLn(kF )-conjugacy classes of pairs (T, χ)

consisting of the group T ⊂ GLn(kF ) of kF -points of a rational maximal torus, and an E-character

χ : T → E
×
. Then {rϖ(Ind

GLn(kF )
T χ) : (T, χ) ∈ S} is a spanning set of K0(GLn(kF ),F)⊗Z Q.

Proof. Since every p-regular (i.e. semisimple) conjugacy class in GLn(kF ) intersects the kF -points

of some rational maximal torus, this lemma can be proved by the same arguments as for Artin’s

I was supported by a Royal Society University Research Fellowship during the writing of this appendix. I am

grateful to Shaun Stevens for comments on a draft.
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theorem on induction from cyclic subgroups. Here we offer an alternative argument based on some

properties of Deligne–Lusztig characters.

Given (T, χ) ∈ S, we write χ 7→ RGLn
T (χ) for the Deligne–Lusztig induction map on virtual

characters. Then, by [LS77, Thm. 3.2], K0(GLn(kF ), E)⊗Z Q is Q-spanned by RGLn
T (χ), as (T, χ)

runs through S. On the other hand, the Steinberg character of GLn(kF ), denoted St, is nonzero

on all semisimple conjugacy classes of GLn(kF ) (see e.g. [Lus76, Prop. 3.1, Rem. 3.2]). Hence a

consideration of Brauer characters shows that the operation of tensoring with rϖ(St) induces an

isomorphism

−⊗F rϖ(St) : K0(GLn(kF ),F)⊗Z Q→ K0(GLn(kF ),F)⊗Z Q,

and so rϖ
(
RGLn

T (χ)⊗E St
)

forms a spanning set of K0(GLn(kF ),F)⊗ZQ over Q. (In fact, the image

of K0(GLn(kF ),F) under −⊗Rrϖ(St) is the Grothendieck group of projective F[GLn(kF )]-modules,

by [Lus76, Thm. 1.1].) Finally, by [DL76, Prop. 7.3], the virtual character RGLn
T (χ)⊗E St coincides,

up to sign, with Ind
GLn(kF )
T (χ): more precisely,

(−1)σ(G)−σ(T )(RGLn
T (χ)⊗E St) = Ind

GLn(kF )
T (χ),

where σ(−) denotes the rational rank of a group. The lemma is an immediate consequence of these

considerations. □

Recall that the GLn(kF )-conjugacy classes of rational maximal tori in GLn(kF ) are in bijection

with partitions P of n, the class corresponding to P = n1 ≥ n2 ≥ · · · ≥ nt being represented by

TP :=

t∏
i=1

k×Fni
.

Then S will consist of the pairs (TP , χP), as χP runs through E-valued characters of TP , and P
runs through partitions of n.

Let T ◦
P be the preimage of TP under the mod ϖF reduction map GLn(OF ) → GLn(kF ). Note

that the surjection T ◦
P → TP is split by the image of the Teichmüller lift [k×Fni

] under our fixed

embedding F×
ni
→ GLni(F ), and so we have a semidirect decomposition

T ◦
P = TP ⋉ (1 +ϖFMn(OF )).

By Lemma A.3, to prove Theorem A.2 it suffices to show that, for all (TP , χP) ∈ S, there exists

a character χ◦
P : T ◦

P → E× such that χ◦
P |TP = χP , and (T ◦

P , χ
◦
P) is a type for a regular Bernstein

component. Indeed, since 1 +ϖFMn(OF ) is a pro-p group, we have

rϖ(Ind
GLn(kF )
TP

χP) = rϖ(Ind
GLn(OF )
T ◦
P

χ◦
P),

and so we conclude that rϖ(Ind
GLn(kF )
TP

χP) is contained in rϖ(T ), since (GLn(OF ), Ind
GLn(OF )
T ◦
P

χ◦
P)

is a type for a regular Bernstein component.
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Construction of types. The characters χ◦
P we seek to construct arise as GLn(F )-covers of

Bushnell–Kutzko types for cuspidal Bernstein components, of small conductor, of Levi subgroups

of GLn(F ). As such, their study goes back at least to [How77], but some of their properties do not

seem to be readily available in the literature in the form we require. For this reason, we provide

details of the construction, although it is surely well-known to experts (our arguments are adapted

from [Car84, Roc98]).

Definition A.4. For any partition P = n1 ≥ n2 ≥ · · · ≥ nt of n, we will consider sequences uP of

ui ∈ k×Fni
, 1 ≤ i ≤ t, with the following two properties:

(1) uni has trivial stabilizer in Gal(kFni
/kF ), and

(2) if i ̸= j and ni = nj , then uni and unj are not conjugate under Gal(kFni
/kF ).

The following lemma implies the existence of such sequences for any partition P. (This is the

only place in this appendix where the assumption that |kF | ≥ n+ 1 is used.)

Lemma A.5. Assume that |kF | ≥ n + 1, and let P be a partition of n. Then there exists a

sequence uP with properties (1) and (2) in Definition A.4.

Proof. Writing q := |kF |, the number of Galois orbits on the set of nonzero primitive elements of

kFni
/kF is

(A.1) −δni=1 + n−1
i

∑
d|ni

µ(d)qni/d.

Let m be the number of times that ni occurs in P. We need to show that (A.1) is at least m. This

follows from the inequalities

−1 +
∑
d|ni

µ(d)qni/d ≥
(
qni −

∑
d|ni,d̸=ni

qd − 1
)
≥ (q − 1)qni−1 ≥ q − 1 ≥ n ≥ nim. □

Given uP as in Definition A.4, we write uni for the Teichmüller lift of uni in O×
Fni

, and we

regard uni as an element of GLni(OF ) via our fixed embedding Fni →Mni(F ). We then define

(A.2) uP := (un1 , . . . , unt) ∈ GLn1(F )× · · · ×GLnt(F ).

To construct our types, we follow a standard procedure of fixing an additive character ψ : F →
E

×
which is trivial on ϖFOF but not on OF . Then there is a bilinear pairing

Mn(F )×Mn(F )→ E
×
, (A,B) 7→ ψ tr(AB),

which identifies Mn(F ) with its dual group of smooth characters Mn(F ) → E
×

. The annihilator

of piA := ϖi
FMn(OF ) with respect to this pairing is p−i+1

A . Hence the function

u◦P : K1 → E
×
, 1 +ϖFA 7→ ψ tr(uPA)
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is a character of K1 := 1 +ϖFMn(OF ). Since E contains the p-th roots of unity, it follows that u◦P
is valued in E. Since uni ∈ F×

ni
, u◦P is invariant under conjugation by TP , and so can be extended

to a character of T ◦
P = TP ⋉K1. We define (χP , uP)◦ to be the unique extension of u◦P to T ◦

P such

that (χP , uP)◦|TP = χP .

Lemma A.6. Let uP , vP satisfy properties (1) and (2) in Definition A.4.

(1) Assume that u◦P , v
◦
P intertwine in GLn(F ). Then there exists a permutation ν ∈ St such

that unj and vnν(j)
are Gal(kFnj

/kF )-conjugate for all 1 ≤ j ≤ t.
(2) Let χP : TP → E× be a character. Then the GLn(F )-intertwining set of (T ◦

P , (χP , uP)◦) is

contained in K1

(∏t
i=1 F

×
ni

)
K1.

Proof. Let g ∈ GLn(F ), and assume that g intertwines u◦P and v◦P , i.e. that the Hecke module

(A.3) HomGLn(F )(c-Ind
GLn(F )
K1

u◦P , c-Ind
GLn(F )
K1

v◦P)

has an element supported on K1gK1. Then u◦P and ad(g)∗v◦P have the same restriction to K1 ∩
g−1K1g. Hence, for all x ∈ K1 ∩ g−1K1g, the equality

ψ tr(ϖ−1
F uP(x− 1)) = ψ tr(ϖ−1

F vP(gxg−1 − 1))

holds. Rearranging, we find that

ψ tr((g−1vPg − uP)ϖ−1
F (x− 1)) = 0,

and so g−1vPg−uP is contained in the annihilator of Mn(OF )∩g−1Mn(OF )g, which is pA+g−1pAg.

So there exist Au, Av ∈Mn(OF ) such that

uP −ϖFAu = g−1(vP −ϖFAv)g.

By Lemma A.7 below, there exist ku, kv ∈ K1 such that ũP := k−1
u (uP − ϖFAu)ku and ṽP :=

k−1
v (vP − ϖFAv)kv are contained in

∏t
j=1O

×
Fnj

. Since ũP is congruent modulo ϖF to uP , the

reduction modulo ϖF of its j-th component ũnj is unj . Similarly, the reduction modulo ϖF of ṽnj is

vnj . Hence ũnj , resp. ṽnj acts on the j-th direct summand in the decomposition F⊕n =
⊕t

j=1 F
⊕nj

by an endomorphism whose characteristic polynomial lifts the characteristic polynomial of unj ,

resp. vnj . Bearing in mind Definition A.4, we thus see that ũP , ṽP have squarefree characteristic

polynomial. Setting g̃ := k−1
2 gk1, which conjugates ũP to ṽP (and so sends eigenspaces of ũP

to eigenspaces of ṽP), it thus follows that there exists ν ∈ St such that g̃F⊕nj = F⊕nν(j) for

all 1 ≤ j ≤ t. In turn, this equality implies that ũnj and ṽnν(j)
have the same characteristic

polynomial; hence the same is true of unj and vnν(j)
, which are therefore Galois conjugates. This

concludes the proof of part (1).

We now prove part (2). It suffices to prove that if g intertwines u◦P with itself, then g ∈
K1

(∏t
i=1 F

×
ni

)
K1. To do so, we specialize the discussion above to vP := uP , using the same
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notation. Definition A.4 (2) implies that necessarily ν = 1. It follows that g̃ ∈
∏t

i=1 GLni(F ), and

furthermore g̃j ũnj g̃
−1
j = ṽnj , for all 1 ≤ j ≤ t. Since Fnj = F [ũnj ] = F [ṽnj ], this implies that g̃j

normalizes Fnj in GLnj (F ), and the resulting Galois automorphism of Fnj is the identity, since ũnj

and ṽnj are the same modulo ϖF (they both coincide with unj = vnj ). Hence g̃j ∈ F×
ni

, which

concludes the proof of part (2), since g ∈ K1g̃K1. □

Lemma A.7. Let P be a partition of n, let uP be a sequence as in Definition A.4, and let u := uP

be as in (A.2). Then, for all A ∈Mn(OF ), there exists k ∈ K1 such that

k−1(u−ϖFA)k ∈
t∏

i=1

O×
Fni
.

Proof. Since u−ϖFA is invertible in Mn(OF ), it suffices to find k ∈ K1 such that

k−1(u−ϖFA)k ∈ L :=

t∏
i=1

OFni
.

We show that, for all r ≥ 1 and ur ∈ u + ϖFMn(OF ) such that ur ∈ L + ϖr
FMn(OF ), there

exists kr ∈ Kr such that ur+1 := k−1
r urkr is contained in L+ϖr+1

F Mn(OF ). Assuming this claim,

we let u1 := u − ϖFA, and we choose kr and ur recursively; note that ur+1 is automatically

contained in u+ϖFMn(OF ) if so is ur, so the recursion is possible. Then, setting k :=
∏

r≥1 kr =

lims→∞
∏s

r=1 kr, we conclude that k−1u1k = lims→∞ us+1 is contained in L, as desired.

Definition A.4 implies that L is the kernel of the Lie bracket [u,−] : Mn(OF ) → Mn(OF ), and

has a [u,−]-stable complement L⊥ on which [u,−] acts invertibly. So our assumption on ur implies

that there exist L ∈ L and L⊥ ∈ L⊥ such that

ur = u+ϖFL+ϖr
FL

⊥.

Let M⊥ ∈ L⊥ be such that [u,M⊥] = L⊥. Let k−1
r := 1 + ϖr

FM
⊥. Then, modulo ϖr+1

F Mn(OF ),

we have

k−1
r urkr ≡ ur +ϖr

F [M⊥, ur] ≡ ur +ϖr
F [M⊥, u] ≡ (u+ϖFL+ϖr

F [u,M⊥]) +ϖr
F [M⊥, u]

≡ u+ϖFL,

and since u+ϖFL ∈ L, we see that k−1
r urkr ∈ L+ϖr+1

F Mn(OF ), as desired. □

The following proposition completes our construction of types, and so concludes the proof of

Theorem A.2.

Proposition A.8. Let P = n1 ≥ n2 ≥ · · · ≥ nt be a partition of n, let uP be as in Definition A.4,

and let χP : TP → E× be a character. Then (T ◦
P , (χP , uP)◦) is a type for a regular Bernstein

component of E[GLn(F )].
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Proof. Assume first that t = 1, i.e. that P has a single nonzero part. Accordingly, we will replace

the symbol P with n. Lemma A.6 implies that the GLn(F )-intertwining set of (T ◦
n , (χn, un)◦)

coincides with K1F
×
n K1 = F×

n K1. Since F×
n K1 is compact modulo the centre of GLn(F ), this

implies that the compact induction to GLn(F ) of any extension of (χn, un)◦ to F×
n K1 is irreducible

and cuspidal. Since F×
n K1 = F×T ◦

n , we conclude that (T ◦
n , (χn, un)◦) is a type for a cuspidal

Bernstein component s(χn, un) of E[GLn(F )].

Furthermore, we claim that if un, u
′
n and χn, χ

′
n are such that s(χn, un) = s(χ′

n, u
′
n), then un

and u′n are Gal(kFn/k)-conjugate. In fact, the equality of Bernstein components implies that there

exists an irreducible smooth E[GLn(F )] module such that HomK1(u◦n, π) and HomK1((u′n)◦, π)

are both nonzero, and so π is a common quotient of c-Ind
GLn(F )
K1

u◦n and c-Ind
GLn(F )
K1

(u′n)◦. Since

these compact inductions are projective objects of the category of smooth E[GLn(F )]-modules, we

conclude that

HomGLn(F )(c-Ind
GLn(F )
K1

u◦n, c-Ind
GLn(F )
K1

(u′n)◦) ̸= 0,

and so u◦n, (u
′
n)◦ intertwine in GLn(F ). Then the claim is a consequence of Lemma A.6.

We now drop the assumption that t = 1, and we let P be any partition of n. We will show that

(T ◦
P , (χP , uP)◦) is a GLn(F )-cover of(

t∏
i=1

GLni(F ), (χn1 , un1)◦ ⊠ · · ·⊠ (χnt , unt)
◦

)
in the sense of [BK98, Defn. 8.1]. We then deduce from [BK98, Thm. 8.3] that (T ◦

P , (χP , uP)◦) a

type for the parabolically induced Bernstein component s(χn1 , un1)×· · ·×s(χnt , unt) of E[GLn(F )].

Since i ̸= j implies that ui and uj are not Galois conjugates, and so, by the previous paragraph,

s(χni , uni) ̸= s(χnj , unj ), we furthermore see that this component is regular, which concludes the

proof of the proposition.

There remains to check that the three conditions in [BK98, Defn. 8.1] are met by (T ◦
P , (χP , uP)◦).

But the first two are true by construction, and the third condition is a consequence of [BK98,

Comments 8.2], since Lemma A.6 implies that (using notation from [BK98, Comments 8.2]) we

have H(G, (χP , uP)◦)∏t
i=1 GLni (F ) = H(G, (χP , uP)◦). □
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[NP01] B. C. Ngô and P. Polo, Résolutions de Demazure affines et formule de Casselman-Shalika géométrique,
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