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RESOLUTIONS OF SPACES OF CRYSTALLINE REPRESENTATIONS AND

MODULARITY

ROBIN BARTLETT, BAO V. LE HUNG, AND BRANDON LEVIN,
WITH AN APPENDIX BY ANDREA DOTTO

ABSTRACT. We introduce a new partial resolution of crystalline spaces of Galois representations
when the gaps in Hodge—Tate weights are smaller than p, with no bound on ramification. Further-
more, when n = 3 in the case of minimal regular weight, we are able to show that the resolution
is normal (assuming the ramification index is divisible by 3). Employing base change techniques
and further analysis of the resolution, we are able to show that all the components of the crys-
talline deformation rings are potentially diagonalizable. As a consequence, we deduce automorphy
lifting, the weight part of Serre’s conjecture, and the Breuil-Mézard conjecture in dimension three

for minimal regular weight.
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1. INTRODUCTION

Since the landmark work of [Kis09], it has been understood that the Taylor—Wiles patching
method reduces automorphy lifting theorems to the study of deformation spaces of Galois repre-
sentations of f-adic fields with p-complete coefficients. The deepest subtleties arise when ¢ = p,
where one must analyze loci cut out by p-adic Hodge-theoretic conditions. These conditions are
naturally formulated only after inverting p, and as a result, a precise understanding of their integral
variation inside deformation spaces remains largely out of reach. Fortunately, [BLGGT14] isolated
a more accessible property—potential diagonalizability—that suffices for applications to automor-
phy. A local Galois representation is potentially diagonalizable if, after restriction to a finite-index
subgroup, it lies on the same irreducible component of the crystalline deformation space as a di-
rect sum of characters. Combined with automorphic base change, this notion allowed [BLGGT14]
to prove the strongest known automorphy lifting theorems in dimensions greater than two. It is
therefore of central importance to determine whether all potentially crystalline representations are
potentially diagonalizable.

Despite its importance, potential diagonalizability has so far been established only in rela-
tively restricted settings. Beyond the ordinary and Fontaine—Laffaille representations treated in
[BLGGT14l, [GL14, Bar20], the only other complete case is that of two-dimensional potentially
crystalline representations with Hodge—Tate weights in [0, 1] (the potentially Barsotti-Tate case).
This was established in [GK14], building heavily on [Kis09]. This case played a crucial role in the
proof of the Breuil-Mézard conjecture for potentially Barsotti-Tate deformation spaces and the
weight part of Serre’s conjecture for GLs.

Recent work has led to significant advances in understanding potentially crystalline deforma-
tion spaces (see [LLHLMIS| [LLHLM23, Bar23al [Bar24]), but existing methods typically impose
restrictions on the ramification index. Such restrictions are a fundamental obstacle to proving po-
tential diagonalizability, which inherently requires handling arbitrarily ramified extensions. In this
paper, we introduce methods that are insensitive to the ramification index, allowing us to establish

potential diagonalizability for three-dimensional representations of minimal regular weight:

Theorem 1.1. Let K be a finite extension of Q, with p > 5. Then any potentially crystalline
representation p: G — GLg(@p) with minimal reqular Hodge—Tate weights (2,1,0) is potentially

diagonalizable.
Combining Theorem with the methods of [BLGGT14], we immediately obtain:

Theorem 1.2. (Automorphy Lifting) Let F be an imaginary CM field with mazimal totally real
subfield F*, and let ¢ € Gal(F/F*) denote the non-trivial element. Assume p > 5 and F is split
at all places of F™ above p. Let 1 : @p 2C,andr: Gp — GLg(@p) be a continuous irreducible

representation with residual representation 7 : Gp — GL3(IF,). Assume that:
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(1) (odd essential conjugate self-duality) There is a character x : Gp+ — @; with x(cy) = —1
for all v | oo and an isomorphism r¢ = rV @ x.

(2) (unramified almost everywhere) The representation r is ramified at only finitely many
primes.

(3) (minimal regular potentially crystalline) For all places v|p, the restriction r|gy, is poten-
tially crystalline with k-Hodge—Tate weights (2,1,0) for all k : F,, — @p.

(4) (adequate) F|GF(<p) is irreducible and 7(Gp ) is an adequate subgroup of GL3(F); and

(5) (residual modularity) 7 = 7,(7) for some w a regular algebraic conjugate essentially self-dual
cuspidal automorphic (RAECSDC) representation of GL3(Ap).

~

Then r is automorphic, i.e. r = r (') for some 7' a RAECSDC automorphic representation of
GL3(Ap).

As a second application of Theorem we prove the Breuil-Mézard conjecture in minimal
weight for potentially crystalline representations of dimension three, following the strategy laid out
in dimension two in [GK14, [EG14]. We state a version for the Emerton—Gee stack, which implies
the corresponding statement for deformation spaces (see [EG23, §8.3]).

Let X5 denote the moduli stack introduced in [EG23|, parametrizing 3-dimensional p-adic repre-
sentations of G'i. The irreducible components of the underlying reduced stack &3 .4 are naturally
labeled by Serre weights o (i.e. irreducible Fp-representations of GL3(Of)); we write C, for the
component corresponding to o, and Z[Xj ;eq] for the free abelian group generated by these compo-
nents. If 7 : Ix — GL3(Q,) is an inertial type for K, let o(7) denote the GL3(Ox)-representation
associated to 7 by the inertial local Langlands correspondence [CEG™16|, and write () for the
semisimplification of the mod p reduction of a lattice in o(7). Let A7 C A3 denote the substack
parametrizing potentially crystalline representations of inertial type 7 and k-Hodge—Tate weights
(2,1,0) for each k : K < Q,.

Theorem 1.3. (Geometric Breuil-Mézard in minimal weight) For each Serre weight o for GL3(Ok),

there exist a cycle Z5 € Z[X31eq) such that for every inertial type T for K, we have

(1.1) ZHU(X;FP)C(, => [3(r) : 0] 2.

Here MU(X;F ) denotes the multiplicity of C, as an irreducible component of X;F and [o(7) : o] is
=P P
the multiplicity of o as a Jordan—Hdlder factor of a(T).

Moreover, the cycles Z, are unique and effective.

Remark 1.4. (1) Theoremis the first result towards the Breuil-Mézard conjecture in dimen-
sion greater than two that allows arbitrary (in particular, wildly ramified) inertial types.

Although the theorem is restricted to minimal regular Hodge—Tate weights, the &(7) span
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the Grothendieck group of mod p representations of GL3(Ok) rationally (cf. Appendix [A]),
so the system of equations determines the cycles Z, uniquely.

(2) As explained in |[GHSIS]|, the existence of the cycles Z, gives an (a priori inexplicit) for-
mulation of the weight part of Serre’s conjecture: a global mod p automorphic Galois
representation 7 is automorphic of weight {o,} if and only if its local components 7, lie
in the support of Z,, for each v|p. In Section we prove this result under standard
Taylor—Wiles hypotheses, using the connection with patching already present in the proof
of Theorem [L.3l

(3) To make the weight part of Serre’s conjecture explicit, one needs to compute the support of
Z5. When K = Q,, the second two authors, together with Daniel Le and Stefano Morra,
determine that the cycles for o = F'(a,b,c) with a > b > ¢ are given by

p

Co ifa—b#p—1,b—c#p—1,

Co +Crvp,e) ifa—b=p—1,b—c#p—1,
Z, =

Co + Crapb) ifa—b#p—1,b—c=p—1,

\Co’ +CF(b,b,c) +CF(a,b,b) +CF(c,c,c) ifa—b= b—C:p— 1.

This result will appear in forthcoming work which will further determine the cycles

whenever K/Q, is unramified.

We now sketch the proof of Theorem which builds on the strategy introduced in [Kis09]. In

modern terms, Kisin’s approach revolves around the construction of a partial resolution
y;:\r - Xfr

of the crystalline locus with Hodge—Tate weights A inside the Emerton—Gee stack of G g-representations.

More precisely, this resolution is defined as the Z,-flat part of a fibre product
V§ = (AT xR, Yau)',

where Y<) denotes the moduli stack of rank n Breuil-Kisin modules of height < A, and the mor-
phism X{* — R, corresponds to restriction to Gk, C Gk for an extension Ko, = K (771/1’00)
obtained by adjoining a fixed system of p-th power roots of a uniformizer = € K.

The morphism Y{" — X" becomes an isomorphism after inverting p, justifying the idea that the
former is a (partial) resolution of the latter. In the two-dimensional Barsotti-Tate case, or more
generally whenever A consists of minuscule coweights, the situation simplifies considerably because
V¥ = Y<y. In other words, Breuil-Kisin modules of height < X correspond exactly to lattices

in crystalline representations of weight A in this situation. The geometry of )" is then governed
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by that of Y<,, whose local models are (mixed characteristic) affine Schubert varieties. These are
known to be normal in great generality [PRO3|, [PZ13| [Lev16].

Since V' is normal when X is minuscule, the irreducible components of the crystalline defor-
mation space of a representation p € X )‘fr(Fp) correspond to connected components of the fiber of
V' — Xy above p. This fiber can be analyzed using the explicit description of Y<,, and ultimately
potential diagonalizability reduces to finding a point on each of its connected components that ad-
mits a diagonal lift to characteristic zero. We stress that the normality of the resolution V5" is the
key ingredient of the entire strategy.

Beyond the minuscule setting, G x-stable lattices in crystalline representations only come from
special kinds of Breuil-Kisin modules, and the relationship between J{" and Y<) becomes signifi-
cantly more subtle. In particular, unlike Y<), it is not known in general whether )" is normal. A
central innovation of this paper is a framework to restore control over the geometry whenever \ is
concentrated in degree [0,p — 1] (in other words, all Hodge—Tate weights lie in this interval), but
crucially, without imposing any restriction on the ramification index e.

The key idea is to enhance the moduli problem Y<, by equipping a Breuil-Kisin module 9t
(which we recall is a projective module over & = W (k)[u] with Frobenius structure gy, where k

is the residue field of K') with two additional structures:

(1) An &-linear endomorphism Ny : DM /ucTIM — M/uT19MM. This induces a derivation NJ
of ©*M /uPetlp*OM, which we refer to as truncated monodromy and obeys certain stability
and commutation relation with Frobenius (cf Definition [2.4)).

(2) A convolution structure on ¢*9, i.e. an e-step filtration
M := g (E(u)P1M) C Me_y C ... C My := ™ M.

These two extra structures have natural origins: the data of Ny in is the (linearization of the)
structure needed to extend the G'i__-representation associated to 9 to a G'x-representation, while
the convolution data in is designed to capture an integral version of the Hodge filtration (or
rather, the Nygaard filtration lifting it).

Incorporating convolution structures into the resolution on the Breuil-Kisin module (and taking
Zp-flat parts) yields a refinement Y\"°°™ of our previous resolution Y§'. In characteristic p, there
is a natural map ¢ : Y7 ®7, F, — YSV/\’COHV, where YSV/\’COHV is the algebraic stack over SpecTF,
parametrizing Breuil-Kisin modules 91 of height < A, with Ny as in and a convolution structure
as in satisfying the compatibility uileff (M;) € M;. Furthermore, ¢ factors through a closed
substack Y/\V’COnv C YXCODV isolating the “elementary divisor A-part” as elaborated on below.

For general \, we do not at present have enough control over Y/\V’Conv to decide whether Y7 =

Y/\V7C°nv or to analyze the singularities of Y/\V’Conv. However, when \, = (2,1,0) for all k: K — Q,,
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a series of numerical coincidences—ultimately reflecting the fact that A is quasi-minuscule—allow

us to prove the following key technical input which underlies Theorem

Theorem 1.5. Assume p > 5 and e = 0 modulo 3 and \; = (2,1,0) for all k. Then Y/\v’Conv 18

Cohen—Macaulay and generically reduced, hence reduced. Furthermore

cr,conv o oA v V,conv
I ®z, Fp =Y, :

. Cr,CO .
In particular, Y3 is normal.

The assumptions p > 5 and e =0 (mod 3) arise from specific dimension estimates in the proof,
and it appears likely they can be relaxed.
With Theorem [I.5]in hand, the strategy outlined above applies. After a base change, Theorem|[I.]]

reduces to analyzing the fibres of
yf\r,conv N X}(\;r

Y/\V’COHV, which is equipped

above the trivial representation p. This fiber is an explicit substack of
with an action of a maximal torus T centralizing p. This action together with the explicit relation
to convolution fibers allows us to show each connected component contains a special T-fixed point
which lifts to characteristic zero, thus yielding enough diagonalizable points (see Section 6).

The proof of Theorem takes up the main part of this paper, and involves three key steps,
which we elaborate on in the remainder of the introduction.

Step 1 - Truncated monodromy and descent from G, : In Section 2, we make precise the role of
truncated monodromy in extending a Gk -action to G for any Hodge—Tate weights concentrated
in degree [0,p — 1].

Given a Breuil-Kisin module 9, the base change
minf = m ®6 W(ch)

gives rise to an étale (p, Gk, )-module corresponding to a Z,[Gk__]-representation V. Extending
V to a crystalline G g-representation is equivalent to equipping M,¢ with a compatible G g-action.
Taking the logarithmic derivative of this action gives a p-equivariant derivation N on a suitable
completion of Z)JT[]%] When the Hodge-Tate weights belong to [0, p — 1], we can sufficiently control
the denominators occurring in N to ensure the truncation of A" and ¢*A modulo u¢T! and u+!
respectively are integral. Reducing these integral truncations modulo p produces the operators Ny

and N§ parametrised in (1). The main outcome is Theorem which produces a closed immersion
(1.2) V5 @z Fp = Y2,

where Yg denotes an algebraic stack over Spec Fp classifying Breuil-Kisin modules 97 of height
< X and an Ny as in (1).
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Step 2 - Convolution structures and Plicker equations: Sections 3 and 4 introduce convolution
structures and then impose equations cutting out the exact Hodge-Tate weights.

Heuristically, in characteristic 0 the condition that the Hodge—Tate weights are < A distributed
along completions at the distinct roots of F(u), which fuse as one degenerates to characteristic p (in
particular, see [Bar24, Bar23a]). Convolution structures have the effect of undoing this fusion and
generally make singularities milder: even in the minuscule case, Y{"“"" is smooth (cf [Bar23h]),
whereas V\' is usually singular.

In non-minuscule situations, one has to contend with a further problem, namely how to isolate
the condition that the Hodge—Tate weights are exactly A, as opposed to just bounded by A. This is
delicate: while the latter is a closed condition on the moduli of Breuil-Kisin modules, the former
condition is only locally closed. To isolate the condition of having weights exactly A, we analyze
the interaction between the monodromy operator and the convolution filtration.

For simplicity, assume K is totally ramified and choose an ordering of its embeddings into
@p so that the Hodge-Tate weights are given by an e-tuple of elementary divisors (\;)1<i<e. Let
(o, ;) € Y/\V’COnV (Zy) be a Breuil-Kisin module coming from a crystalline representation, together
with its associated convolution structure. The crystallinity of 9t guarantees that, foreach 1 <1i <ee,

one has the stability

(1.3) (H<u - Hj(ﬂ)))w*N(%) 0]

j=1
(more precisely, the right hand side should be replaced by a suitable completion of Dﬁz[%]) For a
fixed 1 < ¢ < e we can, after trivializing 9;_1, interpret the lattice 9t; C 91,1 as a point z; in
the Schubert variety Gre), of the affine Grassmannian for GLg4, with parameter u — x;(m). The
stability in ((1.3) then admits the following equivalent reformulation: after inverting p, the point x;

is fixed by an L™ G-conjugate of the loop rotation G,,-action on Grc),. Specifically, the conjugating

element in LT G is obtained from the restriction of (H;;ll(u - /ij(ﬂ')))(p*./\/ to M;_1.

The fixed points under this G,,-action are well known: they are the L*G-translates of a disjoint
union of flag varieties u<x; FLyu embedded into Gr<),. However, only the translate of the top flag
variety FLy, C Gr), is relevant to Breuil-Kisin modules of weight (\;)i<i<e. To single it out we

use the Pliicker embedding

Grax = P(V),

and characterise FL), as the locus where (H;Zl(u — kj(m)))@* N acts with certain explicit eigen-

values. When J\; is concentrated in degree [0,p — 1], Ny is a sufficiently good approximation of

N to interpret these conditions as equations mod p, where they cut out the stack Y/\V’COIlv inside

conv
YSA ®Zp Fp .
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Up to this point, everything works for A concentrated in degree [0,p — 1]. However, unless A is
quasi-minuscule the process above produces a large number of equations which we are not generally
able to control. When ) is quasi-minuscule, a numerical coincidence ensures the number of Pliicker
equations obtained as above is exactly the codimension of FL), inside Gr<y,. The upshot is that
if the inequality dim YAV’COHV > dim Yy ®7, F, is an equality, then YAV’COHV is a local complete
intersection inside an affine bundle over a convolution product of the Gr<y,’s. Since the latter is

known to be Cohen—Macaulay, this implies the same for Y/\V’COHV. Additionally if one knows that
YV,conv
A

is generically reduced and irreducible, then one concludes y§r’c‘mv ®z, Fp coincides with

Y)\V’Conv for dimension reasons, and both are reduced.

Step 8 - Dimension estimates and irreducibility: The last step is to control the dimension of
Y)\V’Conv, and show it is generically reduced and irreducible. We do this in Section 5, specializing to
the case d = 3 and A\, = (2,1,0) for each k : K — @p. This is done by analyzing the base and the
fiber of the natural map = : Y/\V’ConV — Y2 given by forgetting the convolution structure.

First, we analyze Y<V)\, which is the m_oduli of pairs (MM, Ny) such that N is compatible with
Frobenius and satisﬁe; Griffiths transversality. Concretely, after choosing a basis of 9, this is the
space of pairs (X, N)) € LGL3 x ugls[u]/u**! such that X has elementary divisors < e(2,1,0) and
obey the relation

d
du

for a suitable c(u) € F,[u] depending on E(u). In particular, we can stratify YSV/\ into strata YV (u)

u® (ch(/\f)Xﬁ1 —c(u) (X)Xfl) = c(u)N  mod u*!

according to the elementary divisor i of X. An explicit but technical analysis of the YV (1) yields
the key estimate

. 1 .. .
dim YV (1) < 3e — Q(dlm Grey —dim Gr<y,),

and shows the open stratum YV ((2e, e, 0)) contains a unique generically reduced irreducible com-
ponent of maximal dimension 3e.
Finally, we analyze the fibers of 7 : Y/\v’COHV — Y, which are closed subschemes of the fibers for

the convolution map
conv . Grs(zl,o) X GI'S(27170) cee X Gr§(27170) — Grs(QeVG’O) .

The semi-smallness of conv now shows that dim7~1(YV(u)) < 3e, so it remains to show that
the inequality is strict when p < e(2,1,0). We do this by exhibiting for each such p and each
top dimensional irreducible component C C conv~1(Gr,) an explicit point in C \ 7=1(Y'V(p)), by

exploiting the description of C in terms of (convolution of) Mirkov-Vilonen cycles as in [MV07].

1.1. Acknowledgments. This project originated from conversations at Max Planck Institute and
the Hausdorff Center of Mathematics in Bonn which we thank for their excellent working conditions
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2. STACKS OF BREUIL-KISIN MODULES

2.1. Setup.

e Iix a finite extension K of @, with residue field £ and a compatible system /P of p-th
power roots of a uniformiser 7 € K inside a completed algebraic closure C' of K. Write
E(u) € W(k)[u] for the minimal polynomial of 7 over W(k), whose degree equals the
ramification degree e = e(K/Q,) of K over Q,.

e For any Z,-algebra A we write &4 for the E(u)-adic completion of (W (k) ®z, A)[u]. If
A is p-adically complete then &4 = (W (k) ®z, A)[[u]] and we write ¢ for the A-linear
Frobenius on &4 lifting the p-th power map on k£ and sending u — wP. If A is Z,-finite,
then 64 = 6 ®yz, A for G := 6z,.

o Let C” := Hm . C denote the tilt of C"and Oy its ring of integers. Consider W(C?) and
the subring Aj,r = W(Op), viewed as an G-algebra via u +— [1/P7], and write ¢ for the
Witt vector Frobenius which extends ¢ on &. We write p = [ex] — 1 € Ajps for a fixed
compatible system e = (1,€1,...) € Z,(1) of primitive p-th power roots of unity in C.

e If A is p-adically complete and topologically of finite type over Z, (i.e. A ®z, I, is finite
type over IF,) then we can form the & 4-algebras Ains 4 and W(Cb)A as in [EG23, §2.2]. If
A is Zy-finite, then Ajyp 4 = Ajn ®z, A and W(C*) 4 =W(C?) ®z, A.

Write c(u) = 2P0 ¢ & and set ¢ (u) = AEWZBWT _ () 4 wP=E@"

2.2. Crystalline Breuil-Kisin modules. If A is any p-adically complete Z,-algebra, then a
Breuil-Kisin module of rank d over A is a projective & 4-module 9 of rank d equipped with an
isomorphism

o M Q.64 SA[%} = m[ﬁ]
Define ¢*9M := M R, s, S4. We say M has height < h if E(u)"DM C pm(p*IM) C M. If A is
furthermore topologically of finite type over Z, then a crystalline G'ix-action on 9 is a ¢-equivariant,

continuous, and Aj,¢ 4-semilinear action of G on M @, Aint,4 satisfying
(2.1) a(m) —m € M®s, up™ (1) Aint 4, Oso(m) =m
for all m € 9 and all 0 € Gk and all 0o € Gk .

Definition 2.1. Fix d > 1. For any p-adically complete topologically finite type Z,-algebra A
we write V< (A) for the groupoid of rank d Breuil-Kisin modules over A of height < h equipped
with a crystalline G g-action. We write V<, for the resulting limit preserving category fibred over
SpfZ,. This is a finite type p-adic formal algebraic stack over SpfZ, in the sense of [EG23| A.7].
See [EG23, 4.5.20]. We write Y&, for the Zy-flat substack of V<) characterised uniquely by the
property that V), (A) = ygh(A)_Whenever A is finite flat over Z,. See [EG23, Proposition 4.8.2]
or [Bar24, Prop 10.7].
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To work with Y2, , we will use an additional level of control on the G k-action in (2.1). Specifically,

we claim that for all n > 1, one has
(2:2) (T = 1)"(m) € M®e,, up™ " (1)" Ain, 4

whenever m € 9 and 7 € Gk is such that Xcye(7) = 1 and €(7) = 7(u)/u™t € Zy(1) is a Z,
generator. To see this one first notes that, as explained in e.g. the proof of [Bar20, Lemma 2.2.8],
cuts out a closed substack of V,. By [Bar23a, Proposition 20.10] this closed substack has
the same A-valued points as Ve, Whe;ever A is finite flat over Z,. The characterising property of

Y&, therefore ensures this closed substack coincides with V.

Remark 2.2. Note that 7 as in (2.2)) always exists when p > 2. This is not always the case when
p = 2, but it is shown in [Wan22l Lemma 2.1] that m can be chosen so that such 7 exist. Thus,

when p = 2 we assume throughout that such a 7 has been chosen.

Lemma 2.3. If A is a finite Fp-algebra and I € ygh(A) then there exists a finite flat Z,-algebra
A® with A = A° ®z, F and M° € Y, (A°) with M° @z, F), = M.

Proof. This follows as in [Bar24, Lemma 10.9]. O

2.3. Breuil-Kisin modules with monodromy. One difficulty controlling the geometry of Y,
arises from the lack of explicit coordinates on this stack. We address this when h < p — 1 Ey
interpreting the Galois action on crystalline Breuil-Kisin modules in terms of coherent data.

To simplify notation we write M. = g (E(u)"M) C ¢*M whenever M is a Breuil-Kisin
module of height < h.

Definition 2.4. Assume h < p. Let Y<Vh denote the finite type algebraic stack over SpecF, whose
A-points classify rank d Breuil-Kisin n;odules Mt of height < h over A equipped with an & 4-linear
No : M/ucHM — M /w19 with Ng = 0 modulo v and satisfying the following conditions:
e If N§ denotes the operator on ¢*9/ut1p*M given by m® f — No(m)® f+m@c(u)u-(f)
then u®~I N stabilises M, /uPT¢p*IM.
e For any operator N on 9 lifting Ny and satisfying the Leibniz rule N(fm) = fN(m) +
mue“%(f) for m € M, f € &4, one has

uN§ = g 0 c(u)N ooy mod w19,

as operators on M, /uP el .

Note Ny is well defined since % kills ¢(&r,). We also use that 2 < p to ensure u®p*M C M,
so that w19, /uPTeT1o*M makes sense. Finally, we point out that the second condition is
independent of the chosen lift N.
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Remark 2.5. To parse the conditions in Definition it is helpful to consider Ny as the reduction
modulo u¢*! of a derivation over E(u)u%. We would then like to interpret N§ as the Frobenius
pullback of this derivation and so interpret the second bullet point as a commutation between Ny

and Frobenius. However, this does not make sense over p-torsion coefficients—such a pullback
(E(u))
p

(E(U))

would necessarily be a derivation over u. To circumvent this we instead define N directly,

using ¢(u) as an integral truncation of e

Remark 2.6. See Section [5.3.1] for an explicit description of the conditions from Definition [2.4] after

choosing bases.

The following motivates this construction and is the main result of this section. We emphasize
that, while the definition of Y<Vh makes sense whenever h < p, we are only able to relate the resulting
object to Y&, when h <p — 1.

Theorem 2.7. Fiz 7 € Gk as in (2.2); when p = 2 assume m is chosen as in Remark . If

h < p—1 then there is a closed immersion
Ve, @z, Fy = Y2,

of algebraic stacks over SpeclF,. On points valued in a finite type Fp-algebra A this morphism is
given by M — (M, Ny) with Ny determined by the formula

T—1"(m
(2.3) NwmzijiiQ%anmmmmmwﬂmmA
s\ i)
for a sequence ¢, € Ainr converging p-adically to zero and depending only on the choices of m € K,

T € Gk, and ex € Zp(1).

Remark 2.8. In ([2.3) we are using (2.2]) to ensure this sum converges to an element inside M ®g ,
Aing a. Part of the content of the theorem is then that this sum is, modulo ue“Amﬂ A, inside 901.

2.4. Truncated monodromy. To prepare for the proof of Theorem we consider a finite flat
and local Zy-algebra A and a Breuil-Kisin module 9t over A equipped with a crystalline G x-action.
There is then an associated crystalline representation T = (M®g W (C?))?=! of Gk on a projective

A-module (as explained in e.g. [Bar20, Theorem 2.1.12]) and an A-linear p-equivariant comparison
(2.4) M os O"[L] = D @k, O"¢[4]

where D = (T ®z, Berys)“% and O"8 C Kg[[u]] is the subring of series convergent on the open unit

disk, containing A = [[>7, cp"(EEu))) This allows us to define a derivation Ny on 9 ®g O"¢[1] via
the formula Ny (d® f) = d® E(u)uL(f) whenever d € D, f € O"8[}] @7, A. We also write ¢* Ny
for the derivation on *IM g (’)“g[%] given by

(2.5) m® f i Ny(m) @ f+m @S2, L)
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which satisfies the relation

(2.6) E(u)¢*Ny = pg © @Nv ° pm

when viewed as operators on ¢p*IM e Orig[ﬁ]. This follows from the definition of Ny and the

observation that ¢ o E(u)u% = @u% o p in Kol[u]].

All the above is essentially formal, with such operators existing for any Breuil-Kisin over A (see
[Kis06), §1]). However, we also need two properties which are specific to the crystalline situation.
Firstly, Ny stabilises M Qg , (’)rig[ﬁ], see [Kis06, Corollary 1.3.15]. Given (2.6)), this stability is
equivalent to

(2.7) E(u)p*Ny (M) C M. Qg Orig[ﬁ]

for M, = o (E(u)"M). This holds for any Breuil-Kisin module associated to a G._-stable
Zy-lattice inside a crystalline representation. Secondly, as 9T furthermore comes from a G'i-stable

Zy-lattice inside a crystalline representation, Ny enjoys the following integrality:
(28) Ny (m) € M s USmax

for all m € M and where Spax := W(k)[[u, %]] N Orig[ﬁ]. This is proven in [Bar23al, Proposition
20.1], noting that what we call Ny would be written as E(u)Ny in the notation of loc. cit., and

also that E(u) € pW (k)][[u, “%]]

Proposition 2.9. There exists:

(1) An operator N on IMM satisfying N(fm) = fN(m) —I—mE(u)u%(f) for f € G4,m €M and
N = Ny modulo M ®s "jl
(2) An operator N¥ on @™ satisfying N¥(fm) = fN‘/’(m)—l—mc*(u)u%(f) for f € G4,meM

and with N¥ = ¢* Ny modulo ¢*M Rs uE(;;L)p Smax-

Furthermore, if ©*N is the operator on go*f)ﬁ[%] defined as in (2.5)), then @*N = N¥ modulo
uPH M| + pup* .

Smax-

Proof. To construct N as in (1) notice that, since A is local, we can assume 9 admits an & 4-

ue+1

basis 8. Since uS — uShax is surjective modulo we can choose a tuple N(3) in 9 so that

N(B) = Ny () modulo M u%lSmaX. Extending N to 91 via the Leibniz rule in (1) then produces
an operator N as claimed.
Given such an N we can form ¢*N by the same formula as in (2.5). We then have o* N = ¢* Ny

modulo ¢*M Rg “(e:)p

Smax- Applying Lemma [2.10| below with h = p gives

(2.9) ©*N = ¢*Ny mod "M @ u E(;f)p Smax + puP ™M

We can therefore choose a tuple N¥(5 ® 1) in ¢ so that

N?(B®1)=¢"Ny(f®1) mod "M s upE(;;)p Stnax
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and
NP(B®1)=¢*N(B®1) mod puP¢*M

We then extend N¥ to a derivation on ¢*90% using the Leibniz rule N?(fm) = fN¥(m)+mc* (u)u% (f)-

Since ¢*(u) = @ modulo %6[%] we obtain the congruence from part (2). Also, since
c*(u) = @ modulo uePG[%] + pS we obtain the final congruence of the proposition. O

Lemma 2.10. For h > 0 one has

eh E h
L2 G € 2

Smax + 'S
with 6 = 1 if p divides h and § = 0 otherwise.

Proof. We can write E(u) = u®+pd(u) for d(u) € & of degree < e. The binomial formula therefore

gives “%h = %u)h +p° Zh_l fiu'p—1=% for some f; € &. As a consequence, we can express any
monomial from “%hW(k)[[u, ?H as
(F)Gs) = e ()
p )\ pli] — 7\ pl=H]
modulo %ﬁ)hW(k‘)[[u —]] If ei 4+ j < eh then the i-th term in the right hand sum lies in p°&. If

et + j = k > eh then the i-th term is an &-multiple of the monomial

ueh uk—eh p5
p )\ pl=="]

E)[[u, ?]] of smaller degree, and so repeating this process

W (
shows that all such monomials he in E(;‘) W (k)[[u, %]] + p°6.

Any element of Sy ax is an infinite W (k)-linear sum of monomials in W (k)[[u, ?]] with coefficients

These are again monomials in “—

in W(k) converging p-adically to zero. The previous discussion therefore shows that if f € Shax
then “ f € u) W (k)[[u, e]] + p°& and so the lemma follows. O

The next proposition describes relations between N and N¥ which, after reducing modulo p,
matches the conditions imposed in Definition

Proposition 2.11. If 9 above has height h < p then E(u)N¥ (M) C M. for M, ot (E(u)hon)
defined as above. If MM has height h < p — 1 then, as operators on M., we furthermore have

E(u)N@ = @;ﬁl o c(u)N 0 Yo

modulo w1, + pudN..
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Proof. As operators on ¢*9t we have E(u)N? = E(u)¢* Ny modulo

M. Qs uE (u)Spmax A <p-—1
B S © "M O uB (1) Srax s ub(u) P

PTM e u
M. O USmax ifh<p

(the first inclusion following since E(u) € pSmax and the second since E(u)"@*M C 9M.). This
combined with (2.7 shows E(u)N? stabilises M. Also, since N = Ny modulo M ®s ut? Smax, it

p
follows that, as operators on E(u)hfm,

ue+l

B N = o)V = )N o BT 5 2 S

As we just saw, if h < p — 1 then E(u)N¥ = E(u)¢*Ny modulo M, ®s uE(u)Smax as operators
on ¢*9M. Therefore, (2.6) implies that E(u)N¥ = gog_nl o ¢(u)N o pgp modulo

ue+1
p

(zme 96 YL S + Me D uE(u)SmaX) A9M, = wB(u)M, + ucTIM, = w1, + pudt,

which finishes the proof. O

2.5. Galois and monodromy. Here we show how the operator N from Proposition [2.9] can be
interpreted in terms of the crystalline Gi-action on 9. This is really just an unravelling of the
proof of from [Bar23al §20]. Reducing this description modulo p will give the formula for Ny
in Theorem The key property we need is that, after base-changing to Bggr, becomes
G g-equivariant for the trivial G g-action on D. From this one can deduce that

(2.10)

Ne(m) = 11(3[@0 Sy @ ZDm) oy~ 3 ( Ny > (m) @ 128"

og e(a)])n21 n = E(u) n!

whenever m € M and o € Gi. See [Bar23al, Lemma 20.9], but note again that Ny defined here is
E(u)Ny for Ny from loc. cit.

Lemma 2.12. Let N be a derivation as in Proposition[2.9

(1) Fix 7 € Gi as in Theorem . Then there are ¢, — 0 for the p-adic topology on Aing, not

depending on M, so that

T—1)"(m

N(m) = Z (W) ¢, mod M Xe , ue—‘rlAinf’A

form € M.
(2) For each o € Gk there exists a sequence d, (o) — 0 for the p-adic topology on Ajng, not

depending on I, so that

(c—=1)(m) = Z N™"(m)dn(o) mod Mg u o™ (1) Ang
n>1

form € M.
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Proof. From ([2.10) we find

S\ e
for C,, = (— )”“%. The proof of [Bar23al, Proposition 20.4] shows that C, lies in the
subring Apnax C Bgr consisting of sums Zn>0 an <¥)n with a,, — 0 for the (p, u)-adic topology

on Ainr. Now, Ajyr surjects onto Apmax / ° and so we can find ¢,, € Aj¢ with ¢, = C,, modulo % 5 Ly -~

From we observe that Tr1 (m) € M ®e uAins. Therefore, N(m) — 37 -, (W) en €

o ()" et (p)n
MR & uet? AmaX whenever m € 9. Part (1) then follows since %Amax N Aps = w1 Ay (see the
last two sentences in the proof of [Bar23al Proposition 20.10]).

For (2), an induction shows there are d,,; € W(k)[u] so that E(u)”(N—V))"(m) = Ng(m) +

E(u
> icn dniNG(m). We can therefore express the second identity from (2.10) as

(e —1)( ZNV

n>1

where Dy, (o) is a W (k)[u]-linear combination of + (%)z for i > 1. Observe E(u)p~!(u)
divides log([e(0)]) in Amax. Also, the argument from the proof of [Bar23al, Proposition 20.4] showing
Cp, € Apmax implies more generally that M € Apay for any i > 1. Thus, Dy, (0) € ¢! (1) Amax
for each n > 1. Since N'(m) = N&(m) modulo M ®e eHAmax for each [ > 1 and N = 0 modulo

udN it follows that

(0= 1)(m) = > N"(m)dn(0) € MBe “=¢™" (1) Amax
n>1
Dyn(o) ue'H _ e+l
where d,,(0) € Ajps map onto the i 1mages of Sl o Anax / CAs A N E—Aax = ufTH Ayr the
left hand side actually lies in 9 ®g u®T1o ™1 (1) Ajns which proves (2). O

2.6. Proof of Theorem Fix a sequence ¢, — 0 in Ajy¢ as in part (1) of Proposition m
The starting point is to show that the formula

— 1"
(2.11) > <(T—1())(7:n)> en mod u M@, Ainr,a
S\ e

for m € 9 defines an & 4-linear endomorphism of Mt/ w1 whenever M € ygh ®z, Fp. When I
is defined over a finite IF,-algebra, this follows by combining Lemma and Lemma However,

an additional argument is required to handle general points.

Lemma 2.13. Assume h < p and 7 € Gk is as in Theorem . Then J} ®z, ) s isomorphic
to the algebraic stack over SpeclF, whose A-points, for any finite type F,-algebra A, classifies pairs
(M, No) with M € Y&, (A) and Ny an & a-linear endomorphism of M/uT1IN so that holds.
Specifically, this isongorphism 1s given by forgetting the endomorphism Ny.
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Proof. Let Z" temporarily denote the stack of pairs (9, Ny) described in the lemma. We claim
that Z" is a closed substack of the finite type algebraic stack over SpeclF, whose points valued in
a finite type Fp-algebra A classify MM € Y (A) together with an & 4-linear endomorphism Ny of
M /ut19M. To see this recall, e.g. from [E_G23, §B.24], that if A is any finite type F,-algebra and
x € Ajnt, 4 then the condition that x € ue“Aimg A is closed in Spec A.

Forgetting the endomorphism Ny therefore gives a morphism Z" — V), ®z, [F;, of algebraic stacks
which are finite type over SpecF,. To show this is an isomorphism it ;uﬂices, by [Bar24, Lemma
15.1], to show this morphism induces an equivalence on points valued in a finite local Fj-algebra
A. For essential surjectivity, take 9t € Yg;l(A) and apply Lemma to produce IM° € YSCZ(AO)
with A° finite flat over Z,. Applying Proposition to 91° produces an operator N° on 9°
whose reduction modulo p& 4 + u**1& 4 is an & 4-linear endomorphism of M /u¢T!9N. Reducing
the formula for N° given in Lemma shows (M1, Np) lies in the image of Z¢(A4) — Y2} (A). For
full-faithfulness, take (9, Ny) € Z“"(A). Applying the same lifting process and using the second
part of Lemma shows Ny determines the Gi-action on M e , Ainf,A/ue“cp*l(u)Ainf,A. Full-
faithfulness is therefore a consequence of Lemma which finishes the proof. O

Lemma 2.14. Let A be any finite type IF)-algebra and I a Brewil-Kisin module over A of height <
p. Suppose og denotes an Aing o-semilinear, continuous action of Gk on W@@AAinf/ueJrlgp*l(u)Ainf
satisfying

pm o (G0 — 1) o pgy =0 mod M®e, u ™" (1) Aint
for any lift 6 of o¢ to an operator on Mg , Aint,a. Here oy is interpreted as a semilinear operator
on M. Then there exists a unique Ainr a-semilinear, continuous action o of G on M Ve, Ainf

which is p-equivariant and satisfies o = ag modulo M R, u¢T 1™ (1) Ajng -

Proof. Let @ be any A-linear endomorphism of 9 ®g, Ainr 4 With image contained in M ®g ,
ueﬂcp*l(u)AinﬂA. Since A is an Fj-algebra, o Y (p) and ue/P=1) generate the same ideal of Ajnf 4,
and so this is the same as @ having image in M @g , w1+ P~V Ay ¢ 4. Thus, po Qo ! maps
uhIN into M @, uPHPTP/P=D Ay Tf h < p then g 0o Q o p~! is an A-linear endomorphism of
M D¢, Ainf.a With image contained in M @, uctP-DHIPA 4. Tt follows that the action of
Q—poQoyp!

Applying this with Q = pgp o (69— 1) 0 gpgfnl shows that, for each o € Gk,

o= 1+Z<p"moQo%;z”

n>1

on such endomorphisms is topologically nilpotent.

defines a p-equivariant Ajn¢ 4-semilinear operator on MM ®g , Ainr,4 varying continuously with o €
G and lifting og. This operator is unique since if 01,09 are two such lifts of o¢ then taking
Q = 01 — 09 shows 01 — 02 = g 0 (01 — 02) © 909_%” goes to zero as n — oo. This uniqueness also

shows that the operators o define an action of Gx on 9 ®e, Ainf, 4, Which finishes the proof. [J
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Proof of Theorem [2.7. Using Lemma we obtain a morphism
(2.12) Ve, ®z, Fp = Z<p, M (M, No)

where Z<, denotes the finite type algebraic stack over Spec F), whose A-points classify Breuil-Kisin
modules over A of height < h together with an & 4-linear endomorphism of 90t/u**'9. This is a
monomorphism, as follows by combining part (1) of [Bar24, Lemma 15.1] with the full faithfulness
argument in the last part of Lemma So far we have only used the bound h < p.

Clearly, Y<Vh appears as a closed substack of Z<}, and so the existence of a monomorphism as in
Theorem can be deduced by showing factors through this closed substack. By [Bar24]
Corollary 15.2] it suffices to do this for points valued in a finite local Fp-algebra. This factorisation
therefore follows from the lifting process employed in the proof of Lemma[2.13]and then reducing the
conclusions of Proposition modulo p. In particular, to use the second part of Proposition [2.11]
we need h <p— 1.

In order to complete the proof of Theorem we need to show this morphism is not just a
monomorphism but a closed immersion. For this choose, for each o € G, sequences d,,(c) — 0
in Ajpr as in Lemma and, for each 91 € YSVh(A)7 consider the Ajyr g-semilinear operators on
M O, Aing/uT ™ (1) Ains defined by

(00— 1)(m) =Y N™"(m)dn(0) mod Mg u o™ (1) Ajus
n>1
We can then consider the locus @ C Y<Vh where this g defines an action of the group Gx and
satisfies the hypothesis in Lemma _This locus is closed by the same fact used in the proof
of Lemma namely, if x € Ajy 4 then x € ueHAinﬂ 4 defines a closed condition on Spec A

whenever A is a finite type F)-algebra.

Remark 2.15. Tt seems likely that the inclusion @ C Y<Vh is an equality, but we have not tried to

prove this.

Using Lemma we obtain a monomorphism Q — Y<j, ®z, Fp (recall from Definition [2.1] that
V<, parametrises Breuil-Kisin modules of height < h together with a crystalline Gx-action). On
the other hand, the argument from the previous paragraph shows that Ve, ®z, Fp — ngh factors

through ). The uniqueness in Lemma [2.14] shows that the composite
y%rh X7z, F, — Q — V<n X7z, F,

is just the base change of the closed immersion V<, — Y<j. In particular, this composite is
proper. Since Q — Y<j, ®z, F, is a monomorphism it is, by [Stal8, Tag 01L4], separated. Thus,
Y&, @z, Fp — Q is proper too. Since proper monomorphisms are closed immersions it follows that

V¥, @z, Fp — Q is a closed immersion, and hence Y%, ®z, F, — Y2, is a closed immersion also. [
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3. PLUCKER COORDINATES FOR THE HODGE TYPE

3.1. Setup continued. In this section we further specialise the setup from Section by intro-

ducing coefficients:

(3.1)

e I'ix a finite extension of Q, containing a Galois closure of K, and write O and F respectively

for its ring of integers and residue field. Consequently, if J := Homg, (K ,(’)[11;]) then
a®b+ (k(a)b)wes defines an isomorphism K ®z, O =[], O[%]. Thus, any K ®z, O-

module D decomposes as

D =] b«
k€T
for D, C D the (’)[%]—submodule on which K acts through x. We call D, the s-th part of

D and refer to the projection of d € D onto D, as the x-th part of d.
Similarly, if Jy := Homgz, (W (k),0) then a ® b — (7(a)b)rez, gives an isomorphism
W(k) ®z, O =[], ¢z O- Thus, any W (k) ®z, A-module M decomposes as

M= 1] M-

T€Jo

where M, C M identifies as the O-submodule on which W (k) acts through 7'.E| As above,
we call M, the 7-th part of M and refer to the projection of m € M onto M, as its 7-th
part.

For each embedding 7 € Jy we choose an indexing k = k(i,7) for 1 < i < e of the

embeddings k € J extending 7. We can therefore write

€

E(u)®1= H(u — ;)

i=1
inside (W (k) ®z, O)[u] where m; = (k(7))x=x(,-) under the above isomorphism W (k) ®z,
O =[lcy O For 1 <i<e, we also set E;(u) = H;":l(“ — j).

3.2. Fixing the Hodge type.

Definition 3.1. e A Hodge type is an isomorphism class A of Z-gradings on (K ®z, 0)? by

K ®z, O-submodules. We will often express such A as (Ax)res With Ay = (As1 > ... > A a)

a tuple of integers containing ¢ with multiplicity equal to the (’)[%]—dimension of the k-th
part (in the sense of (3.1])) of grf(\).

o IfM € V) (A) for a finite flat O-algebra A then we say M has Hodge type A if the filtration

Filf(p* 9/ B(u)g* ) := Im (go*?)ﬁ N gopt (B () ) — cp*i)ﬁ/E(u)go*fm)

INote that (3.1) does not descend to a decomposition of Ox ®z, O-modules since the idempotents in K ®z, O

are not integral, unless K = Kj.
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on p*M/E(u)p*M has associated graded of type A ®O[%} A[%] after inverting p.

Example 3.2. Consider the rank one Breuil-Kisin module over & with G-generator e € 9t and
oom(e ® 1) = E(u)e. This corresponds, using the conventions from Section to the one dimen-
sional representation of Gi given by the inverse of the cyclotomic character. Then
M/ E(u)p*m  if £ <1

if £ >2

Fil’ (¢ 9/ E(u) " M) =

and so 91 has Hodge type 1.

It is known, see [EG23, Proposition 4.7.2], that the graded pieces of (p*M/E(u)e*IMN) [%] are
always A[%]—projective and so each M € V) (A) has a well defined Hodge type whenever Spec 4 is
connected. Consequently, the locus in V), of a fixed Hodge type is closed. More precisely,
Proposition 3.3. For any Hodge type \ concentrated in degrees [0, h] there exists an O-flat substack
V3 C Y2, characterised by the fact that if A is finite flat over O then M € yg‘h(A) factors through

Y§' if and only if MM has Hodge type X. Furthermore,
(1) If A is a finite F-algebra and I € Y5'(A) then there exists a finite flat O-algebra A° with
A=A°®oF and M° € Y§'(A°) with M° @ F = M.
(2) dim V' ®eF = dim FLy where FLy denotes the flag variety over (’)[%] classifying decreasinﬂ
filtrations on (K ®z, O)? with associated graded of type .

Proof. See [EG23| §4.8] or [Bar24], §10]. O

The difficulty with these constructions is that they only make sense after inverting p. This makes
the integral and mod p behaviour of V{' difficult to analyse. In this section we address this by

giving integral conditions cutting out these loci.

3.3. Convolution. One immediate problem that arises when attempting to impose the Hodge
type integrally in the presence of ramification is that, while Hodge types decompose according to
embeddings k € J, the integral Breuil-Kisin modules only decompose according to the embeddings

7 € Jo. To accommodate this disparity we introduce the following notion:

Definition 3.4. Let 2 be a Breuil-Kisin module over a p-adically complete O-algebra A of height

< h. Then a convolution structure 2te on M is a filtration
gt (E(u)9m) =M, C My C ... CIY C My = ™M

by finite projective & 4-submodules such that (u— ;)91 € M; € M1 foreach 1 < i <e. If A
is Zy-flat then, by [Bar23bl, Lemma 3.3.3], such a sequence is uniquely determined by the formula
M; = * M N op (Ei(u)om).

%ie. with ... C Fil't! C Fil' C Fil'™! ...



RESOLUTIONS OF SPACES OF CRYSTALLINE REPRESENTATIONS AND MODULARITY 22

We can then, after base-changing to Spf O, consider variants of Y<j and Y, from Definition

in which we additionally parametrise a choice of convolution structure:

Definition 3.5. For any p-adically complete O-algebra A define Y<9V(A) to be the groupoid
consisting of (9, M,) with M € Y<,(A) and M, a convolution structure on 9. The resulting
limit preserving category fibred over Spf O is clearly then projective over V<j Xsprz, Spf O and so
itself a p-adic formal stack of finite type over Spf O. Write yf,:fo“v for the O-flat substack of Y.

Likewise, we can add convolution structures to the J§* from Proposition

Proposition 3.6. For any Hodge type \ concentrated in degrees [0, h] there exists an O-flat substack
I\ C Y characterised by the fact that if A is finite flat over O then M € Y (A) factors
through yﬁ“’onv if and only if M has Hodge type \. Furthermore,
(1) If A is a finite F-algebra and M € Yy""(A) then there exists a finite flat O-algebra A°
with A = A° o F and M° € Y7 (A°) with M° @o F = M.
(2) dim y§r7C°“V RoF =dimFL) = ZHGJ dimp FLy, where FLy and FLy,_ are the flag varieties
from Proposition [3.3

Proof. The proof is identical to that of Proposition For (2) one uses that convolution structures

are uniquely determined on Breuil-Kisin modules with Z,-flat coefficients. O

3.4. Affine Grassmannians. We will see that if M € YZ;°"(A) for a finite flat O-algebra A
then the relative positions of the lattices ;- C M;_1 » encode the Hodge type x(i, 7)-th part of

the Hodge type of 9. The most convenient way to articulate this is via the affine Grassmannian:

Construction 3.7. We fit YZ;°" into the following diagram

—
ycr,conv
<h

/ x
ycr,conv H G (k)
<h ke ST<n

where:

o y@v denotes the formal p-adic stack over Spf O classifying pairs M € Y{"“""(A) together
with a choice of & 4-basis ; of 9;. By convention we set 80 := o (E(u)~"3.), which is
an & 4-basis of M and By := A% ® 1, which is an & 4-basis of PrIM.

. Gr(f,z denotes the finite type O-scheme with A-points classifying A[[u — k(7)]]-submodules
(u: k(m)) ' Al[u—r(m)]]¢ € € C A[Ju—r(m)]]?. This is equipped with an action of the group
scheme L") G x Aut™, where LT (*)G represents the functor A — GLg(A[[u — x()]]) and
acts via the standard action on A[[u — s (m)]]¢ while Aut™ represents A — A[[u — r(m)]]*

and acts by scaling the parameter u — k().
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e The k = k(i,7)-th factor of ¥ sends (901, J.) onto the element W(M; -, Bi—1) € Gr(f,z(A)
corresponding to the submodule
Mir C M1 =2 Alfu — k()]

where the isomorphism is obtained by considering the 7-th part of the identification 9;_; =

&% induced by B;_1 using that &4, = A[[u — k(7)]] whenever A is p-adically complete.

Construction allows us to pull closed conditions on Gr(f}z back to yf,fonv. The most basic

example of such closed conditions are given by Schubert varieties:

Definition 3.8. If n = (1 > ... > ny) with each n, € [0, h] then we write Grsf) for the LH (G-
orbit through the O-point &, € Gr(f,z corresponding to the submodule in O[[u — x(7)]]¢ generated

by (u — k(7))%ey for ey, ..., eq the standard basis of A[[u — s(7)]]%. Set Gr(gg equal to the closure
of Grq(f) in Gr(;})L.

The geometry of these orbit closures is very well understood. In particular:

(k

Proposition 3.9. Grg) ®0F is Cohen—Macaulay and integral of dimension

n
S (i —m)

1<j<e<d

(k)
<n

if and only if vg+ ...+ ... +v4_j = ng+ ...+ n4—j for each 0 < j < d — 1, with equality when
j=d—1.

Furthermore, the O-valued point of Gr(;})L corresponding to &, C O[[u—k(m)]]? factors through Gr

Proof. See, for example, [Lou23, Theorem 1.4]. O

In what follows we will write v < n if v = (v1,...,1v4) satisfies the last condition from Proposi-
tion [3.9] If n and v are interpreted as cocharacters of the diagonal torus in G = GLg4 this is just

the usual dominance ordering with respect to the upper triangular Borel.

3.5. Main results. We now state the main results of this section. Our goal is to isolate the Hodge

Cr,conv

type on :)JS 3
most basic constraint is well-known (but see Section for a precise proof):

without inverting p using the constructions from Construction The following

Proposition 3.10. Let A be a Hodge type concentrated in degree [0,h]. Suppose (M, Ls) €
VO™ (A) for an O-algebra A of topologically finite type. Then, for each k = k(i,T), one has

V(M -, fi1) € Grly, (A)

where X}, = ()\271 > ... 2> A\ ,) with Noi = h—Aga—i for all1 < i < d. Here, no assumptions on

h are necessary.



RESOLUTIONS OF SPACES OF CRYSTALLINE REPRESENTATIONS AND MODULARITY 24

Remark 3.11. The twisted A’ appears in Proposition due to the definition of W(M; ;, Bi—1)
from Construction Specifically, ¥(9; -, Bi—1) is built from convolution structures between
M. = gog_ﬁl (E(u)"M) and ¢*M, and so must depend on h.

As observed in the introduction, this is not sufficient to isolate yir’c‘mv as the same conditions hold

for any Hodge type v with v, < A\, for each k. The main results of this section (see Theorems
and below) describe a refinement of this condition.

In order to articulate these refinements we use an embedding of Gr(fgz into projective space. More
precisely, set Vj, := O[[u — x(m)]]¢/(u — k(7)) O[[u — x(m)]]¢ and consider the Pliicker embedding

dh—r
(3.3) O, Grl). - P ( A vh> L =N e N g =dh = (M1 e M)

sending an A-valued point £ onto the line in /\dh_r(Vh ®o A) given by the determinant of the image
of £ in (V, ®p A). This is well-defined since A[[u — x(7)]]?/& is A-projective of rank r whenever
IS Gr(g\* (A). The map is LT @G x AutT-equivariant, for the standard action on Vj,.

Theorem 3.12. For any finite flat O-algebra A, consider (I, Ba) € V3™ (A) with h < p and fiz
a deriation N¥ on ¢*IM as in Proposition[2.9. Then for each 1 <i <e,

(3.4) Eile(u)Nip(mi_l) C M

for Ei(u) = [T, (u — ;) defined as in Section . Moreover, for each k = k(i,7), we have the
following identity

d h-1
(3.5) B Ne .y, = ((c*(u)Eil(u)) oy j)wm
u=r(m) = j:)\:;,l
where c*(u) is as defined in Section[2.1, and
. %NW is interpreted as a derivation on Vi, ®o A = M1 ./ (u — m(w))h‘mi,m with the

isomorphism obtained from the basis B;_1.
E; . . _
° #NV’ acts on exterior powers of Vi, @o A by sending vi A ... A\ vgp_r to Zfil TOLA LA
E;
Vi—1 N\ #N“"(vi) ANVp1 Ao AN Vgh—r.
® U, € /\dh_T(Vh ®e A) is a vector spanning the line ©,(V(M; -, Bi—1)) (such von, exist

Zariski locally on Spec A).

The proof will be given in Section following some general setup in Section [3.6] For later
applications it will be convenient to work with the following dual version of Theorem Here
we impose the condition in through the vanishing of specific global sections on Gr(;"/i:. More
precisely, let £ denote the pullback of O(1) along and view A\"(V},) as (possibly ze_ro) global
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sections on £ via the non-degenerate pairing
dh—r
(3.6) /\vh x N\ Vi — det(Vy)

given by (v,w) — v A w. Concretely, the pullback of £ along an A-valued point corresponding to
Ee Gr(;))\* is given by the A-module A" A[[u — x(7)]]?/E.

Theorem 3.13. Maintain the notation from Theorem so that ( B N can be viewed as a
derivation on V, @0 A. Then (M, Bs) € V" (A) implies ¥( 2-77,&_1) lies in the vanishing

locus of

(3.7) EiT(")N‘p-v— ((c*(u)El 1( ) Z Z j)UE/r\ Vi @0 A)

for all v € \" Vy, interpreted as global sections on L.

We will see that the majority of the equations imposed in (3.7]) are vacuous in the sense that they
(%)

vanish on the whole of Gr_3,. Specifically, this occurs for any v € A"V, on which the constant

Af o —1
subgroup G,, C Aut™ acts with weight > E;izl > ji‘{ j (as in Construction Aut™ acts on Vy,

by scaling the parameter u — k(m)).

3.6. Pliicker coordinates and constant flag varieties. Here we explain the conditions from
the two theorems in the previous section in a general context. For this fix x and consider v = (11 >

. > 1) < Ax (note, this is not \%). There is then a closed immersion

(3.8) FL, = G, Fil* & > Fi¥ @ (u — s(m)" 7 Alfu — (r)]]
JEZ

where, as in Proposition FL, denotes the projective O-scheme with A-points classifying de-
creasing filtrations on A% whose i-th graded piece is A-projective of constant rank equal to the
multiplicity of ¢ in v. Equivalently, this closed immersion identifies FL, with the (closed) G-orbit
in Gr(<,2 through the O-valued point &, € Gr( )((’)) from Definition for v* = (v > ... > v))
with v :=h —vg_g for 1 </ < d.

We write 0 := (u—/<e(7r))di which we view as a derivation on A[[u—r()]]¢ acting coordinate-wise.
Also, if X € LT(®)G(A) then we set dlog(X) = X~ '9(X), interpreted as an A[[u — x(7)]]-linear

endomorphism of Af[u — x(m)]]¢. Consider the following assertions:

Proposition 3.14. Let A be any O-algebra with Spec A connected. Suppose € € Gr(;))\* (A) and
that ve € N"""(Vy ®0 A) spans the line corresponding to U.(€) € PN V).

(1) There is an X € LY WG(A) and v = (v > ... > vg) < A\x so that X - £ € FL,,.
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(2) There is an a(u) € Al[u — r(m)]] and a derivation N on A[[u — k(7)]]% over a(u)d so that

d h—1

Nve = | a(W)]uenm D > 5 | ve
i=1 j=v
(3) There is an a(u) € Al[u — k(7)]] and a derivation N on A[u — r(m)]]¢ over a(u)d so that
N(E) cE.
Then (1) = (2) for any a(u) and N := a(u) dlog(X) + a(u)d and (2) = (3).
Conversely, suppose in (3) that a(u) € Al[u—r(m)]]* and N = No+a(u)d for an endomorphism
No = 0 modulo u — k(). If h < p then (1) holds for some v < A\, and X € LT®WG(A) satisfying
a(u) dlog(X) = Ny modulo (u — k().

In the proof it will be convenient to interpret derivations N as in the proposition as elements
of Lie (LT®G x Aut™) ®o A. More precisely, any derivation N' = Ny + a(u)d identifies with
the Ale]/(€?)-valued point of LT "G x Aut™ given by (1 4 eNp, 1 + ea(u)). In particular, under
these identifications the adjoint action of X~ € LT G(A) on Lie (L+7(”)G x Aut™) ®o A sends
1+ ea(u) onto a(u)dlog(X) + a(u)o.

Proof. To prove (1) = (2) we observe that FL, is fixed by the Aut*-action on Gr(f/i*. Thus, if
X - € € FL, then Aut® acts on the line spanned by X - ve in A”" (V, ®p A) through some
character of Aut™. Any such character must factor through the maximal reductive quotient of

Aut™, i.e. through the constant term map Aut™ — G,,,. Consequently, there is an N € Z such that

(3.9) fo(X vg) = fa(m)NX - ve

whenever f(u) € Aut™. We claim that X - £ € FL, implies N = Zgzl Z?;Vl*j This can be
checked directly on any point of FL, because the constant subgroup G ¢ LT(¥)@G acts transitively
on FL, and commutes with Aut™. In particular, we can consider the O-valued point &,« whose

corresponding line W, (&,) is spanned by the vector

d
(3.10) A ((u — k() e AL A (u— ﬁ(ﬂ))h_lei>
7=1
on which Aut™ clearly acts as claimed with N = Zle Z?;; j. Applying (3.9) with f = 1+ ea(u)
therefore gives

d h—1
X*1(1+ea(u)) ’ (X'US) =|1l+e¢ a(u)|u=n(ﬂ')z Z] s Vg

*

=1 j=v;]

This combined with the observation that the adjoint action of X ~! sends 1+ea(u) onto a(u) dlog(X )+
a(u)0 implies (2).
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To prove (2) = (3) we write, possibly after localising A, ve = v1 A ... A vgp_, for an A-basis of
the image of £ inside Vj, ® A. Then N (€) C & if and only if

N(vj)/\vl/\.../\vdh_r::l:(/\f-vg)AUj

vanishes inside A" (V, @ A) for each j = 1,...,dh —r. But (2) implies (N - ve) A vj =0 so
we are done.

Finally, we turn to the converse statement. Since o(u) is now a unit we can assume a(u) = 1 by
rescaling N. Since Ny = 0 modulo u — k(7), a straightforward calculation shows the existence of
X € LW @ with Ny = dlog(X) modulo (u — s(7))" whenever (h—1)! is invertible in A. As h < p
this is automatic. For such X we have X 19(X - &) = N(€) and N - vg = X 19(X - vg). This
allows us to reduce the claim to the case Ny = 0. The condition N () C & is then equivalent to
the assertion that, for G,, C Autt the constant subgroup, the action map G,, — Gr(g\: given by
t — t - £ has vanishing derivative. We claim this implies £ is fixed by this Gm—action._ This would

follow if an affine neighbourhood of £ € Gr(;;* could be embedded G,,-equivariantly into a smooth

affine scheme with G,,-weights < p. But this is clear since Gr(f;* embeds into the Grassmannian
of dh — r-planes inside V}, and h < p ensures Vp has Gy,-weights < p. It is well-known that the
G,,,-fixed points in Gr(f))\* are the disjoint union of the FL, for v < A.. Since each FL, is connected

we have £ € FL, for some v, which finishes the proof. O

The following shows that the condition in (2) of the proposition is sufficient to isolate FLy, C

Gr(f/zﬁ in characteristic zero. However, this need not be the case integrally, even when h < p:

Corollary 3.15. The condition 0 - ve = (Ee 1Zj A, )Ug cuts out the closed subscheme

FL,\N[%] C Gr(;))w[%]. The same is also true without inverting p if ZZ 12 *j < p for all

v < A..

Proof. Proposition shows the stated condition cuts out a union of FL, for v < \,. If v =

(v1,...,v4) < A then ZZ 1 Z] X, j Z‘Z 1 Zh_l*j so if p is invertible this condition isolates
FL,_. If p is not invertible then thls is only the case if Ee 1 Z i )\* j# 25:1 Z?;’}Z j modulo p
for any v < Ag. O

Finally, we explain the relationship between the conditions from Theorem and Theorem|3.13

Lemma 3.16. Suppose v € /\dh*r(Vh ®o A) spans a line contained in the image of V,, and that
N = My + a(u)d for an endomorphism Ny = 0 modulo u — k(7) and a(u) € Allu — k(n)]]. The
following are then equivalent:

() N-v= (Ez ZZ] o, )

(2) The linear functional N'-w— (a( Mu=r( Ze 1 Z ) w vanishes onv for allw € N\ Vy,
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(3) The same as in (2) but only for those w € NV, with weight < Zgzl Z?Zf*lj for the
action of the constant subgroup G,, C Aut™.

Here w € \"V}, are viewed as linear functionals on /\dh*r Vi, via (3.6) and a chosen trivialisation

of det V.

Proof. For (1) < (2), note that the LT(*)G x Aut*-equivariance of the pairing implies that
if n € Lie (LJ“(”)G x Aut™) then v A (n - w) = det(n)(v Aw) — (n-v) Aw where det(n) denotes the
scalar through which n acts on det(V;,). The assumption that Ny = 0 modulo u — x(7) implies N
acts on det(Vy,) via a(u)|y—p(r) S Z?;llj and so

d h-1

vAWN-w) = a(u)]u:K(W)ZZj vAw— (N -v) Aw

i=0 j=1
for any w € A" V. This immediately shows (1) = (2) and, when combined with the non-degeneracy
of (3.6), gives (2) = (1).

It remains to show (3) = (2). We do this by showing that if w has G,,-weight > Zgzl Zjif - J
then V- w + (2 — () [y—p () Z‘Zzl Z?’;ll j)w vanishes when viewed as an element of HO(Gr(;)\:, L).
First, we claim that w itself vanishes inside H O(Gr(g))\z,ﬁ) if it has G,,-weight > % Z;Ef_l J.
Let us see why this claim finishes the proof. Since Ay = 0 modulo u — k() we can express Ny -w as
a sum of vectors with strictly greater G,,-weights. The claim therefore lets us assume N = a(u)d
and that w has exact G,,-weight Zf-l:g Zj\ifil J. But then a(u)d-w = a(u)]y—x(x) ZZZI Zj\ifil w
is automatic.

It only remains to check the claim. From the construction of Gr@\’,g in Definition the given
vanishing can be checked on any £ = X - £, with X € Lt G(A). Thus, it suffices to show

wA (X vy ) = det(X)(X 1 - w) Avx:

vanishes for vy: € A"V spanning the line W, (Exx). Invertibility of X implies det(X) € A
while X! . w is an A-linear sum of elements in N Vi with G,,-weight > that of w. We are
Af -1
therefore reduced to showing w A vy = 0 whenever w has Gp,-weight > Zgzl Z]if 7. We
can assume w is of the form AL_;(u — k(m))’*es, for some 1 < £, < d and 0 < js < h — 1 with
Af -1
o1 ds > 2221 Zji’f J. But vy can be expressed, up to a scalar, as in (3.10)), and so the

vanishing of w A vy« is clear. O

3.7. Proofs of Proposition [3.10, Theorem [3.12, and Theorem We now return to the
notation from Section Thus, we fix a finite flat O-algebra A and (9N, B.) € yEEE‘J/HV(A).
Recall the convention that By := @ (E(u)~"B.)®1 is an & s-basis of ¢*IN. Recall also that 6,4[%]
is defined as the E(u)-adic completion of (W(k:)@sz[%])[u] and so there is an isomorphism & 4 1 =
1

[T.es Al ll[w — £(7)]] arising from the factorisation E(u) = [],c7(u — £(7)). As a consequence,
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we can, for each , consider the A[%]—valued point ¥ (M, 5o)x € Gr(;,z(A[%]) corresponding to the

k-th part of the submodule

Me O, G ap1) C 9" M B, & 4117 = &Yy

with the right-hand isomorphism induced by Sy.
The following proposition refines the notion from Definition that 91 has Hodge type A, and
is the fundamental property on which all the results in Section depend.

Proposition 3.17. For each k(i,T) there exists X,; € L+7(”)G(A[%]) such that
o X, W(IM, fo)x € FLy, [1] € Gr¥).

o If X = (Xx)weg € GLa(S 41)) then the derivation ©*Ny from Section can be written,
P
with respect to the basis By, as ¢* Ny = @Xﬂu%(}() + @u%.

Proof. As explained in [Bar25, §6] this follows from Kisin’s initial construction in [Kis06] of the
Breuil-Kisin modules associated to crystalline representations. Note, however, that the point
W(9M, By)ys defined here is a twist of that in [Bar25] since we use M, in place of ¢y (M). This mir-
rors the twist by h appearing in the embedding FL)_ — Gr(j;: from . This discussion shows

additionally that X is determined, up to right translation by a constant matrix in GLd(A[]%]), by
the identity By = BX for some choice of A[%]-basis B of p*D under the Frobenius twist of (2.4)).

The statement can also be deduced as follows. The assertion in (2.7) that E(u)e* Ny stabilises
Me Ra Orig[ﬁ] combined with Proposition implies the existence of X,; satisfying the second
bullet point, and with X,, - U(IM, 5y), € FLV[%] for some v. The description of what it means for
M to have Hodge type v in Definition [3.1] ensures v = A. O

The next lemma, which follows directly from the definitions, shows how to translate between the

A[%]—valued point W(M, By),. and the A-valued point W(IM; -, Bi—1).

Lemma 3.18. Suppose that gi_1 € GLd(GA[m]) is such that B;_1 = Bogi—1. If
k= k(i,T) then

\I](mv BO)H =0i-1,k " \IJ(SUQ, Blfl)[%]

for gi—1x € L+’(“)G(A[Z%]) the k-th part of gi—1.

Proof of Proposition[3.10, Proposition [3.17 and Lemma [3.18| give

(3.11) (Xugi-1.6) - U(Mir, Bi1)[2] € FLy, [3]

Thus, ¥(9M; ,, 51-,1)[11;] € Glr(;/i2 (A[zl?]) and so U(M; -, Bi—1) € Gr(;))\2 (A) as claimed. O
Proof of Theorem [3.13 The first thing we check is that if holds for all 7 then

SUENE () © M,
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In particular, this means (3.4)) holds with ¢ — 1 replaced by 4. For this notice that, using the basis

Bi_1, we can express the derivation EiT(u)N ? on IM;_1 as
NO 4 ( Bis)e () ) (= m)
du

for an endomorphism N® of 9M; ;. Note N = 0 modulo (u — m;) since El’Tl(“)N ¢ already
stabilises 2M;_1. For each 7 € Jy we can therefore apply Proposition with k = k(i,7) and a(u)
equal the 7-th part of E;_i(u)c*(u). In particular, the implication (2) = (3) of Proposition
ensures the 7-th part of %(Sﬁz) lies inside the 7-th part of 91;, as required.

Since the containment in is automatic when i = 1 (as N¥ = 0 modulo u on ¢*9M from the
definition in Proposition an inductive argument on 1 < i < e therefore allows us to assume
(3.4). It just remains to prove for 1.

Combining with the implication (1) = (2) from Proposition shows

d h-1
(3‘12) (a(u) dlog(Xﬁgi—l,n) + a(u)a) C Uk = a(u)’uzli(ﬂ) Z Z J

i=1j=\%;
for a(u) equal the 7-th part of ¢*(u)E;_1(u) and 9 = (u — k(m))-L. Recall that here we are using
the basis 3;_1 to view a(u) dlog(X.gi—1,) + a(u)d as a derivation on M;_1 , = A[[u — s(7)]]%. To
prove the theorem we need to identify this derivation with %N #. For this we compute
©*Nv(Bi-1) = ¢"Nv(bo)gi—1 + Mﬁo (ud) (gi1)
= B2 BN (ugh) (X)giot + 25 5o (udh) (gi-1)

= Bic1(Xgi-1)” ( 2B ))U’du) (Xgi-1)
where the second equality is using point two from Proposition Multiplying this identity by
E; (“) and using that N¥ = ¢* Ny modulo E(u)"¢p*M g , S 41y and ¢*(u) = @ modulo E(u)"
P
gives

EZ;(LU)N‘P(/Bi—l) = ﬂz‘—1(Xgi_1)*1 (c*(u)Ez_l(u)(u — 7T,L>%) (Xgi—l)

modulo (u —m)"IM; 1 Ve, GAP] Passing to the x-th part of this identity shows dlog(X,.gi—1.)+
p

a(u)d = %N‘p modulo (u—#r(7))" as derivations on 90;_1 ;. We can therefore substitute ( Eiw) No

into (3.12)) which proves the theorem. O

Proof of the equivalence of Theorem and Theorem | This follows from Lemma [3.16] ap-
plied with a(u) = ¢*(u)E;—1(u) and J\/ Eilw) v Note that this is valid since A’ = 0 modulo
u— k(). O
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4. EQUATIONS FOR QUASI-MINUSCULE HODGE TYPES

Here we maintain the setup from Section and fix a Hodge type A concentrated in degrees
[0, h] with h < p — 1. Theorem therefore yields a closed immersion Y&, ®z, F — Yévh ®r, F. In
this section we add convolutions structures to this morphism and, by imposing mod p versions of
the equations from Theorem give a more refined description of the image of Y\

4.1. New loci in the affine Grassmannian. First, we consider an arbitrary tuple of integers
= (1 > ... > pg) contained in [0, h]. To fit the conventions from Section set u* = (uj > ... > u})
with p; = h — pg—; and consider Gr<, := Gr(gg* ®eF (which is independent of the choice of k).
We also set g = Lie G and write g[u|<,—1 C g[[u]] for the affine space of polynomials in g of degree
< h—1. Then, for each 1 < i < e and each unit ¢(u) € F[[u]]* we use the equations in Theorem

to define closed subschemes
Sy,i,c(u) C Grﬁu* XUQ[U]<h—1

Specifically, S

Lic(u) 18 defined as the locus of (£, V) on which the the linear functionals

d pur—1 . op -
. c(u)’ S > j)w ifi=1
<N+c(u)u1%> cw — ( u=p =11
0 ife>1
vanish, for all w € A"V}, on which the constant subgroup G,, C Aut' acts with weight <
Zle Z;i;l j and where, as in (3.3, » = pj + ... + pj. As the following lemma makes precise,
these closed subschemes describe a family discretely interpolating between constant flag varieties

and loci in the affine Springer space.

Lemma 4.1. (1) If it = 1 and Zgzl Z?:_,}Zj < p for allv < p then S, ; ) = FLy via the
embedding in (3.8]).
(2) Ifi > h then S

Lic(u) 18 contained in the affine Springer locus consisting of (E,N) with
N(E)cCE.

Proof. The first part follows from Corollary and the second from the implication (2) = (3) in
Proposition [3.14] O

Example 4.2. Here we describe the equations cutting out S, ; c(u)

h =2, and p = (2,1,0). In this case p* = p and r = 3. Write ey, e9, eg for the standard basis of
F[[u]]® and index the standard F-basis of V;, = A[[u]]? /u?A[[u]]? as

explicitly in the case d = 3,

(Y0, Y1, Y2, Y3, Y4, Ys) = (€1, €2, e3, uey, uea, ues)

and write y;;r = i Ay; Ayr € N\ Vi Notice yoi1,2 € /\3 V), spans the unique line on which

G, C Aut™ acts with weight < 1 = Zle Zﬁ;lj Thus, S,

equation. Concretely, these are equations can be computed as:

ji,c(u) 15 the vanishing of the a single
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e Foreach i > 1, S, o(u)

is the vanishing locus of the section
Y1,2,371,1 T Y1,2.4N2.1 + Y1,2,5M3,1 — Y0,2,311,2 — Y0,2,4M2,2
—Y0,2,513,2 + Y0,1,311,3 + Y0,1,412,3 + Y0,1,573,3

y071720(u) ifi =1

u=0
0 if7 > 2
n1,1 1,2 N1,3

where n;; denotes the function on (£, N') with N = w(n21 n2:2 n233 ) modulo u?.
J ’ n31 n32 N33

For this specific u one can check that the S, ; ()

Gre<,= xuglu]<p—1 of the affine Springer locus defined by NV (£) C £.

is exactly the underlying reduced locus in

4.2. Equations on the special fibre. It is convenient to work inside the following ambient space:
Let Z&" denote the algebraic stack over SpecF whose A-points classify tuples (91, Ny) as follows
where_
e M is a Breuil-Kisin module over A of height < h with convolution structure i, such that,
Zariski locally on Spec A, 91; admits & 4-bases 3; with

WM, -, fi1) € Grly, (A)

for all K = k(i,7). Here W(M; -, Bi—1) is defined exactly as in Construction with the
usual convention that By := @on(E(u)""B.) ® 1, while \* is as in Proposition
e Ny an G 4-linear endomorphism of SJT/ue‘HS)JT with Ny = 0 modulo uM
Let Zg’:{; denote the F-scheme over ZZ{" with A-points classifying tuples (9, No, Be) with (9, Ny) €
ZZ and B; an & 4-basis of 9M1; for each 1 <7 < e. Then Egr; is a HH:KHO[%] L) G-torsor over

Z%O)f“’, with the group operating on the bases elements [,.
Proposition 4.3. Z&Y" is Cohen-Macaulay of dimension (3, . 7 (dim Gr(g))\: ®OF>)+ETGJO ed?.
Proof. This is standard, so we just sketch the argument. Consider the map

Eg‘}ﬂ — H (Gr(;)\: ®@IF) X Maty(Sr)/u® Maty(Sr)

k€T
given by (M, No, Bi) — ((¥(Mir, Bi—1))u(ir),u ' No). For N >> 0 relative to A this map factors

—_—~—
conv

through the quotient Z2% (H ke ICg\';")) where ICE\';) c LT®@G is the congruence subgroup con-
sisting of g = 1 modulo (u — x(m))". The basic observation, first made in [PR09], is that, possibly
after further increasing N, the resulting factorisation is an [],.c ; (LJ“("‘)G / ICE\';) )—torsor for a new

action of this group on Z&"W /K. See also [Bar24, 9.7] for an account with similar notation to that

considered here. It follows that E_C;’/{l/" (Hne 7 /Cg'?) is a smooth cover of (Hne 7 Gr(;))\* ®(9F> X
Maty(Sr)/u® Maty(Sp) with relative dimension dimo [],.c 7 (L+’(“)G/IC§\';)> . This gives the claimed
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(%)

dimension of ZZ)V, and the Cohen-Macaulayness follows from that of Gr_ j. ®oF in Proposi-

tion 0

Construction 4.4. Just asin Deﬁnition if (M, No) € ZL3 then we write N for the derivation
on O*M/uPH*M over c(u)u-l given by m @ f = No(m) @ f +m ® c(u)uL(f). We can then
impose the following closed conditions on 22\0;\‘; forl<i<e:
(A;) The derivation u'"!N§ on @*M/uPTip*M stabilises M; /uP+ip*IMN.
(B;) Assume (A;_1), so that «'"! N is a derivation on M;_1 /u®Tip*IM which is = 0 modulo
ud; 1 /uPtip*M (note this is automatic if i = 1). Thus, for each k = k(i,7), there is a

morphism

Z20 — Grox: xuglu]<p—1

given by (M, No, Be) — (¥(M; 7, Bi—1), Ni—1,+) where N;_1 ; € uglu]<p_1 is the reduction
modulo u" of the matrix expressing the action of u’~ INSO on the 7-th part of 5;_1. Then
condition (B;) asks that (9, Ny, fs) lies in the pullback of Sy _; c(u)-

(C) Assume (A.). For any (equivalently, one) derivation N on 9t over ue“% lifting Ny one

has a congruence
uN§ = gy © c(u)N o pgn modulo w9,
of operators on ..

Lemma 4.5. (1) (B;) = (Ay) for each 1 <i<e.
(2) Assume that 22‘121 Z?;;Lj < p forall v < X\ for k = k(1,7). Then (By1) implies
U(IMy 7, Po) lies in the closed subscheme FLy, C Gr(g))\z.
(3) Each of (A;) and (B;) are stable under the ],.c; LtWG-action on ZXY acting on the

bases Pe.

Proof. Applying Lemma shows that (B;) is equivalent to asking that, Zariski locally on Spec A,

h—1

M—l,’r “Ve = (C('LL ‘u k() Z Z

I=1j

for ve spanning the line O, (VU (M; -, Bi—1)). Then (1) follows from the implication (2) = (3) in
Proposition while (2) follows from Corollary It only remains to check the stability
in (3). For (A;) this is clear. For (B;) take g = (gir)u=x(ir) € [lies LH("@G and note that
Ni_1,7 - ve = Cvg for a constant C' implies

1 .
(91'71,7/\@71:9%'_1,7) gy 8 = Cvg, g

This proves the desired stability since, under the action of g on (90, Ny, B.), the data of W(9M;_1 -, Bi—1)
and Nj_j  transforms to g;—1,- - ¥(9M;_1 -, Bi—1) and gi_lﬁ./\/}_lﬁg;llﬁ. g
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Definition 4.6. Consider the closed subschemes

V,conv V,conv conv
Yy C-YEA C ZSA

with the former defined using part (1) in Lemma to inductively impose (B;) for 1 <i < e and
(C), and the latter defined by imposing (B1), (A;) for 2 < i < e, and (C). By part (3) of Lemmal[4.5]

each of these subschemes is [ [, ; L (%) G-stable and hence descends to closed substacks

V,conv V,conv conv
Y, C YS X C Z2y

Remark 4.7. The stacks YSV/\’COrlv are introduced in Definition primarily for convenience. As
we will see later when d = 3, we expect that the underlying reduced substacks of Yz\’com and
Y)\V’Com’ coincide when A\, = (d —1,d —2,...,1,0) (though one should not expect YX{CO}V itself to
be reduced unless A is minuscule). Thus, in these cases Y<V/\’CO][1V can be used to control topological
aspects of Y)\V’COHV. Note, one does not expect this to be the case for general \ since it contradicts

the Breuil-Mézard conjecture.

Proposition 4.8. Suppose h < p — 1. Then, for each Hodge type A concentrated in degree [0, h],

there is a monomorphism yir’“’“v Ko F — YAV’COHV fitting into the commutative diagram

y;:\r,conv ®0 F Y)\V ,conv

! |

y%rh ®Zp F YSVh ®Fp F

whose vertical arrows forget convolution structures, and whose bottom horizontal arrow is the base

change of the monomorphism from Theorem 2.7

Proof. We immediately get a commutative diagram as claimed but with the top arrow replaced by
the morphism Y{"“" @ F — ngh’conv induced from Theorem with ngh’conv C ZZ3Y the locus
defined by the conditions (A.) and (C). Indeed, (A.) and (C) are exactly the conditions defining
ngh in Definition

It therefore suffices to show that, on the level of points valued in a finite F-algebra A, this
morphism factors through Y,¥ ™. Fix 9 € Y™ (A) which is mapped onto (9, Np) € Y.,
The claimed factorisation can be checked Zariski locally, and so we can assume the 91, ;dmits
G a-bases B,. We saw in Section that NJ (as in Definition can be obtained by lifting 9t
to M° € Yy "(A°) for A° finite flat over O and setting N = N°¥ @o F modulo u®?1p*om
with N®%¥ a derivation as in part (2) of Proposition On the other hand, applying ®oF to
Theorem shows W(9M; -, Bi—1) lies in the zero locus of

d /\Z,z_l

ui_lNo,cp ®o F.-v—- (C(U)Ui_l) |u=l€(7r) Z Z j

=1 j=1
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A5 -1
for all v € A"V, on which the constant subgroup G,, C Aut™ acts with weight < Zle > ji’{ 7.
Since u'"IN°¥ @¢ F lifts u'"'NJ we conclude that (9, Ny, SB) satisfies (B;) and hence that
(M, No) € VY (A). O

4.3. Quasi-minuscule coweights. We do not know whether the morphism in Proposition [4.§]is
generally an isomorphism. However, for sufficiently constrained A we can show this is the case under
sufficient topological control on Y<V/\’C°nv. Specifically we consider A which are minuscule/quasi-
minuscule at each k, so that the o;lly v < )\, in the Bruhat order is a constant tuple of integers.

Concretely, this means that, up to a twist, we can take
A =(1,...,1,0,...,0) or An=(2,1,...,1,0)
for each k € J. The significance of this restriction is that
- (") 1A =(2,1,...,1,0)
Dy := codim(FLy,,Gr2}.) =
= 0 ifAr=(1,...,1,0,...,0)

This follows from a comparison of well-known dimension formulas for FL), and Gr(;))\*. It also

follows from a combination of Corollary|3.15(and Lemma|3.16 which assert that FL) [%] C Gr(jA)* [%]

Ar -1
is cut out by the vanishing of equations indexed by v € A"V, with G,,,-weight < ch'l:1 25 J

A* o —1
Indeed, if AY = (1,...,1,0,...,0) then Z?zl Z];{ j = 0, while if A = (2,1,...,1,0) then
A1
Zle ji’i j =1 and, since r = d, \" V), contains a unique line with G,,-weight 0, namely that

spanned by e; A ... Aegq.

Theorem 4.9. Suppose A is minuscule/quasi-minuscule andp > 3. If dim Y/\v’Conv =dim V""" o
F then Y/\V’COHV is Cohen—Macaulay. If, in addition, YAV’COHV 18 1rreducible and generically reduced
then Y)\V’Conv is reduced and Proposition induces an isomorphism Y\" " @0 F = Y)\V’Conv.

Proof. Since X is minuscule/quasi-minuscule, each A, is bounded in the interval [0, 2] and so all our

results thus far apply whenever 2 < p — 1. Furthermore, Proposition [4.3| implies

dim Y, " = dim J{" O @0 F = dim Zy “™ = > Dy — > d?
KET T€Jo
with D,, as defined above. The conditions (B;) from Construction for 1 < i < e impose the
vanishing of ) . 7 Dy locally defined equations, while condition (C) specifies the equality of two
derivations on 9. /uT'9M, which are = 0 modulo u, and hence is equivalent to the vanishing

YAV’COHV is a local complete intersection inside the

of > . Jo d? locally defined equations. Thus,
Cohen-Macaulay algebraic stack Z&W. It is therefore itself Cohen—Macaulay.

For the last assertion recall that_generically reduced and Cohen—Macaulay algebraic stacks are
reduced [Stal8 Tag 0344], while any closed immersion between two finite type algebraic stacks of

the same dimension is necessarily an isomorphism if the target is irreducible and reduced. O
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5. DIMENSION BOUNDS VIA AN EXPLICIT MODEL
5.1. Main results. The purpose of this section is to prove the following:

Theorem 5.1. Suppose d =3 and 0, = (2,1,0) for each k € J. If p > 5 and e = 0 modulo 3 then
ngn’conv from Definition has dimension 3e with a single top-dimensional irreducible component

which is generically reduced.

The proof of this theorem takes the entire section, but see Section for an overview of the
argument. The assumption that p > 5 and e = 0 modulo 3 appear as artifacts of certain dimension
estimates, and it seems plausible that the theorem remains true without these hypotheses (though

recall we only establish a link between Y<v77’COHV and V"™ when p > 3).

Corollary 5.2. Under the assumptions in Theorem the morphism in Proposition [{.8 induces
an isomorphism an’conv > Y @0 F of algebraic stacks. Furthermore, both are irreducible and

reduced.

Proof. Since Y;" ™ C YSVH’COHV we have dimY; " < 3e. By Theorem Y, ™ is Cohen—
Macaulay of dimension 3e; hence equidimensional. Therefore an’conv C Y<v77’°°nV is supported on

an’conv is irreducible and generically

the top-dimensional component of Y<vn’conv. In particular,
. L V,COHV . .. .
reduced. Applying Theorem again shows Y, is reduced and that Proposition induces

an isomorphism an’conv = V" @0 F. g

For the whole of this section we set G = GL3. We point out, however, that various elements
of our analysis go through without this restriction. Since we also work entirely over F we use
similar notation to that in Section Specifically, we write LTG := LTH"G ®@p F and, for a
coweight = (1 > ... > pg), we set Grey, = Grg)L ®eF and Gr, := Gr,(f) ®oF. For N > 1 set
Kn C LTG equal to the congruence subgroups of matrices = 1 modulo u. Set g := Lie G and
g[[u]] := Lie LTG. Finally, we continue to write glu]<. C g[[u]] for the affine space of polynomials

in g of degree < e.

5.2. Strategy. To prove Theorem set h = 2. Note that, in this case, 0} = n, = (2,1,0) for

each k € J. Consider the morphism
(5.1) Yo 5 vy,

forgetting the convolution structure. The (reduced) image of this morphism admits a natural
stratification indexed by tuples p = (ur)rez, with
pr = (fir1 > pr2 > pir3) < Z N = (2e,¢€,0)
k=k(i,T)
For such p let YV (u) C Y<Vh denote the locally closed substack whose closed points consist of
M € Y, admitting a basisiﬁo so that pm(8° ® 1) = B°X for a matrix X with 7-th part X, €
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LTGur™L*TG. Then the image of (5.1) has underlying reduced substack equal to the union of
all such Y'V(u). Our first step is to bound the dimension of these strata. For this the following

notation is useful:

Notation 5.3. Viewing u, as a cocharacter of the diagonal torus in G = GL3 and «, 8 as the

simple positive roots (relative to the upper triangular Borel) with v = o + 3, allows us to write

:uT,* = <*nuT>

for x € {a, 8,7} and (—, —) the standard evaluation pairing of characters and cocharacters.

Definition 5.4. For each 7 € Jy write pr = e(2,1,0)+n,(—1,1,0)+m,(0,—1,1) with m,,n, > 0.
We say pi; is unbalanced if one of the following holds:

® liro=¢€—2n;+m; > e,

® lirg =€+ N —2m; > e,

® firy=2e—1n; —m; <e.

Otherwise, we say that u, is balanced.
In Section we prove the following by an explicit computation on an open cover.

Theorem 5.5. For each 7 € Jy write pur = €(2,1,0) + n.(—1,1,0) + m,(0,—1,1) with m;,n; >0

as above, and recall h = 2. Then

dim Yv(u) < Z (3e —n. —m;)
T€J0
with the inequality strict if there exists T € Jy so that pr is unbalanced.
Furthermore, if ji- = (2e,e,0) for all T € Jo then Y () contains a unique irreducible component

of dimension 3e, and this component is generically reduced.

T7€J0

Granting Theorem we can prove Theorem by bounding the fibres of (5.1) over each
YV (u). Specifically, it suffices to show that

(5.2) Z n. +m;

T€J0
gives an upper bound for the dimension of the fibres of (5.1]) over Y’V (), with the bound strict on
a dense open subset of YV (1) whenever each i, is balanced and p, # (2e,e,0) for each 7 € Jp. In
fact, the bound in (5.2)) arises automatically because > _. 7, Mr + m is precisely the dimension of

the locus

V(M 7, Bi—1) € Gre(a,1,0) for any choice of
G a-bases (o, and any 7 € Jp and 1 < i <e.

(5.3) mz,, (M) = {zm
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whenever (9, Ng) € YV (). Indeed, m;}h (9M) is a product over T € Jj of fibres of the convolution
morphism in the affine Grassmannians, and the dimension of the latter are described in e.g. [Hai06),

§2.1]. Thus, Theorem follows from:

Theorem 5.6. Assume that p. is balanced for all T € Jy and there exists T € Jo with pur # (2e,¢€,0)
and set h = 2. Assume additionally that e = 0 modulo 3. Then there exists an open substack
U C YV (u) such that

e The complement ngh(u) \ U has dimension < ) ., (3¢ —n. —m;).
e For each closed point (MM, Ng) € U and each top-dimensional irreducible component C C
mgrl]. (), there exists Mo € C with (M, Ny, M) & ngn’conv.

This is proven in Section [5.4 The central ingredient is that the top-dimensional irreducible
components of mz}% (1) have an explicit (and, in our specific setting, very simple) description in
terms of Mirkovic—Villonen cycles. The assumption e = 0 modulo 3 is likely unnecessary, but allows

some difficult edge cases to be avoided.

Proof of Theorem [5.1] granting Theorem [5.5 and Theorem [5.6, Theorem and Theorem [5.6] to-
gether imply that the preimage of YV () under has dimension < 3e except when p, = (2¢,¢e,0)
for each 7. Since is an isomorphism over YV (i) when p, = (2e,e,0) for each 7 it follows
from the last part of Theorem that YSV,,7 has a unique top-dimensional irreducible component of

dimension 3e, which is furthermore generically reduced. (Il
5.3. Dimension bounds without convolution.

5.3.1. Ezxplicit coordinates. We begin by temporarily dropping the assumptions d = 3 and h = 2
and giving an explicit description of Y<Vh in terms of matrix equations. Suppose 9 is a Breuil-Kisin
module of height < h over A with a Cﬁoice of & s-basis Y and an endomorphism Ny of 9% /u¢T1N.
Then there are matrices X, NV such that

em(Bo) = B°X, No(8°) = B°N  mod uTtom

for By := B° ® 1, which is an & 4-basis of @*M. If B, := gag_ﬁl(E(u)h,BO), which is an & 4-basis of
M, = wgﬁl(E(u)him) then B.X. = o for X, = X E(u)~". Thus

(5.4) uNg (Be) = Be [ue o)X — c(u)ueﬁ(Xe)Xel] mod uPTp* M
where 0 = u%. On the other hand, if N is the derivation of 9t over u¢d with N(3°) = °N then

(5.5) om0 c(W)N o gt (82) = e {cww n c(u)ueaw(u)hw(u)—h]
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Substituting X = X.F(u)" into (5.4) and then taking 7-th parts therefore shows that (9, Ng) €
VY, (A) if and only if,

(5.6) u® )(Tqi>(/\/'m<p)XT_1 — (W) X)X T = e (wN; mod uég[[ul]

for each 7 € Jp, and for ¢ the F-linear endomorphism of g[[u]] given by u — uP. Here we use that
the 7-th part of ¢(N') equals ¢(N7op). In particular, this gives

—_—

Lemma 5.7. Let YV (i) denote the F-scheme with A-points classifying (M, No) € YV (u)(A) to-

gether with an & 4-basis B° of M. Then there is a closed immersion

YViu) — H (LYGu' LY G x uglu]<.)
T€J0

with image cut out by (5.6)).

For later analysis it will be useful to simplify the equations in (5.6)). For convenience we return to
the case d = 3 (though the same can clearly be done for any d) and consider affine spaces J, C LTG

and n C ug[u]<e—1 respectively consisting of matrices

1 0 0 0 0 0
Br=|z 1 0}, Y = YT,Oc 0 0
oy 1 Yry Yrp O

where

® T.,%y;, and z; are polynomials with degree < fir q, i3, and pi, respectively.

o Y. ., Y, 3, and Y, , are each polynomials of degree < e with vanishing constant term.

We write x,; for the coefficient of u! in x,, and likewise with the other entries of these matrices, and
interpret these coefficients as coordinates on these affine spaces. More generally, for any 3 x 3 matrix
over R((w)), let M, denote the (21)-entry and M, ; denote the coefficient of u’ in M,. Similarly,
let Mg (resp. M) denote the (32) (resp. (31))-entry.
We then consider the locus
Ny H (LTG x J; x n)
T€Jo

consisting of (h;, Br,Y;),c g, satisfying the closed condition

T

(5.7) Ad(ut)uf |d(B,)B ! + BTgb<h;01¢dm¢(u)YTo¢hTo@> B_l] =Y, mod u*g[[u]]

for each 7 € Jy, where d,(u) € F[[u]]* denotes the 7-th part of d(u) = ¢! (c(u))~! € & for c(u)
defined in Section Note that d,(0) # 0.
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Lemma 5.8. Fiz g, € G for each T € Jy. Then there is an immersion
NZ — H (LTGu*" LT G x uglu]<.)
T€Jo

given by (hr, B+, Y:)reg, — (hrut™ Brgr, —h-'Y h;) which identifies NX with an open subscheme

of YV (). Furthermore, these images form an open cover of YV (1) as (gr)r varies in GJ°.

Proof. Recall that LT Gu#"J, g, C LTGu*™ L*G is open and forms an open cover as g, runs over the
Weyl group of G. In particular, the same holds for g, running over G. Consequently, it suffices to
show that and are equivalent after setting X, = h,u" Brg, and N, = —h LY h., which
is a straightforward manipulation using that 0(¢g,;) = 0 whenever g, € G. Lastly, one observes
that the dominance of . forces any solution to (5.7) with Y; € uglu]<. to be nilpotent lower

triangular. O

Notice that if N >> 0 then there is a left action of Hrejo Ky on N/Y given by (k;)-(hs, B;,Y;) =
(krhy, Br, Ys).

Corollary 5.9. There is a cover {Uy} indezed by g = (g9:)regy € [z, G(F) of YV (1) by open
substacks such that, for each g = (gr)reg, and N >> 0,

[ K |\

T€Jo

can be realised as an [] L*TG/Ky-torsor over U,.

T€Jo

Proof. This follows from the same standard argument employed in Proposition [£.3] Specifically, as

in e.g. [Bar24l, 9.7] one shows that, for sufficiently N, there is an isomorphism of quotient stacks

IT v | WEw = Y560/ | TT Kw

T7€J0 TE€EJ

where the right hand action is given by [] K operating on the choice of basis 3° and the left

T€J0
hand action identifies, under Lemma with the left multiplication action on the LT Gu#" L*G-th
factor. Tracing through the substitutions just made shows this coincides with the left multiplication
action on NE. Clearly, (Hrejo Kn) \ngh(,u) is a [ .5, L1 G/Kn-torsor over ngh(u) so this finishes

the proof. O

5.3.2. Some tools for bounding dimension. Let F[X] be a polynomial ring with a G,,-action scaling
the variables. For f € F[X], the leading term lead(f) of f is the sum of terms with highest weight

for the G,,-action.
Lemma 5.10. Let I = (f1, fo,..., fr) C FIX]. If J = (lead(f1),lead(f2),...,lead(f;)), then
dimF[X]/J > dimF[X]/I.
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Proof. Let k; be the weight of the leading term of f;. Consider the family defined by the ideal
Je = (% fi(t™1X)) € FIX, 1]

This defines a family X; = V(J;) — A%F. Note that the G,,-action identifies the fibers over t # 0.
Thus, dim X; = dimF[X]/I is the same as the generic fiber dimension. Since Xy = Spec F[X]/J,
we have dim Xg > dim X7. O

Let P, denote the affine space of polynomials of degree < n over F.

Lemma 5.11. Let r, s be positive integers. Lett < r+ s+ 1. Consider the space M of polynomials
A,C € P, and B, D € Py in variable Z such that AB = CD mod Z' inP,,s. Then the codimension
of M in P? x P2 is greater than or equal to min{2r + 2,2s + 2,t}

Proof. First, consider the case where r + s + 1 = ¢, where we have equality AB = CD. We can
stratify the space by the degree of the polynomials so let My ¢,,,, C M be the locally closed
subspace where deg A = k,deg B = {,degC = m and deg D = n. The condition requires that
k + ¢ = m + n for the strata to be non-empty. Consider the map

Mk,é,m,n — Ak X Ae X Gm

which sends (A, B,C, D) to (A, B,c¢y,) where ¢, is highest degree coefficient of C. The map is
finite because with AB fixed, there are only finitely many choices for C' which then determines D
uniquely. Thus, dim My ¢, < (k+1)+ (€ +1)+1<r+ s+ 3 and so

codim My ppmn > (2r+2)+ (25 +2)—(r+s+3)=r+s+1=t

The complement of the My, ¢, ,, is the locus where one of the pairs (4, C), (A4, D), (B,C) or (B, D)
are identically zero. These are easily seen to have codimension > min{2r + 2, 2s + 2}.

For the general case t < r + s + 1, fix ¢t and let M) be the corresponding space. Applying
Lemma [5.10]| giving the leading coefficient of B, D weight 0 and the remaining variables weight > 1,

we see that
dim M"*) < dim M= 4 2,
Similarly, dim M (") < dim M (=15 + 2. Applying this procedure inductively (always to the larger

of r and s so that the degrees are positive), we eventually arrive at the case where r + s+ 1 = t.
O

5.3.3. Enumerating the equations defining N;Y- In view of Corollary it suffices to control the
dimension of NE by analysing the fibres of the projection

NY = [[ L7G, (b, Br.Ye)reso = (he)res
T7€Jo
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Fix (h7)rez- The corresponding fibre is a closed subscheme of [[ . 7 (Jr x n), an affine space of
dimension » . 7 (fir.a + fir,g + pry + 3€), and is cut out by the equations in (5.7) for each 7 € Jo.
To make these equations explicit, fix 7 € Jp and ¢ € {«, 5,7}, and take the d-entry of (5.7). After

multiplying by u#74~¢, the condition becomes

ubmo Ty, 5 = {Br(ﬁ(hrolapdmw(u)ymwhww) B+ 8(37)371} 5 mod ! 1R [[u])

Equivalently, comparing coefficients of u’ yields a family of equations

ixm- ifd =«

(58) YTa(SvZ‘—(MT,S—G) - |:BT¢<h;olcpdTo§0 (U)on@hTO@> B;1:| + in,i lf 5 — /8
X

1zr; + Zk+€:i lrrgyre 1f d=1
indexed by min{1,1+ p,;5 — e} < i < pr5 (as usual, coordinates of u-adic degree below those
allowed in the definition of N,Y are understood to be zero). In particular, the number of equations
in (5.8) immediately gives the lower bound

Z Z min{e, pt- 5}

T€Jo d€{a,B,7}

on the dimension of any non-empty fibre. We expect this bound to be sharp (and prove it in the
balanced case in Proposition [5.13). When at least one p, is unbalanced we will instead estab-
lish an intermediate upper bound, which suffices for our purposes. We begin with the following

observations:

e Type I substitutions (of index i, d, and 7): If i > % then expresses
Yo 5i—(urs—e) 0 terms of @rj,yrj, 2r; with j < i and Yiep e j with j + (purs —e) < i
Indeed, if Yo, 57 ; appears on the right hand side of then j <i/p <i— (ur5—e).

e Type II substitutions (of index i, §, and 7): When 1 <i < p, 5 and is prime to p then
with § = «, 8 allows 2,; and y,; to be expressed in terms of YT,&Z’*(MT,re)’ Yoo
with j <i/p, and 2+ ;,yr j, 2r; with j < i. Similarly, if 6 = then 2z, ; can be expressed in

Yrops; with j <i/p, and x j,y; j, 27 ; with j <.

terms of L1y Yriis YT,6,i—(;L775—6)7

In particular, if for each § and 7, we are given subsets

Sro1C{ieZ| Meom) i< s}, SpsnC{i€Z[1<i< g i#0 modp}

with S; 51N S7 611 = 0 then repeatedly applying Type I substitutions of index 4, d, and 7 whenever
i € Srs1 and Type II substitutions of index 4,9, and 7 whenever i € S; 511 allow the complete
elimination of the appropriate variables from the equations in (5.8). The following lemma provides

the key control we need over this process:
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Lemma 5.12. For any fized S; 51 and Sy 511 the resulting expressions for any substituted Y 5;_(,ir.5-e)
(if i € Sy 51) and any substituted x.;, yr; or z-; (if i € Sy 511) have total u-adic degree < i in the

remaining variables (the u-adic grading being that placing x+;, yri, zr; and Y7 5; in degree i).
In particular, note that Type I substitutions can increase the u-adic grading if p,s —e > 0.

Proof. We argue by induction on i and the length of the root . Thus, we assume that if j € Sy 51

then Yo/ 5 5 has an expression in the remaining variables of u-adic degree < j whenever

Kot 51 —€)
j<ior Whenevgr j=1,0=7,and ¢’ € {«a,B}. Similarly, for j € Sy 5 11.

Now suppose @ € 5751 and consider the expression for Y7 5; (.. ;) given by . Ifé=aorp
then the rightmost term of has an expression of degree < i in terms of the remaining variables
because i € S;s511. The same is true if § = v by the inductive hypothesis. It therefore suffices to
prove the same is true of any monomial appearing in the square bracketed term of . Such a
monomial is a product of Yo, 5 ; with 1 < j < /p and a second monomial in the 2, , Y i, 27k Of
total u-adic degree i — jp < i. In particular, each k£ < ¢ and so the inductive hypothesis ensures this
second monomial has an expression of total degree < i — jp in the remaining variables. To handle
the term Y7o, s ; note that if j + pr0p 5 —€ > i then j+ prop 5 —e€ > pj. Thus, j < % and so
J+ (Hrop,st — €) € Sropsr1. We conclude, in this case, that the entire monomial has an expression
of degree < 7 in terms of the remaining variables as required. If j + (trop,6’ — €) € Srop,s1 then we
just showed j + pi70p5 — € < i. The inductive hypothesis therefore gives an expression of degree
< J + Hrops — € for Yo, 6 5 in the remaining variables. Consequently, the whole monomial has

such an expression of total degree

Si_pj+j+MTOga,6/ —e<1

Hrop s’ —€
p—1

pletely identical calculations handle the case ¢ € Sy 511 O

where the right inequality uses that j + (ftrop5 — €) € Srop,s,1 Which implies j > . Com-

5.3.4. Dimension bounds via degeneration. Recall that ji, is balanced if pir o, 73 < e, and pr, > e

for all 7 € Jp.

Proposition 5.13. The fibres of the natural projection N/Y — H‘rejo L*G have dimension <

Yoreqtira + pirp +e) = D cq(Be — (nr + my)) with equality occurring if and only if . is
balanced for each T € Jy.

Proof. We apply the Type I and II substitutions from the previous section as follows: If p,5 < e

we take
ST,J,I = {1 + Hrs —€5.nny MT,J}v ST,J,II = @

In other words, we eliminate all of the Y, 5; coordinates. If j,, > e we take

Sroa=1{pi €Z| M) <pi<pirn},  Sran={i€Z|1<i<jirpy,i#0 mod p}
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Thus, we eliminate each of the z;; with 4 prime to p, as well as some of the Y, ;. If y; o > e we
take

Sra1={pi€Z]| % <pi < pirat, Sran={1€Z|1<i<pi;q—ei%0 modp}

and similarly if o and 8 are interchanged. These substitutions are similar to those made when
Hr~ > e, but we are careful not to eliminate all the x;;. As we will see below, maintaining some
of the x,; as free variables will help make use of the unused § = vy equations for i = np with
n < %.

Making these substitutions produces an affine space, and we write D, for the number of variables
over 7 (we will enumerate this number precisely momentarily). To prove the proposition we are
going to show that the equations on this affine space arising from when § = v and ¢ = np for
1<n<t = L%J (which are unused in all the above substitutions) produce a high enough
codimension.

To achieve this we simplify these equations using a degeneration. Specifically, we equip our affine
space with a “new-grading” which places the unsubstituted z,;,y,; and z,; in degree ¢ and the

unsubstituted Y7, ; in degree 0. Then:

Claim. Assume jiro > jr3. With the above new grading the leading terms, in the sense of
Lemma of the equations from (5.8) with § =~ and i = np for 1 < n < t. are given by

(5.9) >ty =0

k+l=np
k‘>H’T,a_e

for each 7 € Jo. If pir o < pr g then the same holds but with the sum running over £ > . g — e.

Proof of Claim. Notice that if p,, < e then ¢, = 0 and the claim is vacuous. Notice also that if
Hr~ > e then the claim makes sense because the y,, and x,; for k > p;, — e are unsubstituted
variables—indeed k € S; 11 while the assumption pi; o > iy 3 means p, g3 < e and so k ¢ Sy g11.

To prove the claim first note that the left hand term of is unsubstituted when ¢ = np with
1 < n <t,. It therefore has new degree 0 and does not contribute towards the leading term. Also,
the proof of Lemma shows that if jir o —e > 0 then any Type II substitution for z,; writes
this variable as a degree < i expression in the unsubstituted terms (rather than < 7). In particular,
we see that if & < p; o — e then the fx, 1y, appearing in the right hand term of with 6 =~
has new degree < i = np and does not contribute to the leading term.

Consequently, we just have to show that expanding the square bracket term in into mono-
mials and performing the appropriate Type I and II substitutions gives an expression in terms of
the unsubstituted variables with degree < i = np for the new grading. This relies on the estimates
from Lemma
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First, any such monomial is a product of Yioperj with1 < j <4 /p and a second monomial in the
Tr s Yr k> 2rk Of total u-adic degree ¢ — jp < i. Lemma ensures this second monomial has an
expression of total degree < ¢ — jp for the u-adic grading in the remaining variables, and hence for
the new grading also. If Yo, 5 ; is unsolved for then it has degree 0 in the new grading and so the
whole monomial has degree < i as required. We can therefore assume j + (frop 50 — €) € Srops1
and, by Lemma write Yo, 6/ ; as an expression of u-adic degree (and hence also of new degree)

<j+ (,U-rog;,a/ — ¢e). The whole monomial therefore has new degree
Si_pj"i_j"i';ufogo,é’ —e<i

where, the rightmost inequality follows as it did in the last part of the proof of Lemma This
finishes the proof. ([l

Notice that, in contrast to the equations in (5.8]), the locus in (5.9) only consists of variables above
a single 7 € Jy. If A, denotes the codimension of the locus above 7 then, in view of Lemma [5.10]

it suffices to show
(510) D, - A; < Wro + prpte€

with the inequality strict whenever p,s < e or p;o > e or purg > e. For this it is convenient to
work case-by-case:

Case 1: The easy case If ;5 < e then only Type I substitutions are made, and these eliminate
each of the Y s;’s. Thus, the 7-coordinates of the affine space described are the x,;, y,;, and 2 ;
and D; = firo + firg + fr~. Since A; = 0 the inequality in , and its strict refinement, are
immediate.

Case 2: The strictly balanced case If (1,5 > e and firq, fir 3 < e then the only equations unused
by the Type I and II substitutions are those in with 6 = v and ¢ = np with 1 < n < ¢, .
Therefore, D; = jir o + ir g + € + t; and we need to show that A, = ¢,.

Without loss of generality, assume jiro > prg. If t- > 0, then pry = piro +pr3 > e+p—1.
Using the balanced condition we deduce e > p,3 > e+p—1—p;q >2p—1. lf prg=p—1
then, since pir o <e, tr = [1+ %J <1, in which case the lemma is clear. We therefore assume
frg = P, and soO iy o > p also.

We want to replace the equations in question with equations as in Lemma For this, weight
the variables by giving x, weight 1if k =p—1,p —2 mod p and 0 otherwise and y, , weight 1 if
£=1,2 mod p and 0 otherwise. The leading term ideal, in the sense of Lemma [5.10] is generated

by the equations

E (x‘r,lerkpy‘r,lJr(nkl)p + 2x7‘,p2+kpyr,2+(nk1)p> =0
0<k<n—1
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for 1 < n < t,. These can be repackaged as a congruence C; D, = G, H, modulo Z' of polynomials

in a variable Z, where

rr rr Sr Sy
k k k k
Cr = ZyT,l—l-kpZ , Gr= Z 2y7,2+kpZ , Dr= ZxT,kp-"-p—lZ , Hr= Z _xT,kp—&-p—QZ
k=0 k=0 k=0 k=0

for 7, s; chosen as large as possible so that the coefficients of these polynomials exist as variables.

This means that ps; +p—1 < pro —1 and 2 + prr < g3 — 1. Hence, s; = L”;D‘J — 1 and
Ty = L%ﬁ?’j, both of which are > 0 by the estimates in the first paragraph.

By Lemma [5.10| one just needs to show this locus has codimension ¢,. Lemma [5.11] asserts
this locus has codimension min{2r; + 2,2s; + 2,¢,}. Since p > 5 we have r, > L“TT’EJ — 1. Also
t; < Lng”fJ. We will therefore be done if 2| 2] > [;%;] whenever z > p. But this is clear—if
@ =1+pkwith0<I<p—1thenz=I1+(p—1k+kandso ;5] <1+k+ |5 ] < 2k where
the last inequality uses that & > 1 (since z > p) and is deduced by separating the cases k = 1 and
k> 2.

Case 3: The main unbalanced case Finally, suppose fir o > e. Since fir~ = firo + pir.3 < 2e this
forces pr 3 < e. Note that the case where instead p; g > e is handled in exactly the same way.

In this case the Type I and II substitutions leave unused the equations from with § = v
and ¢ = np with 1 < n < ¢,. Also unused are the equations with 6 = o and ¢ > pr o — e and 4
prime to p. It follows that
Hroa — €

p—1
If ir 3 <2, then D; is already < fir o + fir,8 + €; indeed pr, < pr o + 2, and so the claim follows

2

o> Ll ) e
p p—1 p—1

specialised to = fir o — e. This inequality holds whenever p > 5 (to see this check x = 1 directly

— €
DT:e—i—L J_{_\"LLT’C;j J_'_/J’TWB_'_G—'— t‘r

from the inequality

and when = > 2 use the bound [r| < r for any rational r). Similarly, if p > e then, since p,, < 2e,
we have i o —e < piry —e <p—2,and so D; = 2e + i, g and there is nothing to prove.

Our goal is therefore to show that if 1, 3 > 2 and e > p then A, >t +e+ “;’fzej + L“T’;fej -
fro. Just as in the balanced case we do this by introducing a grading by placing ¥, in degree 1 if

¢ =1,2 modulo p and in degree 0 otherwise, and placing x,; in degree 1 if ¢ = p — 1, p — 2 modulo
p and i > pi; o — e and in degree 0 otherwise. The leading term ideal, in the sense of Lemma

is then generated by equations

Z (x‘r,lerkpy‘r,l—i-(n—k—l)p + 2xr,p2+kpy‘r,2+(n—k—l)p> =0
dr<k<n—1

where d, = (“T’%WW and 1 <n <t,. Note, we require d, < k to ensure p—2-+kp > fi;o—e. As

in the proof of the balanced case, these equations can be repackaged as a congruence C: D, = G H;
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modulo Z! of polynomials in a variable Z, where

St

rr Tr Sr
Cr = Zyr,l—i—kpzka Gr= Z 2yT72+kka7 D; = Z xT,kp+p—1Zk7 H; = Z _x'r,kp-i—p—QZk
k=0 k=0 k=d, k=d,
for s, = L“;TO‘J —1landr, = L%ﬁaj. Note r, > 0 since - g > 2 while s; > 0 since piro > € > p.
Combining Lemma and Lemma therefore gives Ay > min{2r; +2,2(s, —d;) +2,t; —d. }.
The following claim (specialised to y = p, g and pr o = e+ x) therefore finishes the proof. O

Claim. Let x,y be integers less than e with y > 3 and x > 1. Assume e > p > 5. If A =
. -3 3— 3—
min{2[ 28] +2,2( 25| — 2[ 2] 4 2, | 25| — [£E2]} hen

s Lp—1
[ [ - 22
Proof of Claim. WriteE::x—L%j—Lﬁj—L%J and
A:zQLy;?)J+2, B:zZLx;eJQ{x—i_;_p—|+2, C::in_zﬂ{x%—;_p—‘

It suffices to show F + A, E + B, and E + C are all > 0. First, look at
pvomen 2] ;2] [
p p—1 p
If x =1 this is clearly > 0. If > 2 use the bounds |r| <r and [r] <r + 1 then

2 1 3.7 3
E+C>z(1-2-——_)-°2>2 24y
p p—1 p 20 5

where the second inequality uses that p > 5. Second, since L%J <[5+ L35 + 1 we deduce

p—1
that

E+A:x—F1—4 mJ—[yJ+2Flﬂ+1

p p—1J Llp—1 p
—
>0 for z > 1 2|_%Jfory23

where the first inequality follows from the bound [r] < r and the fact p > 5 and for the second one
notes that y —3 < p(k+1) for k = LyTTBJ and (2k+2)(p—1)—(k+1)p—-3=(k+1)(p—2)—3>0
since p — 2 > 3. It follows that £ + A > 0. Finally, since y < e we have

T e L Tt R LS A e A

~
>0 as above Sf%] ZLW;%,QJ

If we write e = bp +r with 0 <r < p — 1 then Leﬂ;%zj > b, while [;:ﬂ =b+ [T%ll] < 2b since
% <1+ % < b. It follows that E + B > 0 and we are done. O
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5.3.5. Top-dimensional components. Here we give more precise control on NZ in the case p, =
(2e,e,0) for each 7 € Jp.

Proposition 5.14. Suppose p, = (2e,¢,0) for each T € Jy. Then there is a dense open locus
in [Leq LTG over which the fibres of the projection N;Y = [lex
subscheme which is irreducible and of dimension Y . 7 3e =3 7 (fro + pirp +e).

LTG contain a dense open

Proof. We begin as in Proposition [5.13] making the same Type I and II substitutions. These

eliminate the Y; ,,Y; g, the z;; for ¢ prime to p, and the Y, y ;. for n > The remaining

T
equations are then of the form

(511) Y:r,’y,npfe = Z ng,kyT,K + (Bﬂ'gb(h;ol(pdTocp(U)Yrocph‘roga)BT_l)'y,np-
k+l=np
where n < pil' We prove the proposition by identifying an open locus of (h;)rcz, € Hrejo LtG

on which (5.11)) can be used to eliminate the Y, -, for each n < Iﬁ.
To proceed, set Xo = Br¢(h;,,) mod u and look at the right hand term in (5.11). We claim

that, after making the substitutions as above, the difference
(5.12) (Bré(hfoptrop(t)Yrophrop) By )y np — <X0¢ <dm¢(0)YTO@> X01>
¥.mp

can be expressed entirely in terms of the free variables z,;,y,; and 2, and Y/, v with n’ < n.
The Type I substitutions are not relevant here because if Yo, 5 ; appears in then j < n and
soj+e< pfl +e= 1%’ For the Type II substitutions, note that if z;; appears in then
i < (n —1)p. Thus, the Type II substitutions only introduce Yo, s,'s with n’ < i/p < n and

Yiqie Buti<np—p<n+e—-—psoi—e<n.
Next, we examine right hand term of (5.12)) and write

(XO¢<dTOQO(O)YTO(p> X()_1> = F"/YTO(,D,’)/,TL + GaYToap,oz,n + GﬁYTo<p,,3,n
v,mp

where F,, Gy, and Gg are expressions in the entries of ho,(0) and B, (0) which are independent
of n. Notice that, by the same argument as in the previous paragraph, making the Type I and
IT substitutions expresses each of G0 Y70p.a,n and GgYre, g, entirely in terms of the free variables
Tri,Yri and zr4p and Yo 0 with n’ < n. It remains to analyse the term F,. For this we first
assume (hr)reg, € [l,ez L@ lies in the open locus where there exists a Gauss factorisation h,
mod u = a,t;b; with a; € U and b, € U~ respectively in the upper and lower triangular unipotent

subgroups, and ¢, € T inside the diagonal torus. Then

Fyr= dTov(O)tTOwﬁ + F(aTOSW brops trops T7,05 Yr,04 2r0)
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with F(@rop, brog, trop, Tr,0,Yr,0, 2r,0) of degree > 2 in the variables aGrop,brop, and tro,. Since
drop(0)tropn € F* we can shrink the open locus of (hr)rez € [[;cz LG so that E, » = Fo, +
Fi(xr,0,Yr0, 2r0) with Fy - # 0 and HTEJQ For# 1.

Finally, we return to the task described in the first paragraph of the proof and consider the fibres
of NZ — Hre T LT G over the open locus just defined. Note that Z70,Yr0, 2r,0 are free coordinates
on this fibre and so there is a dense open locus where F, . # 0 and Hrejo F, ; # 1. The equations

(5.11)) can therefore be rewritten as

YT,'y,npfe = FV,TYTO@,%YL + G(x"r,i’ Yr,is Z1)ips YT/,')/,j; ] < TL)

<7 we have np —e < n so these equatlons allow the elimination of Yo, ,, in terms of the

Tris Yriis zmp, and the unsolved for Y, ;

. Ifn= pfl (so e is divisible by p — 1) then

np — e = n. Iterating these equations then gives
}/T,'y,n ,'y n H o+ G xT,i? Yryiys Z1,ips YT’,’Y,j;j < n)
Tedo

Since [[/¢q, Fy # 1 we can likewise solve for Y,
[l LG over Wthh the fibres of Ng = [Lex
of dimension ) . 7 3e. O

e In conclusion, there is an open locus of

L+G admits a dense open locus which is smooth

5.3.6. Finishing the proof of Theorem[5.5 For N >> 0, Proposition [5.13 gives

dim | T £n | \NY < ) (3¢ = ny — mr + dim Ky \LTG)
€00 NG

with the inequality strict when p is unbalanced. Corollary then implies ([], . »K N) \ﬁ\(;)
has a cover by open subschemes whose dimension has the same upper bound. Each open subscheme
is furthermore an [] ., Kn\L"G-torsor over an open substack of YV(u). It follows that ngh(u)
has an open cover by substacks of dimension <} - (3¢ — n; —m;) with the inequality strict
when p is unbalanced.

It remains to consider the case where i, = (2¢, e, 0) for each 7 € Jj. Propositionshows that
T€Jo 3e,
but this does not imply the same holds for ngh(,u). Instead, we note that Lemma produces a

surjective morphism

each open in the above cover of Y<Vh (1) has a unique irreducible component of dimension )

T ¢ x| IT kn | WY = | T Kn | VWYY )

T€Jo T€Jo T€J0

via (gr, hr, B+, Y;) — (hout" Brg.,—h-1Y;h;) whose restriction to {g} x (Hrejo ICN) \N/Y is an
open immersion for any g € [[.. 7 G(F). Proposition asserts the source of this surjection has

a unique top dimensional irreducible component. If the target has two top-dimensional irreducible
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components then one can choose top-dimensional open subsets Ui, Us of the target which are
v
redo U. xU

ICN) \NX open and top-dimensional. Hence, the preimage

disjoint. Continuity implies the preimage of U; contains a non-empty open subset []
with U, C G open and U C (T],cz,
of U; is dense in the unique top-dimensional component of the source. The same is true for the
preimage of Us, so these preimages intersect. Since the morphism is surjective, this contradicts the
assumption that Uy N Us = (.

5.4. Bounding the fibres of convolution.

5.4.1. The main argument. Now we prove Theorem Let h = 2. Thus, consider an F-valued
point (9, Ng) € YV (i) and fix 7 € Jy with u, balanced and # (2e,e,0). Recall m;}% (9) then
classifies certain sequences

Mo : Me CMe—1 C ... C Mo

where M, := pg; (u?°IM) and My := P*M. Since (M, Ny) € YV (1) we can choose Gp-bases e, 70
of M, and My respectively, so that
Ve = 0,UNT

where, as in Proposition pr = (pi, = ... > py,) with pj = h—py , . Note, we do not
require that 9 and . are related via the Frobenius on 97 in any specific way. Note also that,
since pur < (2e,e,0) and pt = (2e,2e,2e) — wo(u,) for wy € W the longest element, we have
pur < (2e,e,0).

For each irreducible component C' C m;}% () there are additionally dominant ,u(Ti) < (24,14,0)
for 1 <4 < e such that for generic M, € C one has IM; - generated by yongiu“(Tw for some g; € LTG.
In particular x(®) = p*. In Section we will give more control on the possible g; which can

appear. Specifically, we prove:

Proposition 5.15. Fix an irreducible component C C mz}% () and choose k > 1. Then there
exists Mo € C with M; - generated by the inductively defined
(@) _ (i+1) . .
Yiprauw® b1 <<,
Vi = @ _ G+
Y rgut Y g

where g can be any element in
e the upper triangular unipotent U C G if ,u(TkH) — ,usk) #(1,1,1).
1z ¥ 10
o Uy_1 = { (0 i 8) | z,y € IE‘} orUg 1 = { (01 ) | z,y € IF} (the choice depending
001 001

upon the irreducible component C) if M(Tkﬂ) — usk) =(1,1,1).

288 e

Under certain assumptions on Ny (it should be sufficiently indivisible by u) we will be able to
choose ¢ as in the Proposition so that (9, Ny, 9Me) does not satisfy condition (Agyq) from
Definition [£.6] The following definition makes this precise:
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Definition 5.16. Say Nj is i-generic relative to an F[[u]]-basis v, » of M; ; if !N (vi,) = Wi,TY(i)
with

yO=| 0 why v
0 0 uhs

(@)

for Yogi) having u-adic valuation i + 1 — (a, uTi ) and Yéi) having u-adic valuation ¢ + 1 — (83, ,u@).

The basic calculation is:

Lemma 5.17. Suppose 1 < k < e is such that ,ugk) = (2k,k,0) and ,u(TkH) # (2(k+1),k+1,0). If Ny
1s e-generic then g can be chosen as in Proposition so that either uk+1N50(9ﬁk+17T) Z uMpq1 7
or u*NE (M) & udMy. .

In particular, if Ny is e-generic and there exists k > 1 with ugk) = (2k, k,0) then (90, Ng, M,)
does not satisfy one of (Ag41) or (Ag) from Definition and so (9, No, M,) & ngn’com’,

Proof. For each i set v; = ugH) — M(Ti) < (2,1,0) and write v; » = Yit1,rhu™" with h = 1 unless

i = k, in which case h = g for g as in Proposition to be chosen shortly. If u! N (v;.+) = 'yi,TY(i)
then

(5.13) YO — o ¥ip ty (D pyvi cf(u)ui+1 <u”ih_18(h)u_”" + u”"a(u_”")ﬂ )

An immediate consequence of when h = 1 is that ¢ + 1-genericity of Ny implies i-genericity.
Indeed, Yogi) = u<0""i>_1Y(§i+1), and likewise with « replaced by 5. Applying this inductively gives
k + 1-genericity of Np.

The choice of k gives:

pF ) e 2k, k,0) + {(2,0,1),(1,2,0), (1,0,2),(0,2,1),(0,1,2), (1,1,1)}

The k+ 1-genericity of Ny immediately handles the first two possibilities. Indeed, («, ,ugkﬂ)) =k+2
in the first case and and (§3, u£k+1)> — k + 2 in the second. Thus, Y **1) has an entry with u-adic
valuation 0 and so W* N (Myy1.-) & uMper1 -

For the remaining cases we have to force failure at the k-th level by suitably choosing ¢ as in
Proposition First, suppose u.(rkﬂ) = (2k+1,2k,2), (2k,k+2,1), or (2k,k+1,2). Since g can
be any element in U it can be chosen so that the upper right entry of u~1g~ 'Y *+1g has u-adic
valuation

min{v, (YD), 0, (VF)} - 1

Accordingly, this top right entry has u-adic valuation 1,1, or 2. Conjugating this matrix by u"*
drops this u-adic valuation by 1,1 or 2. Plugging this into (5.13) with ¢ = k& shows Y®) has top
right entry with u-adic valuation 0. Thus, u* N§ (9..) ¢ udNy. ..
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If instead ,uskﬂ) = (2k+ 1,k + 1,1) then g can be chosen in Proposition so that the top
right entry of u=tg~ 1Y #*+1g has u-adic valuation

< max{vu(Yong)), Uu(YB(kH))} -2

By k + l-genericity of Ny this maximum is 0. Putting this into (5.13]) and noting that 9(g) = g+
again shows Y(¥) has top right entry with u-adic valuation 0. Thus, u’ng’(smk,T) Z udMp 7. ([l

Notice that if ,ug) = (1,1,1) and M, € C then, in view of part (2) of Lemma (9, No, M)
does not satisfy (Bj) from Definition Thus, the following proposition (which we prove in
Section [5.4.3)) completes the proof of Theorem in most cases:

Proposition 5.18. Suppose that piro > 2 and prg > 2. Then there exists an open substack
U C YV(u) with complement of dimension < > rego(3e = np —mqs) such that, for each F-point
(O, No) € U, there exists Sp-bases v and vy of M and My such that ver = 'yoﬁu“(f) and such

Ny is e-generic relative to e r.

We will show that, under the assumption that e = 0 modulo 3, there are only two balanced
1 not covered by Proposition namely (%, %, 23—6) and (%, %, £). For these we use a slightly
different notion of genericity and then (a much simpler) variant of Lemma m This is done in

Section [5.4.4l

5.4.2. MV cycles and irreducible components. Here we prove Proposition We begin by recall-
ing some background regarding fibres of convolution in the affine Grassmannian. Recall U C G
denotes the upper triangular unipotent, and let LU : A — U(A((u))) denote the loop group of U.
Let 1 be a dominant cocharacter and ¢ any cocharacter. Recall that an MV-cycle inside Gr<,, of

type d is an irreducible component of the scheme theoretic image of the map
LTGu'LTGNv’ LU — Gre,,

given by the action map on the base point in Grey,.

Next, fix dominant cocharacters A, v, u with v < A + p and consider the locus
(5.14) {€ € Gr<;, | £, C & defines a point of Gr<y for any trivialisation of £}

where &, € Gr<y, is as in Definition It follows from [Hai06l Theorem 1.3] that this locus is
equidimensional of dimension (p, + A\ — v) where p is half the sum of the positive roots. Then,
[And03, Theorem 8] says that each irreducible component in is a translate by —v of an
MV-cycle inside Gre_,(y) of type p—v. More precisely, each irreducible component is the scheme

theoretic image of an irreducible component under the map

(5.15) W LTGu LYG Nu' LU — Gre,, .
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Remark 5.19. Not all such MV cycles generally appear as components of . Indeed, the
number of MV cycles in coincides with the v — u weight space inside of the highest weight
representation V' (A), while the number of irreducible components in equals the multiplicity
of V(v) inside V(A\) @V (u), see e.g. [Zhul7, Theorem 5.3.21]. As explained in [And03, Theorem 10]
the latter number is always < the former. However, we will shortly specialise to the quasi-miniscule

A= (2,1,0) and for such coweights these numbers coincide, by e.g. [NP0O1, Lemme 10.2].

Lemma 5.20. If A = (2,1,0) and v — u < X as above, then each irreducible component
LTGu TG nu*"LU

contains U - u*~Y where U is:

e the upper triangular unipotent U C G if v — p # (1,1,1).

1z Y 10
o an open subset of Uy —1 = { (0 1 8) | z,y € IE‘} orUg 1 = { <01 > | z,y € F} (the
001 001
choice depending upon the irreducible component C) if v —pu = (1,1,1).

glee ke

Proof. This follows from [NP01l, Lemme 7.4] and [NP0I, Corollaire 7.5], but it can also be deduced
directly as follows. Since there is a factorisation LU = Uy - LTU for Uy C Ulu~?] the kernel of

w1, it suffices to compute
LTGu™LTG nu' Uy

where v — u runs over those cocharacters < (2,1,0) which can easily be done on a case-by-case
basis. We give two examples:
If v — = (1,1,1), then v 'M € LTGu~ 21O L+G if and only if uM € LtGu>1.0) L+G. This

implies uM is integral and so

1 zu™' yu?
M={0 1 zu'!
0 0 1

Furthermore, the 222-minors of uM must be divisible by u. This forces xz = 0. This gives the two
components.

When v — p € W - (2,1,0), then clearly Uy - u#~" C LTGu *L*G so it suffices to show it is
irreducible. If v — p = (1,2,0), then u=b=290M ¢ LTGu= 1O LG if and only if u(b92)M e
LTGuZ1OL+G. Since w12 M is integral,

1 2wt yu?
M=10 1 0
0 0 1

The minor condition is then automatic and so this is irreducible. OJ
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Proof of Pmposztzon . Consider the closed locus C'(k + 1) C C consisting of MM, with M, -
generated by 7o, Tu“T for k41 < i <e. Then My — M}, - defines a morphism

C(k‘—|—1)—>Gr< (k)

which factors through the locus with v = (kH), W= ,u(Tk), and A = (2,1,0). We claim this
factorisation surjects onto a union of irreducible components in . This proves the proposition
because it produces M, € C(k + 1) with My, . generated by 7o, Tu”(TkH)gu o Vht1, Tgu“(Tk>
with ¢ as described in Lemma [5.20)

Since C'(k+1) — Gr_ RO is proper, it suffices to show C'(k+ 1) is irreducible and that the image

of C(k+1) — Gr< ®) has dimension (p, (2,1,0) + M(r ) u(k+1)> The basic observation is that on
an open nelghbourhood of £ (k+2) the morphism C(k + 2) — Gr L 6+2) is a trivial fibration with
fibre C(k + 1). Thus, if the clalm holds for C'(k + 2) and dim C(k: + 2) equals

T'#£T
when i = k+2, then C'(k+1) is irreducible and (5.16|) specialised to i = k+1 gives dim C'(k+1). Since
(5.16]) with ¢ = k is an upper bound for dim C(k) we conclude that the image of C(k+1) — Gr<M(k>

(k) ,u_(rkﬂ))

has dimension (p, (2,1,0) + ur as required. O

5.4.3. Genericity of No. Here we prove Proposition Clearly, the locus in YV (1) where there
exists e, 70 as in Proposition is locally closed. To prove the proposition it therefore suffices
to show that the pullback of this locus to

H Ky | \YY,(0) 2 Y, (1)/ H Kn

T€Jo T€Jo
with N >> 0 (the isomorphism being as described in Corollary has dimension dim YV (u) +
Yo 7o dim L*G/Ky, with complement of strictly smaller dimension. We do this by producing an
open substack of the left hand quotient which lies inside this pullback, and has complement of
strictly smaller dimension.

For this, let U denote the image of the open immersion NE — Y/V\(_;) from Lemma in which

one takes w, = 1 for each 7 € Jy. This consists of (9, Ny, 8°) € Y/V\(;) so that, if By = ' ®@ 1 is
an Gp-basis of 9y, then

m(Bo) = B°X, No(8°) = B°N mod ut!

with X, = h,u*" B; and N, = —h,Y,h-! for (h,, B;,Y;) € NX. If wg € W is the longest element
then o, := Bo,TBT_lwo is an F[[u]]-basis of My - and

(e) (e)
hy—1 -1 © (
Ve, r = /Be,ThTwO = /BO,TE(U) X, hrwo = BOBT woul =0, Ful
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for the dominant u(Te) = (2e, 2e,2e) — wopr. Using (5.5) and (5.4 one computes that

e

ehu® —Yrpg —Yr,
UGNSP(%,T) = 'Ye,TCT('UJ) 0 ehuf —}/7-70[
0 0 ehu®

modulo u*T9M.. From the equations (5.7)) defining NE we see that Y7 , has u-adic valuation
>et1—pira=e+1—(8,u)

(since wp(B) = —a), and similarly with o and g interchanged. Thus, Ny is e-generic with respect

to the basis 7. - if and only if this is an equality.

Lemma 5.21. Recall pir is balanced.

(1) If pir.q > 2 then the locus in Ni where Yr o e41—p, . = 0 has codimension > 0.
(2) If pr.o = 0 then the locus in NE where Yz y e+1-p, ., = 0 has codimension > 0.

Both (1) and (2) also hold with o replaced by (3.

Proof. Recall the analysis in the proof of Proposition If ppr o > 1 we have 1 > 1+ iy o —e and
so the Type I substitution at i = 1 € S; 1 identifies Yraet1—pra = Tr1- Thus, we need to bound
the locus where ;1 = 0. As in loc. cit., we can do this after degenerating to the locus described in
the Claim, then further degenerating as in: The strictly balanced case of loc. cit. Since pr o > 2 we
have . appearing as a free variable in the last degeneration (since p > 5) which gives the desired
bound. Note the same argument goes through with « replaced by 3 and x,; and y,; interchanged.

If instead pro = O then p,, = prg and so, since p, is balanced, pr;, = prg = e. Then
i =1 ¢ S;,,1 and this Type I substitution expresses Y, 11 = 2r1 + T+ 1Y70 + Z70Yr,1- As explained
in: The easy case from the proof of Proposition the z;;, 2, and y,; are all free variables, so

we are done. O

Proof of Proposition[5.18. Consider the open locus Uy C U where Yroetl—pro 70and Yrger1 0, #
0. Clearly, the left action of J] . 70 Kn on U stabilises (,70 and so we obtain an open substack of
(HTE 7 ICN) \ﬁ . By Lemma it has complement of strictly smaller dimension. By Theo-

rem 5.5, the same is therefore true of its complement in (J], . 2K ~)\YY, (1) Since it lies inside
the pullback described at the start of Section [5.4.3| we are done. ]

5.4.4. Boundary cases. To finish the proof of Theorem [5.6] we must consider those j,’s not covered
by Proposition The following simple computation is where the assumption e = 0 modulo 3

appear:

Lemma 5.22. Suppose r € Z is such that 3r = e. If pu, is balanced and pro < 1 then p, =
(4r,4r,r). If instead pr g < 1 then p, = (5r,2r,2r).
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In particular, this rules out the possibility that o = 1 or p,3 = 1, and so part (2) of
Lemma, [5.21] can be applied. Specifically, we proceed as in Section but work with the fol-

lowing variant of Definition [5.16

Definition 5.23. Say Ny is (i,a)-generic relative to an F[[u]]-basis 7;, of 9, if u!NJ(yi,) =
'yi,TY(i) with
why Y vl

YO = 0 why Y
0 0 uhy

for Y, having u-adic valuation i + 1 — {a, M(Ti)> and Yw(i) having u-adic valuation i + 1 — (v, ,u@).

Likewise, define (7, 3)-genericity by interchanging « and S.
We then have the following (much simpler analogue) of Lemma

Lemma 5.24. Assume p;o = 0 and apply Proposition forany k <e—1and g =1. If
Ny is (e, B)-generic then ue_lNSO(Dﬁe,LT) ¢ uMe_1,,. Likewise, the same holds if o and B are

interchanged.

Proof. Note that pi; o = 0 implies M(Te) = (6r,6r,6r) — (r,4r,4r) = (5r,2r,2r). The dominance of
use_l) means the only valid possibilities for ,uge_l) are
(5T7 2’/“, 27”) - {(Oa 17 2)7 (17 Oa 2)7 (17 17 1)7 (2> 07 1)}

Notice that in the first three cases one has (v, ,uq(-efl)> > e, while the fourth case has (3, MEHB =
e+ 1.

The same argument as in the first paragraph of the proof of Lemma shows that (e, «)-
)

genericity implies (e — 1, a)-genericity. Thus, in the first three cases Y7(6_1 has wu-adic valuation

< e—e = 0, and in the fourth case Yﬂ(e_l) has w-adic valuation < e — (e + 1) = —1. Thus,
ue—lng(zme_LT) ¢ uIM._1-. An identical computation holds if instead p, = (5r,2r,2r) and
) = (4r,4

wr’ = (4r,4r,r). O

To finish the proof of Theorem we only require an analogue of Proposition describing
an open locus on which Ny is (e, 3)-generic when firo = 0 and (e, «)-generic when p, g = 0. The
discussion of Section constructs such a locus after using part (2) of Lemma
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6. KISIN VARIETIES

6.1. The general construction. Fix a continuous representation p of Gx on a finite dimensional
F-vector space, together with a choice of F-basis @ of p. We can then consider the framed deforma-
tion ring R%] with universal lifting p"™™" : G — GLd(R%') over O. Following [Kis08, Corollary 2.27],
write R% for the unique O-flat quotient of R% characterised by the property that any O-algebra
homomorphism RﬁD — A, with A finite flat over O, factors through R% if and only if p"V ® Runiv A
is crystalline with Hodge type A.

The following construction, which first appeared in [Kis09] and [Kis08], illustrates how to relate
R% with the Y™ defined in Section Here, as we have done previously, we assume )\ is

concentrated in degree [0, h] for some fixed h > 0.

Construction 6.1. Take d = dimp p in Section a Hodge type A concentrated in degree [0, h].
Then we define

—_—

= VS X SPERD, LSO = PSRN s Spf R)

where Xj is the formal algebraic stack defined in [EG23, Definition 3.2.1], the morphism Y " —
Xy is given by M — M4, 4 W(C") 4, and Spf Ré — X is the morphism from [EG23|, Proposition
4.8.10]. As explained in [EG23| 4.5.26], Crf can be realised as the mp- adic completion of a

projective Rﬁ—scheme which we denote L§. Slnce VIO — VST is proper, the same argument

—
Ccr,conv

e whose completion is £ Ny

produces a projective R/\ scheme E

Suppose A is a finite local O-algebra with residue field F. Directly from Construction we see
that the A-points of ,Ccr O™ functorially identify with pairs (9, a) where M € Y (A4) and «
is an A-basis of T'(M) := (M @z, W (C”))¥=! so that the F-linear isomorphism

TOM) @aF=p

identifying o ® 4 F and @ is Gg-equivariant. In particular, this illustrates that the morphism

ECI’ ,conv Cr,conv

Ko F - y)\
stacks over SpecF (compare with [Bar23a, Lemma 16.6]). This also shows that Eir’gonv — Spec R%

®o F given by (I, a) — M is a formally smooth morphism of algebraic

becomes an isomorphism after inverting p. See, for example, [Bar23b, Corollary 3.3.7].
The following, whose proof is taken from [Kis09, Corollary 2.4.10], demonstrates the utility of

these constructions.

Proposition 6.2. Suppose x1,x2 are O-valued points of Spec R% with (necessarily unique) liftings
(M, ) € Ecr COnv( ). If W\ @0 F is reduced then xy,xo lie in the same irreducible component

of Spec RA if the images of (M, ;) in Ccr O @ pa F lie in the same connected component.
P

Proof. Since Ecr OV D0 F — y§r O @0 F is formally smooth, reducedness of y“ O 20 F implies
the same for Ecr “M @o F. This implies that any idempotent e € R%[];] = (’)(Eir:‘mv[p}) lies
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inside (’)(E(;\r’gonv). If not we could choose a uniformiser w € O and a minimal n > 1 so that

whe € (’)(Ef\rgonv); but then the image of @™e in (’)(L’f\rgonv ®e F) squares to zero, contradicting

reducedness. It follows that if the images of (M, q;) in L™ ®p F lie in the same connected
component then the same is true of xz[%] in Spec R%[%]. Since R% is O-flat with R%[%] regular [Kis08,

Theorem 3.3.8], this is equivalent to asking that the z; lie in the same irreducible component of
Spec R%. We conclude using the standard fact that the connected components of any proper scheme
over Spec R% are in bijection with the connected components in the fibre over the closed point, as
follows by combining Stein factorisation [Stal8, 03H2] with the idempotent lifting described in
[Stal8, 09X1]. O

6.2. Torus actions and semisimple points. Proposition motivates the problem of deter-

mining when two points in Eir,’;onv DR [F lie in the same connected component. The following ob-

servation substantially simplifies this process whenever p = @?:1 Py with each p, one-dimensional.

In this case we assume the basis @ of p is compatible with this decomposition.

cr,conv

Lemma 6.3. Suppose that p is completely reducible as above. Then L 5 @ pA I admits a T-action
’ 2

which, on F-valued points, is given by
t- (ma O[) = (ma O[t)
(recall from the previous section that v here is an F-basis of T(ON), viewed as a row vector).

Proof. One just has to check that the given formula is well-defined, i.e. that if the map T'(9) — p
identifying o and @ is G g-equivariant, then so is the map identifying ot and @. But this is just

the assertion that ¢ normalises p. O

cr,conv cr,conv
The properness of £ Ay ® R%IF over F therefore ensures every connected component of £ A OpA

17
F contains a T-fixed F-valued point. Such T-fixed points are very easy to make explicit:

Lemma 6.4. Suppose (M, «) is T-fized under the action in Lemma . Then, for 1 < £ < d,
there are rank one Breuil-Kisin modules MY equipped with convolution structures and crystalline

G -actions so that
d
ot = Do
(=1
compatibly with convolution structures and crystalline G g -actions.

Proof. A standard fact of the functor 9t +— T'(90) is the existence of a unique (up to isomorphism)

v, G -equivariant identification

(6.1) M s C” = T(M) @z, C°
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This holds for any Breuil-Kisin module over &, see for example, [BMS18 Lemma 4.26]. If O
is furthermore equipped with a GGx-action then this identification becomes G g-equivariant for the
induced Gi-action on T'(9).

Then (9, a) being T-fixed means that, for each ¢ € T', the automorphism of T'(9) ®z, C” given
by a — at stabilises 9% under (6.1)). If T(9M) = @ Ty is a weight decomposition for the action of a
sufficiently generic character G, — T, then there exists a @-equivariant decomposition

m=@PmO, MmO =mn (T, 2, )

d
/=1

which becomes Gg-equivariant after extending scalars to C”. After taking the Frobenius twist of
(6.1)) we also have that the convolution structure i, on 9N is stabilises by the T-action, and so

m =@, w0 = (10, C°)

under the Frobenius twist of . Clearly, each 9 and E)ﬁge) are Gp-projective and so define rank
one Breuil-Kisin modules with convolution structure. Our assumption that p decomposes as a sum
of 1-dimensional representations compatibly with the basis @ ensures that each line T, C T'(9)
is Gg-stable. The extension of this Gx-action to T ®g C" therefore induces a Gg-action on

MO @ C” which is crystalline (since that the sum of these G x-actions is crystalline on 9t). [

Corollary 6.5. Let (I, «) € Eirgonv ®px F and suppose additionally that h < p — 1 so that the
’ 2
morphism M +— (M, Ny) from Theorem is defined. If (M, «) is T-fixred and p is the trivial

d-dimensional G -representation then Ng = 0 modulo u®IN.

Proof. Given the formula for Ny in Theorem this follows if we can show (9, ) being T-fixed
implies the divisibility of the crystalline Gx-action on 9 described in (2.2)) can be strengthened to

(6.2) (7= 1)"(m) € M@e up™" ()" Ain

for all n > 1 and m € 9. By Lemma [6.4] it suffices to show that any crystalline Gx-action on a
rank one Breuil-Kisin module 2t over Gp satisfies .

Any such 9t admits at most one crystalline Gx-action. Indeed, any such crystalline G g-action
extends the Gk -action on T'(9) to a Gx-action, and the crystalline G g-action can be recovered
from this extension via the identification from (6.1)). But 7'(9) being one dimensional over F ensures
there is a unique extension of the G _ -action to a Gk-action (compare e.g. [Bar21, Lemma 2.2.1]).

As explained in e.g. [Fon90, §1], actually descends to an identification over k((u))*P C C.
In particular, if 7'(9%) has a single generator 5 over F then the image of 9t under is generated
by Bf for some f € k((u))*P @, F. If we further assume the G -action on T'(9M) is trivial then



RESOLUTIONS OF SPACES OF CRYSTALLINE REPRESENTATIONS AND MODULARITY 60

[ is G -fixed and so f € k((u)) ®F, F. The claimed divisibility in (6.2)) therefore reduces to the

assertion that
(1= 1)"(f) € up™ ()" f Aint g

For this note that 77(u') = u* modulo p"u’A;y¢ (arguing by induction this follows from the case

n = 1) and recall that ; generates the same ideal of Ay, as u®e =1 (). O

6.3. Extremal fixed points and semisimple lifts. As in the previous section we assume that
7 = @}_, 5, compatibly with the basis @. It follows from Lemma [6.4] that if (9, o) € LY 7 ()
is T-fixed then there exists Gp-bases 3; of 9;, compatible with the decomposition in Lemma
so that
UVZT,I
Bir = Bi—1,r

*
uyi,T,d

for each 1 < i < e and 7 € Jy. Note, we don’t

require for the usual relationship between Gy and (. here.

for tuples of integers (1/;"771, e I/Zﬂd) < )\:(iﬂ_)

Definition 6.6. We say that a T-fixed point (2, o) € L{5°™ (FF) as above is extremal at £ = (i, 7)

if there is a permutation w € Sy so that

Wizt Viga) = w(Ay)

We say (I, a) is extremal if it is extremal at every k € J.

cr,conv

Lemma 6.7. Suppose (M, ) € L7577 (F) is an extremal T-fived point. Then there exists a
crystalline representation T° of Gx with Hodge type A on a finite free O-module such that

e T° is a direct sum of 1-dimensional crystalline representations and T @0 F =2 p.
o IfM° € Y\"°™(O) is the Brewil-Kisin module associated to T° (with uniquely determined
convolution structure) then IM° @ F = M.

Proof. It is a standard fact that any rank 1 Breuil-Kisin module over F with convolution structure
lifts to the Breuil-Kisin module associated to a one dimensional crystalline representation. See,
for example, [Bar23b, Example 5.3.2]. Furthermore, the Hodge type of this character is uniquely
determined by the initial Breuil-Kisin module over F. Since the formation of Breuil-Kisin modules
associated to crystalline representations respects direct sums, it follows that any (not necessarily
extremal) T-fixed (9, ) € L 7" (F) is the base change to F of an 9° € Y;"°"(0) for a Hodge
type v with v,; ;) the dominant conjugate of {v;r1,...,vra} for vi e :=h — 2 If (M, «) is

extremal then v = A, which gives the claim. Il
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6.4. Potential diagonalisability.

Theorem 6.8. Let p be the trivial 3-dimensional F-representation and suppose (M, o) € E;r’pconv (F)
with n, = (2,1,0) for each k € J. If p > 5 and e = 0 modulo 3 then (IM, «) lies in the same

cr,conv

connected component of Enﬁ ®pr F as an extremal T'-fized point.
’ P

Proof. Fix h = 2 and recall in this case that v = v,. For a generic choice of character n : G, = T
the point lim; o n(t) - (M, o) is T-fixed and lies in the same connected component as (M, o). We
can therefore assume (9, «) is T-fixed and so express the convolution structure on 9t using the
notation from Section[6.3] Choose a minimal 1 < i < e so that (90, a) is not extremal at x = (i, 7).
Then, v; -1 = Vir2 = Vir3 =1, and so M; , = ud;_1 . Notice that, after part (2) of Lemma
this is only possible if ¢ > 1. Minimality of ¢ therefore ensures (9, «) is extremal at x(i — 1,7)
and so we can choose an Gp-basis ;o of M;_o, so that M;_1, C M;_o, is generated by
Bi—1r = Bi—2,r diag(u?,u, 1). This allows us to vary the submodule M;_1, C M; » by considering
the F[t][[u]]-submodule aﬁﬁ?lﬁ C M2+ @p(py)) Flt][[u]] generated by

(6.3) 51@1,7 = (52‘—2,7 ® 1) diag(u®, u, 1) = <Bz’—1,7— ® 1)

[ R
oS = O
—_ . O
S O =
o = O
= el O

Since M; » ®r F[t] is contained in SJTZ(t)l » we can define a convolution structure on the Breuil-Kisin

module M® := M @p F[t] over F[t] by setting

@ | P Sepy FEIl] i Gor') # = 1,7)
jv Smgt,)m i (j,7) = (i —1,7)

If the morphism in Theorem is given by M — (I, Ny) then we can furthermore consider the
pair (MO, N) € 27,5 (F[t]) where NS = Ny @gqy Flt][[u]]l. We claim that (0, N) e

V,conv N
NGO

Before checking this claim, let us see how it implies the theorem. Corollary [5.2] asserts that
M s (9, Ny) defines an isomorphism V5™ @ F = Y™, The claim therefore lets us
view (M®), Np) as an F[t]-valued point of Vi, Since T(MW) = T(IM) @F F[t] we can view
(M®, o @p F[t]) as an F[t]-valued point of LY7 @pa F. Specialising to ¢ = 0 clearly recovers

’ P
(M, a), while if (M) o @p F[t]) denotes the limit as ¢ — co then the chain of submodules
> c mt>) < m>)

i—1,7 —2,7

are generated respectively by f;_s diag(u®, u?, u) and B;_o diag(u?,1,u). Thus, (9, a) is T-fixed,
and extremal at k = (i, 7). Iterating this process therefore creates a chain of P!’s in E(;\r’gonv ®rF

connecting (M, ) to an extremal T-fixed point, which finishes the proof.
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Returning to the claim, we have to check (ﬂﬁ(t), Nét)) that, after choose F[t]-bases Bﬁt) of M,
the triple (im(t),Nét), Et)) satisfies the conditions (B;—_1) and (B;) from Construction at the
embedding 7. We can choose Bﬁt) so that ﬁi(t_)Q = [i—1®1 and 61‘(?1 is asin . We need to compute
the restrictions of ui_lNét)’@ and uiNét)’@ to imf.t_)h and SJJTZ@_)LT
the equation from Example vanishes on &; := \Il(imﬁ, Bj-1) for j = i,i — 1. Corollary
ensures the existence of an F[t]-basis (e1, ez, e3) of ¢*M so that Ny(eq, e2, e3) = 0 modulo uPp*M.
On the other hand, Lemma ensures ej, ez, eg can be chosen so that 3;_o = (u" ey, u"eq, u"3e3)

and B;_1 = (u" T 2eq, u" ey, ue3) for some r; > 0. Therefore,

respectively. Then we will check

. . 0 0 . . 7"1+2 0 0
wING(BY) = B e(u) (0 0 ), Wi NS(BY)) = B0 wie(u) |0 ratn Hearasd
(] K3 00 rs K3 K2 0 0 ru3
modulo uPT =1 M® and uPtip*MM® respectively. Thus, these congruences also hold respectively
modulo uhi)fftz(-li)2 and uhimgtjl. If i > 2 then both matrices above are = 0 modulo u2, and so
substituting n;; = 0 into the equations from Example shows (B;_1) and (B;) hold. If i = 2
then r1 = rp = 73 = 0 and so, after substituting ns3 = —t and all other n;; = 0 in the equations

from Example express (B1) and (Bg2) as the vanishing of

Yo,1,2,  respectively  tyo14

as functions on \If(imgt_)lﬁ, l(t_)2) and \I/(imgtl,ﬁl(t_)l) respectively. If 6]@ = (e14,€2,,€3,;) then the
first vanishing asks that e ;_2Aez;_2Ae3;_2 is zero inside /\3 imﬁ?Q / 93?1(?1 and the second asks that

e1,i—1 N eai—1 Aueg;_1 is zero inside /\3 93?5?1/93??). Both these are easy to check using (6.3). O

Recall, from [BLGGT14] §1.4], that a potentially crystalline representation p : Gxg — GL4(O)
is potentially diagonalisable if there exists a finite extension L/K so that the restriction of p[%] to
G, corresponds to an O[%]—valued point of Spec R%r’)‘, for some Hodge type A and p = p ®o Flg,,
contained in the same connected component as an O[}%]—Valued point induced by direct sum of
1-dimensional crystalline representations.

Corollary 6.9. Let K be any finite extension of Q, with p > 5. Then any potentially crystalline

p: Gg — GL3(O) with Hodge type (2,1,0) is potentially diagonalisable.

Proof. If p: Gk — GL3(O) has Hodge type (2,1,0) then so does its restriction to a finite index
subgroup of Gx. Enlarging K we can therefore assume that p = p®e[F is trivial and p is crystalline.
We can also assume e = 0 modulo 3. The corollary therefore follows by combining Theorem
Proposition [6.2) and Lemma [6.7] ([l
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7. APPLICATIONS

In this section, we prove our main results on automorphy lifting, Breuil-Mézard conjecture, and

the weight part of Serre’s conjecture.

7.1. Global setup. Let F be an imaginary CM field with maximal totally real subfield F*, and
let ¢ € Gal(F/F™) denote complex conjugation. Fix a prime p > 5, n = 3, and an isomorphism
L: @p =~ C. Write Ez‘f (resp. X,) for the places of F't (resp. of F') lying above p. Assume that all
places of 3 split in F.

7.1.1. Algebraic modular forms. We now recall algebraic modular forms. Let G,r+ be a reductive
group which is an outer form for GL3 which is quasi-split at all finite places of '™ and which splits
over F. Suppose that G(F,") = Us(R) for all v|oo. Recall from [EGHI3, §7.1] that G admits a
reductive model G defined over Op+[1/N], for some N € N which is prime to p, together with an

isomorphism

(7.1) t: Gjog/N] — GL3j0p(1/N]

which specializes to ¢y, : G(Op+) = G(OF,) & GL3(OF,) for all places v € Ing
Define Ff := F* ®g Q, and Ops = Op+ ®z Zy. If W is a finite O-module endowed with a
continuous action of G(Op+) and U < G(AT) x G(O F+) 1s a compact open subgroup, the space

of algebraic automorphic forms on G of level U and coeflicients in W is the O-module defined as:
(72)  S(U.W):={f: GFNGAE) = W | f(gu) =u,"f(g) ¥ g € GAR.), u € U}.

We recall that the level U is said to be sufficiently small if for all ¢ € G(A%,), the finite group
t7'G(FH)tNU is of order prime to p. The space of algebraic automorphic forms S(U, W) is then

endowed with an action of the Hecke algebra Tp where P is a set of “good” finite places of F' (see
[LLHLM23], Section 9.1] for details).

Definition 7.1. A Serre weight (for G) is an isomorphism class of a smooth, absolutely irreducible
representation V' of G(O F;r) over F. If v|p is a place of F, a Serre weight at v is an isomorphism
class of a smooth, absolutely irreducible representation V,, of G (OF;f). Any Serre weight V' for
G(Op+) can be written as V = @ V, where V, are Serre weights at v.

g UEE;

Let 7 : Gr — GL3(F) be a continuous Galois representation. Recall that a maximal ideal m C Tp
corresponds to 7 if it is the kernel of the system of Hecke eigenvalues @ : Tp — F satisfying the
equality

3 .
det (1 — 7Y (Frob,) X) = Z Y (N, g, () Da(T) X7
Jj=
for all w € P.
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Definition 7.2. Let 7 : G — GL3(F) be a continuous Galois representation and let V' be a Serre
weight for G. We say that 7 is automorphic of weight V (or that V' is a Serre weight of 7) if there
exists a compact open subgroup U = U? x G(Op+ ,,) C G(AY) with UP C G(AR"") such that

S(U, V) 2 0.

wher m corresponds to 7.
We write W (7) for the set of all Serre weights of 7. We say that 7 is automorphic it W (7) # 0.

7.2. Automorphy lifting. We refer to Section 2.1 of [BLGGT14] for the definition of a RAECSDC
(regular, algebraic essentially conjugate self dual, cuspidal) automorphic representation (m,x) of
GL3(Ar). Recall that by Theorem 1.1 of [BLGHTTI], we can attach to a RAECSDC representation

a continuous semisimple representation
() : Gp — GL3(Q,).
Given the Corollary we immediately deduce the following automorphy lifting theorem:

Theorem 7.3. Let F be an imaginary CM field with mazimal totally real subfield F*, and let
c € Gal(F/F™) denote the non-trivial element. Assume F is split at all places of FT above p > 5
and ¢, ¢ F. Letr : Gp — GL3(Q,) be a continuous irreducible representation such that:

(1) (odd essential conjugate self-duality) There is an isomorphism ¢ = rV @y, and x(¢,) = —1
for all v|oco for a character x : Gp+ — @;

(2) (unramified almost everywhere) The representation v is ramified at only finitely many
primes.

(3) (minimal regular potentially crystalline) For all places v|p, the restriction r|g,, is poten-
tially crystalline with k-Hodge-Tate weights (2,1,0) for all k : F, — Q.

(4) (adequate) HGF(cp is irreducible and 7(Gp(c,)) is an adequate subgroup of GL3(F); and

)
(5) (residual modularity) 7 =2 7,(m) for some w a regular algebraic conjugate self-dual cuspidal

automorphic representation of GLy,(AR).

Then r is automorphic, i.e. r = r (') for some 7' a RAECSDC automorphic representation of
GL3(Ar) (of weight O at all places dividing p).

Proof. This essentially follows from Theorem 4.2.1 of [BLGGT14] with the improvement in Theorem
A.1.4 of BLGG13] related to point (4). The main difference is that we don’t assume r is ordinarily
automorphic, and so instead need to show that 7 satisfies the second condition in (3) of the theorem
in [BLGGTI4]: namely 7 = 7,(II) such that II has level potentially prime to p and r,(II)|q,, is
potentially diagonalizable for all v|p.

To do this, recall that by assumption we have

S(U7 V)ﬁ 7é 07
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for a maximal ideal m C Tp corresponding to 7 and some Serre weight V of G. By Theorem
there exists a (regular) K-type o(7) such that V is a Jordan-Holder factor of &(7). Let 0°(7) be

an O-lattice in o (7).

S(U,0°(1))w/w = S(U,0°(1)/w)wm # 0.
But any system of Hecke eigenvalues supported on S(U,o(7))m gives rise to a RAECSDC auto-
morphic representation II of GL,(Ar) of weight 0 congruent to w. By Corollary r.(ID)|ap, is

potentially diagonalizable for all v|p.
]

7.3. Breuil-Mézard conjecture. Fix K/Q, finite. We recall the geometric and versal Breuil-
Mézard conjectures following [LLHLM23] which in turn follows [EG23, [EGI4]. Let X3 denote the
EG stack of 3-dimensional p-adic representations of G .

Let Z[X5 yeq] denote the free abelian group on the irreducible components C, of X3 yeq parametrized
by Serre weights o for GL3(Ox). We call elements of Z[A53,cq] cycles and, for a Serre weight o,
call C, € Z[X31eq] an irreducible cycle. (One might normally call these top-dimensional cycles
among cycles of varying dimension, but since we only consider top-dimensional cycles, we omit this
adjective.) A cycle is effective if its coefficients are nonnegative. Let Ko(Repp(GL3(Ok))) be the
Grothendieck group of finite length F[GL3(Ok)]-modules, or equivalently the free abelian group
generated by Serre weights for GL3(Og). If W is a finite length F[GL3(Ok)]-module, we write
(W] =>,IW :0ollo] for its image in Ko(Repp(GL3(Ox))) where [W : o] denotes the multiplicity
of a Serre weight o as a Jordan—-Hélder factor of W. If V' is a finite length F[GL3(Ok)]-module,
the class [V°] of the mod @ reduction of a GL3(O )-stable O-lattice V° C V is independent of the
choice of the lattice, and hence we simply denote it by [V]. We then also denote [V° : o] by [V : o].

Recall that an inertial type 7 for K is a representation Ix — GL3(E) with finite image which
extends to a representation of the Weil group of K. In what follows, we use A to denote the Hodge
type (as opposed to Hodge—Tate weights); this is the reason for the shift by n = (2,1, 0) in various
formulas below. Given a pair (\,7) where A € (Z*)7 is a dominant weight and 7 is an inertial
type for K, let Ay . be the potentially crystalline stack Ay +, Parametrizing potentially crystalline
representations with Hodge type A and inertial type 7. Let Z) - denote the cycle

Z Ho (X)T+777IF)CU

in Z[X3 vea] where fi5(XY,, 5) denotes the multiplicity of C, as an irreducible component of XY, .

Given an inertial type 7 for K, there is a finite-dimensional smooth representation o(7) of
GL3(Ok) over E associated to 7 by the “inertial local Langlands correspondence” (see [CEGT16,
Theorem 3.7] for a characterization). The following conjecture is based on a geometric version of a

conjecture of Breuil-Mézard ([BMO02], [EG23| Conjecture 8.2.2], [LLHLM?23| 8.1.1]).



RESOLUTIONS OF SPACES OF CRYSTALLINE REPRESENTATIONS AND MODULARITY 66

Conjecture 7.4 (Geometric Breuil-Mézard conjecture). Let S be a collection of pairs (A, 7). For
each Serre weight o for GL3(Ok), there exists an effective cycle Z, € Z[X31eq] such that for all
(A, 1) €S, we have

(7.3) Zyr =Y [6(\7): 02,

[

The full conjecture predicts that one can take S to be all pairs. In this paper, we will restrict

attention to the collection Sy = {(0,7) | 7 is an inertial type for K}.

Theorem 7.5. Assume p > 5. Then the geometric Breuil-Mézard Conjecture holds for the
collection Sp. That is, there exist unique cycles Z, € Z[X31eq] such that for all T, we have

(7.4) Zyr =Y [6(1): 0] Z,.

Moreover, the cycles Z, are effective.

Remark 7.6. Not much is known about these cycles but we can extract some information from
previous work.

(1) In general, the support of Z, includes C, (in fact, appearing with multiplicity one). This fol-
lows from the compatibility of Z, with patching and the existence of ordinary globalizations
for ordinary Serre weights (for example, as constructed in the proof of [LH25, Proposition
2.5.7)).

(2) If K is unramified and o is generic, then Z, = C, (see Proposition 3.6.1 [LLHLM20]).

(3) For K unramified, the second two authors with Daniel Le and Stefano Morra have on-going

work to fully determine the cycles Z, and hence to make explicit the weight part of Serre’s
conjecture (see Remark [1.4])

Recall from [GHS18, §3.3] that a collection S of pairs (A, 7) is a Breuil-Mézard system if the

map
Z[S] — Ko(Repp(GL3(Ok))
(A7) = o (A, 7)]

has finite cokernel. The uniqueness assertion in Theorem follows from the fact that Sy is a
Breuil-Mézard system (which in proved in Theorem [A.2). Indeed, one is forced to take

Zs = Z aTZO,T

where a, € Q are such that

0] = 3 arlo(r)]
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Our proof of Theorem will proceed by patching and passing to versal rings for X3. As
explained in [LLHLM23| Proposition 8.2.1], taking versal rings for X3 recovers the original Breuil-
Mézard conjecture. We summarize this discussion (see loc. cit for details). Let p : Gx — GL3(IF)

and let p denote the corresponding F-point of X3. Fix a versal ring RZ® for A3 at p. The fiber

product SpfRY™ X x; A3 red is a closed formal subscheme of Spf R¥*", which we denote by Spf R%lg.
Consider
iz : Spec R%lg — X3 red-

The map i; induces a map from the set of irreducible components of Spec R%lg to the set of
irreducible components X3 yeq.

Denote by Z[Spec R%lg] the free abelian group generated by irreducible components of Spec R%lg.
The map iz induces a pullback map i : L] X3 ved| — Z[Spec R%lg] obtained by formal completion
along components of X3 4. Let Zy -(p) denote the cycle 2%(2,\,7) € Z[Spec R%lg].

Conjecture 7.7 (Versal Breuil-Mézard conjecture). Let S be a collection of pairs (A\,7). For
each Serre weight o for GL3(Of), there exist effective cycles Z,(p) in Spec R%lg such that for all
(A, 1) €S, we have

(7.5) 23 (p) =Y (A7) : 0] Z5(p).

o

The conjecture doesn’t depend on the choice of versal ring (Remark 8.1.6 in [LLHLM23]), so in
what follows we will make the universal lifting ring R%' our default choice.
Conjecture[7.4]for a collection S clearly implies the versal conjecture for S so Theorem [7.5]implies

Conjecture The converse is also true if one knows the versal conjecture for enough p:

Proposition 7.8. Let P be a collection of F-points of X3. Let S be a Breuil-Mézard system. For
every Serre weight o, assume that P contains a p € C, such that C, is smooth at p and p does not
lie on any other components. If Conjecture for the collection S holds with effective cycles Z,(p)
for all p in P, then there exists cycles Z, € Z[X31eq| such that Conjecture holds for S.

Proof. The equivalence of the two conjectures is proved in Remark 8.3.7 in [EG23] and the discussion
before. 0

Theorem 7.9. Let p € X3(F) and p > 5. Conjecture holds for Sp.

Proof. We follow the geometric version of the strategy of Gee—Kisin [GK14] formulated in [EG14].
First, we globalize p. Since p > 5, there is an imaginary CM field F' and suitable globalization
7 : Gp — GL3(F) as in Corollary A.7 in [EG14] (noting that Conjecture A.3 in loc. cit. is true by
Theorem 6.4.4 in [EG23]). In particular we have a global setup as in Section [7.1|such that:

e 7 is unramified away from p;
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e letting X7 denote places of F* over p, for each v € X[ there is a place v of F lying over v
(which we fix) such that F; = K and 7|g, = p;

e 7T is automorphic.

Let (A, 7) = (M, Tv)uves, so that each A, € (Z”)Hom(Fﬂ’@P) is a Hodge type and 7, an inertial type.
Let o(A,7) be the finitely generated E[GL3(Op)]-module ®,(V(\,) ® o(7,)) where V(\,) is the
(dual) Weyl module with highest weight \,. Let R%‘”Jr""r” denote the reduced O-flat quotient of
the lifting ring R%' such that its E’-points are exactly the potentially crystalline representations
p: Gy — GL,(E') of Hodge-Tate weights A\, + 7 and inertial type 7, for E'/FE finite. Note that
R%“’Jr”’ﬂ’ is the pullback of X\",  to RE.

Set

R, = ®U|pyoR§

—_

i\+77»’f — ® Ri‘v"’_n?T’U
P : v|p,(9 Py :

In this global setup, the patching argument in [CEG™16, §2] produces a minimal weak patching
functor in the sense of [LLHLM23, Definition 6.1.1]. Let RepO(GLg(OF;)) denote the category of
topological O[GL3(O F;)]-modules which are finitely generated over O. There is a formally smooth
complete local Noetherian equidimensional flat O-algebra R*"™ with residue field F, and a covariant

exact functor
My : Repo(GLg(OFJ)) — Mod(Rx)

where Ry, = Rau"@oRp, such that

(1) (JCEG™16, Lemma 4.1.18]) Let 0°(\,7) be an O-lattice in (A, 7). Then My (c°(A, 7))

is supported on R (A, 7) := R ®R; %\Jﬂ”, and is maximal Cohen-Macaulay over it.
Furthermore, Mo, (0°(A, 7'))[1%] is locally free of rank 1 over its support.
(2) For all ¢ € JH(G(A, 7)), M (o) is a maximal Cohen-Macaulay module over R (A, 7)/w

(or is 0).

In what follows, we will only consider the case A = 0, and hence suppress it from the notations (e.g
we abbreviate Ry (0,7) = Roo(7)). Let d (resp. d,) be the common relative dimension over O of
Roo(T) (resp. RY™).

Let 7 = (7,) be such that Ry (7) # 0. By Corollary any closed point of Spec ROO(T)[%] is
potentially diagonalizable. Hence for each irreducible component C of Spec R (7), we can apply
[BLGGT14, Theorem 4.4.1] with the set S = ¥ to produce an automorphic lift 7 (with respect
to our current global setting) of 7 such that (ry) vest induces a point in C. Since the support
of M (c°(7)) is a union of irreducible components of R (7) by the maximal Cohen-Macaulay

property, we conclude that its support is all of R (7). It follows that MOO(O'O(T))[%] is locally free
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of rank 1 over R (7’)[%] This implies

(7.6) Z(Roo(7)/w) = Z(Moo(0°(1) /@)),
where for R.-module M which is supported on R (7)/w for some 7, we let Z(M) denote its
associated d-dimensional cycle.

We now fix a place vy € X} For each v € X7\ {vg}, we fix a choice of inertial type 7, such that

RY™ # 0 as well as a choice of O-lattice 0°(7,). We have an injective pullback map

oo Za,[Spec BT 5] < Z,Spec (Roo/0)]
induced by tensoring with Rau"@(@l)ezg\ oy B85 /@). Clearly

(7.7) Joo(Z0,r, (P)) = Jeo Z(RY™ [w) = Z(Roo(7) /@)

Now for each Serre weight o, for GL3(Of), we choose a presentation

(000 = D o7 [0(700)]
in Ko(F[GL3(Ok)]) and set
Zo4, (p) = Z o, 20,7, (P)
which is a priori a possibly rational combination of cycles. Combining equations (7.6]), (7.7]), the

exactness of My, and the additivity of cycles in short exact sequences, we deduce

oo Zag (0)) = Z(Moc(00y ® (8531 10} 0° (7))

In particular this shows Z,, (p) are effective cycles. Finally, the system of equations ([7.5) with
A =0 hold for Z,, (p) since they hold after applying the injective map joo.
O

7.4. Weight part of Serre’s conjecture. Let’s return to the global setup with F/FT as in
Section Let 7 : Gp — GL3(F) be a continuous Galois representation. The existence of the
cycles Z, in Theorem allows us to unconditionally state and prove the weight part of Serre’s
conjecture. (This connection to the Breuil-Mézard conjecture in this generality first appears in
IGHS1S].)

Continue to assume p > 5. Let 7, be the collection 7, := ﬂGFa' For each v and a Serre weight
o, for G(ky), let Z,, be the effective Breuil-Mézard cycle from Theorem

Definition 7.10. (Definition 3.2.7 [GHS18|) Define
WBM(7,) = {o, | T, lies in the support of Z,, }.

Theorem 7.11. (Weight part of Serre’s conjecture) Assume p > 5. Suppose that
(1) if 7 is ramified at a place v of F, then v|p+ is split in F';
(2) 7: Gp,) — GL3(F) is an adequate subgroup and (, ¢ I adr; and
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(3) T is automorphic in the sense of Definition [7.3.
Then
0 = ®y0, € W(F) if and only if o, € WEM(7,).

In particular, the modular weights of T only depend on the local components above p.

Proof. We patch in this setup as in [LLHLM23, Appendix A] with the property that for any Serre
weight o for G,

My (o) #0 <= T is automorphic of weight o.
In particular, o € W(7) if and only if My (o) # 0.

By the same argument as in the proof of Theorem using [BLGGT14, Theorem 4.4.1], for all
types T, Moo (7) has full support on Spec Ry (7). For ¢ = ®,0,, we furthermore learn that the
support cycle of My (o) is the pullback of Hvez;f Z,, along Spec Roo — HveE;L X3

]

Remark 7.12. Theorem [7.11] is not restricted to the case of algebraic modular forms. The same
argument goes through in any situation where one can perform Taylor—Wiles patching. For example,
we could take a unitary group G which has signature (2,1) at some subset of the infinite places
and compact at the others and patch the middle cohomology. The main technical subtlety in this
setting would be the exactness of the patching. This could be arranged by assuming some genericity
assumption at an auxiliary place and applying torsion vanishing results but we don’t pursue this

here.
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APPENDIX A. REDUCTION OF SOME GL,,(OF)-TYPES (BY ANDREA DOTTO)

We fix a p-adic field F with ring of integers O, residue field kr, and uniformizer wp. We let F be
an algebraic closure of F', we write F}, for the unramified extension of F'in F of degree n, and we fix
an F-linear embedding of F), in the matrix algebra M, (F'), by choosing an F-basis of F,,. Finally,
we choose a p-adic coefficient field E/Q,, with ring of integers O, residue field I, and uniformizer w,
and we assume that E contains Q,((p), and that kp, embeds in F. The aim of this appendix is
to prove a result concerning the reduction mod w of certain smooth O[GL,,(OF)]-representations,

whose definition we recall nextl

Definition A.1. Let 5 be a Bernstein component of the category of smooth E[GL,,(F)]-modules,
let J C GL,(F) be a compact open subgroup, and let £ be an irreducible smooth E[J]-module.
(1) (J, k) is a type for s if, for all irreducible smooth E[GL,,(F)]-modules 7, we have Hom j(k, 7) #
0 if and only if 7 € s.
(2) s is regular if, for all irreducible 7 € s, the monodromy operator on the Langlands parameter
recy(7) is equal to zero.
(3) We define T C Ko(GL,(OF), E) as the subgroup spanned by irreducible representations 7
such that (GL,(Or),T ®g E) is a type for a regular Bernstein component of E[GLy,(F)].

Note that if 7 € T is a type for the regular Bernstein component s, and p : Gal(F/F) — GL,(E)
is a potentially semistable Galois representation, such that WD(p)¥* is the Langlands parameter
of an irreducible 7 € s, then p is potentially crystalline, by Definition (2). We will prove the

following result.

Theorem A.2. Assume that |kp| > n+ 1. Then the semisimplified mod w reduction map
re: T ®7Q — Ko(GLy(kr),F) @7 Q

18 surjective.

We will prove Theorem by exhibiting a spanning set of the right-hand side, and showing that
it is contained in the image of r,, by explicitly constructing elements of 7 providing a preimage.

We begin by constructing the spanning set.

Lemma A.3. Let S be a set of representatives of the GLy,(kp)-conjugacy classes of pairs (T, x)
consisting of the group T C GLy(kr) of kp-points of a rational mazimal torus, and an E-character

x:T = E". Then {rw(Ind?L"(kF)X) : (T, x) € S} is a spanning set of Ko(GLy(kr),F) @7 Q.

Proof. Since every p-regular (i.e. semisimple) conjugacy class in GL, (kr) intersects the kp-points
of some rational maximal torus, this lemma can be proved by the same arguments as for Artin’s

I was supported by a Royal Society University Research Fellowship during the writing of this appendix. I am

grateful to Shaun Stevens for comments on a draft.
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theorem on induction from cyclic subgroups. Here we offer an alternative argument based on some
properties of Deligne—Lusztig characters.

Given (T,x) € S, we write xy — R%L" (x) for the Deligne—Lusztig induction map on virtual
characters. Then, by [LS77, Thm. 3.2], Ko(GLy(kr), E) ®z Q is Q-spanned by R%L” (x), as (T, x)
runs through S. On the other hand, the Steinberg character of GL,(kr), denoted St, is nonzero
on all semisimple conjugacy classes of GL,(kr) (see e.g. [Lus76, Prop. 3.1, Rem. 3.2]). Hence a
consideration of Brauer characters shows that the operation of tensoring with r5(St) induces an

isomorphism
— QF T’w(St) : Ko(GLn(kF),F) X7 Q — Ko(GLn(]{F),F) X7 Q,

and so 14 (R%L" (x) ®ESt) forms a spanning set of Ko(GLy(kr), F)®2Q over Q. (In fact, the image
of Ko(GLy(kr),F) under —®gr4(St) is the Grothendieck group of projective F|GL,, (kr)]-modules,
by [Lus76, Thm. 1.1].) Finally, by [DL76, Prop. 7.3], the virtual character R%L” (x) ®Eg St coincides,

up to sign, with Ind?L”(kF )(X): more precisely,

(1)@= (RG () @ St) = Ind5*) (),

where o(—) denotes the rational rank of a group. The lemma is an immediate consequence of these

considerations. O

Recall that the GL, (kr)-conjugacy classes of rational maximal tori in GL,,(kr) are in bijection

with partitions P of n, the class corresponding to P = ny; > ny > --- > ny being represented by

t
Tp = H ]{Z;n .
=1

Then § will consist of the pairs (Tp, xp), as xp runs through E-valued characters of Tp, and P
runs through partitions of n.

Let T% be the preimage of T under the mod wp reduction map GL,(Of) — GL,(kr). Note
that the surjection T — T’p is split by the image of the Teichmiiller lift [k;nl] under our fixed

embedding F; — GLy,(F'), and so we have a semidirect decomposition
Tp =Tp x (1 +wpM,(OF)).

By Lemma to prove Theorem it suffices to show that, for all (T’p, xp) € S, there exists
a character x% : T5 — E* such that x%|r, = xp, and (T, x%) is a type for a regular Bernstein

component. Indeed, since 1 + wpM, (OF) is a pro-p group, we have

GL, (k GL, (O o
rw(IndT:; ( F)Xp) = rw(IndT;: ( F)XP)a

and so we conclude that r (Indg:”(kF ) Xp) is contained in r (7)), since (GL,,(OF), Ind%{:"(oF ) Xp)

is a type for a regular Bernstein component.
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Construction of types. The characters x% we seek to construct arise as GL,,(F)-covers of
Bushnell-Kutzko types for cuspidal Bernstein components, of small conductor, of Levi subgroups
of GL,,(F'). As such, their study goes back at least to [How77], but some of their properties do not
seem to be readily available in the literature in the form we require. For this reason, we provide
details of the construction, although it is surely well-known to experts (our arguments are adapted
from [Car84, Roc9q]).

Definition A.4. For any partition P = n; > ne > --- > n; of n, we will consider sequences up of
u; € kp 1 <4 <t, with the following two properties:
(1) Tp, has trivial stabilizer in Gal(kp,_ /kr), and

(2) if i # j and n; = ny, then u,, and u,, are not conjugate under Gal(ani/k?F).

The following lemma implies the existence of such sequences for any partition P. (This is the

only place in this appendix where the assumption that |kr| > n + 1 is used.)

Lemma A.5. Assume that |kp| > n + 1, and let P be a partition of n. Then there ezists a
sequence Up with properties (1) and (2) in Definition [A.]]

Proof. Writing ¢ := |kp|, the number of Galois orbits on the set of nonzero primitive elements of
ani /k‘p is
(A1) —On=t A1 Y p(d)g"

dln;

Let m be the number of times that n; occurs in P. We need to show that (A.1)) is at least m. This

follows from the inequalities

14> uld)g = (= > T =1) = (q- 1" =g —1>n>nm. O

Given up as in Definition H we write u,, for the Teichmiiller lift of %,, in (’);n_, and we

regard u,, as an element of GL,,,(OF) via our fixed embedding F,,, — M, (F). We then define
(A.2) up = (Unyy- -y Un,) € GLy, (F) X -+ x GLy, (F).

To construct our types, we follow a standard procedure of fixing an additive character ¢ : F' —

E” which is trivial on wrOp but not on Op. Then there is a bilinear pairing
My (F) x My (F) — E", (A, B) — tr(AB),

which identifies M, (F) with its dual group of smooth characters M, (F) — E . The annihilator
of ply = whM,(Or) with respect to this pairing is p;;"**. Hence the function

up: Ky — B 1+ wpA e gtr(upA)
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is a character of Ky := 14+ wpM,(OF). Since E contains the p-th roots of unity, it follows that u%
is valued in E. Since u,, € F, up is invariant under conjugation by T, and so can be extended
to a character of Tp = Tp x K. We define (xp,up)° to be the unique extension of u% to T3 such

that (xp,up)°|r, = XxP-

Lemma A.6. Let up,vp satisfy properties (1) and (2) in Definition |A.4).
(1) Assume that up, vy intertwine in GL,(F). Then there exists a permutation v € Sy such
that w,; and vy, are Gal(ktpnj /kr)-conjugate for all 1 < j <'t.
(2) Let xp : Tp — E* be a character. Then the GLy(F')-intertwining set of (Tp, (xp,up)°) is
contained in K3 (H§:1 FnXZ)Kl

Proof. Let g € GL,(F'), and assume that g intertwines u% and v%, i.e. that the Hecke module

(A.3) Homgr,, () (c—Indf(I;"(F)u%, C—Indg;"(F)v%)

has an element supported on K1gK;. Then uf and ad(g)*vp have the same restriction to Kj N

¢ 'K1g. Hence, for all z € K1 N g K¢, the equality

Yir(wplup(z — 1)) = Y tr(wplvp(grg ™! — 1)

holds. Rearranging, we find that

V(g vpg —up)wy ' (x — 1)) =0,

and so g~ lvpg—up is contained in the annihilator of M, (Op)Ng~' M, (OF)g, whichis pa+g 'pag.

So there exist A, A, € M,(OF) such that
up — wpAy, = g Hvp — wrAy,)g.

By Lemma below, there exist k,,k, € Ki such that tp = k' (up — wpAy)k, and vp =
kyl(vp — wrpAy)k, are contained in H§:1 O;"j. Since wp is congruent modulo wpr to up, the
reduction modulo wp of its j-th component ﬁnj 1S U, - Similarly, the reduction modulo wg of %j is
Up,. Hence 1y, resp. U, acts on the j-th direct summand in the decomposition Fon = @;:1 Fom
by an endomorphism whose characteristic polynomial lifts the characteristic polynomial of %y,
resp. Up,;. Bearing in mind Definition we thus see that up,vp have squarefree characteristic
polynomial. Setting g = ky Lgk1, which conjugates Up to Up (and so sends eigenspaces of up
to eigenspaces of vp), it thus follows that there exists v € S; such that gF®% = F®wG for
all 1 < j < ¢. In turn, this equality implies that u,; and vy, have the same characteristic
polynomial; hence the same is true of u,; and Un,y s which are therefore Galois conjugates. This
concludes the proof of part (1).

We now prove part (2). It suffices to prove that if g intertwines uf with itself, then g €

K (H’;:l FnXZ)Kl To do so, we specialize the discussion above to Up = wp, using the same
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notation. Definition (2) implies that necessarily v = 1. Tt follows that § € [['_, GL,,(F), and
furthermore gjﬂnj§;1 = Up;, for all 1 < j < t. Since Fy,; = Flun,;] = F[vy,,], this implies that g;
normalizes F,; in GLy,(F), and the resulting Galois automorphism of F},; is the identity, since 1,
and vy, are the same modulo wp (they both coincide with ,; = vy,). Hence g; € F,, which

concludes the proof of part (2), since g € K19Kj. O

Lemma A.7. Let P be a partition of n, let up be a sequence as in Definition[A.]], and let u = up
be as in (A.2). Then, for all A € M,(OF), there exists k € Ky such that

t
K u—-wrAke [[OF, -
=1

Proof. Since u — wrA is invertible in M, (OF), it suffices to find k € K; such that

t
k™ u —wrpAk e L= HOFM'
i=1

We show that, for all » > 1 and u, € u+ wpM,(OF) such that v, € L + @wpM,(OF), there
exists k. € K, such that u, 1 := k. 'u,k, is contained in £ + wTF’Lan(OF). Assuming this claim,
we let u; = u — wrA, and we choose k, and wu, recursively; note that wu,,; is automatically
contained in u + wpM,(OF) if so is u,, so the recursion is possible. Then, setting k := HQl k, =
limg_yno Hi:l k.., we conclude that k~luik = lim,_,oo Ug+1 1S contained in L, as desired.

Definition implies that £ is the kernel of the Lie bracket [u,—]: M, (Or) — M,(OF), and
has a [u, —]-stable complement £+ on which [u, —] acts invertibly. So our assumption on u, implies
that there exist L € £ and L+ € £ such that

u, = u+wpl + wTFLL.

Let M+ € £+ be such that [u, M*] = L. Let k! := 1 + @wh.M~*. Then, modulo @}y M, (OF),

we have
ky burky = up + @i [M ) = up @R[ M U] = (ut wpL +wplu, M)+ wp M4l
=u+wrlL,
and since u + wpL € L, we see that k, lu.k. € £ + w}“Mn(OF), as desired. O

The following proposition completes our construction of types, and so concludes the proof of
Theorem [A2

Proposition A.8. Let P =ny > ng > -+ > ng be a partition of n, let up be as in Definition [A.]],
and let xp : Tp — E* be a character. Then (T3, (xp,up)°) is a type for a reqular Bernstein
component of E[GLy,(F)].
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Proof. Assume first that t = 1, i.e. that P has a single nonzero part. Accordingly, we will replace
the symbol P with n. Lemma implies that the GL, (F)-intertwining set of (77, (Xn,un))
coincides with K1 FK; = F*K;. Since F, ‘K, is compact modulo the centre of GL,,(F'), this
implies that the compact induction to GL,(F) of any extension of (xp,u,)° to F,* K1 is irreducible
and cuspidal. Since FK; = F*T)7, we conclude that (T, (xn,un)°) is a type for a cuspidal
Bernstein component s(x,,, u,) of E[GL, (F)].

Furthermore, we claim that if u,,u), and x,,x), are such that s(xn,u,) = s(x},,u,), then u,
and u, are Gal(kp, /k)-conjugate. In fact, the equality of Bernstein components implies that there
exists an irreducible smooth E[GL,(F)] module such that Homp, (u$,n) and Homg, ((u!,)°, )
are both nonzero, and so 7 is a common quotient of c—Ind%“"(F)u,"l and c—Ind?;"(F) (ul,)°. Since
these compact inductions are projective objects of the category of smooth E[GL, (F')]-modules, we
conclude that

Homgg,,,( F)(C-Indg;"(F)uo c—Ind?(I;”(F) (ul,)®) # 0,

no n

and so u$, (u},)° intertwine in GL, (F'). Then the claim is a consequence of Lemma

We now drop the assumption that t = 1, and we let P be any partition of n. We will show that
(T, (xp,up)°®) is a GL, (F)-cover of

t
<H GLM‘ (F)7 (Xnuunl)o XX (Xntvunt)())
=1

in the sense of [BK98, Defn. 8.1]. We then deduce from [BK98, Thm. 8.3] that (T3, (xp,up)°) a
type for the parabolically induced Bernstein component s(xn, , Un, ) X -+ + X $(Xn, , Un, ) of E[GLy,(F)].
Since i # j implies that u; and u; are not Galois conjugates, and so, by the previous paragraph,
$(Xng> Un;) 7 5(Xn;, Un,), we furthermore see that this component is regular, which concludes the
proof of the proposition.

There remains to check that the three conditions in [BK98, Defn. 8.1] are met by (T3, (xp, up)°).
But the first two are true by construction, and the third condition is a consequence of [BK98|
Comments 8.2], since Lemma implies that (using notation from [BK98, Comments 8.2]) we

have H(G, (xp, ur))t_ aL,. () = H(G, (xp, up)®)- O
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