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An algebra is a triple (A,m: A® A — A,u:k — A) such that m is
associative and unital.

A is a right A-module under multiplication
= A* is a left A module.

Frobenius 1903 studied (using the language of linear algebra) when
A= A* as a left A module.

Brauer and Nesbitt 1937 named such algebras as Frobenius algebras.

Nakayama 1939 analyzed the rich duality structure and gave new
equivalent definitions.

o Later Eilenberg, Thrall, Dieudonné made contributions.

Examples: Group algebras, exterior algebras, Hopf algebras



The same group of mathematicians parallelly also developed the theory of
quasi-Frobenius algebras.

@ An algebra A is called quasi-Frobenius is A is injective as a left
A-module.

e Equivalently, A and A* have the same indecomposable summands.

@ Thus Frobenius algebras are quasi-Frobenius.

Example:

e Groupoid algebras (kG)

G: 0bj(G) ={1,...,n}, all morphisms are invertible
o kG :=vector space spanned by Mor(G)

e Product: given by composition

o Unit: 1yg = z;lzl id;.

o Weak Hopf algebras



Frobenius vs Quasi-Frobenius

# of hits for "Frobenius algebra" on Google scholar

1250
1050




What happened in the 1990s?

Quinn 1995, Abrams 1996 gave a new defintion of Frobenius algebras.
A Frobenius algebra is a 5-tuple (4,m,u,A: A — A® A,e: A — k) such
that :

o (A, m= /l\,u = I) is an algebra
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° (A, A= A\Tjs = |) is a coalgebra
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@ Frobenius axiom is satisfied
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Connection to TQFTs

Commutative Frobenius algebras allow us to construct functors
Z . Category of 2D shapes — Vector spaces

Given a commutative Frobenius algebra A, we can define a functor Z4
which sends the shapes

In this way, closed 2D manifolds map to endomorphism of k. Thus, we get
invariants of manifolds.



Quasi-Frobenius algebras

Question: Do quasi-Frobenius algebras admit a comultiplication which
satisfies the Frobenius law?

Definition

An algebra (A, m,u) equipped with a map A: A — A® A is called
non-counital Frobenius if:

@ A is coassociative

@ A satisfies the Frobenius axiom

We investigate whether Quasi-Frobenius algebras are non-counital
Frobenius. In particular we get that

Theorem (Hernandez-Walton-Y.)

The following classes of quasi-Frobenius algebras are non-counital
Frobenius:

© Nakayama-Skowroriski-Yamagata (NSY) algebras
@ Weak Hopf algebras




Nakayama-Skowronski-Yamagata algebras




NSY algebras

o TakeneZyand 1 <V <n-—1.

® Qn): n-cycle quiver with
- vertex set Qo = {egp,€1,...,€6n_1}
- arrow set Q1 = {; : ¢; = €it1}i=0,...n—1

R: arrow ideal of the path algebra k@
Z;: be the admissible ideal R! of kQ
B :=kQu) /T

Basis: {aj := o qvip1 -+ Qigptik

Indec. right B,y modules: {P; =¢;B, ¢}

Example: n=4,1=1
€
as &)
€3 €1
a2 aq
€2

Il =R= <O[0,041,0[2,0l3>
Basis = {ag, a1, a2, a3}

Definition (NSY algebras)

Bn,l(mo, e ,mn_l) = EndBn)l(PO@mO D...D Pn—l

mn—l)




NSY algebras

We obtain the following about the NSY algebras:

Nakayama permutation: v(i) = (i +1—1) mod n
Basis: {X;7*'}i

iSityj i+J 7‘7, Sitj Ti
Xi,j : Pz+j » P ik (Qij - Qigjk)" O Gtk

2JsTisSi4j

Dimension: >, Z] Lmimi
L TiySa+b -
Product: X"i%i+i . xTarSa+s _ 6a,l+] 6Ta7si+j Xz‘,jer , forj+b<d,
J a,b 0, else;

Unit: 140 =377, Zmﬁl [T

By i(mo,...,mp_1) is quasi—Frobenius (Skowronski and Yamagata 2006).

Byi(mo, ..., my,_1) is Frobenius <= m; =m,; forall 1 <i<n
- By 2(2,1) is not Frobenius (v(i) =i+ 1)

- B43(1,2,1,2) is Frobenius (v(i) =i + 2)

- By 3(1,2, 1,1) is not Frobenius (v (i) =i+ 2)



Non-counital comultiplication

Theorem (Hernandez-Walton-Y.)

- B, 1(mo, ..., m,—_1) is non-counital Frobenius with

AXEHI=

2%

C=1—j Mitjrk—1Miyjir—e41—1
E : E E (1 - 5mi+j+kami+j+k—£+l( 5t1+]+k, Citjth— e+1)>
titj+k=0 titjtr—e+1=0

Tistitjtk itjtk—04+1,Si+j
'Xz',j+k ® XZ+]+k L+1,0—1—k"

- (A, A) is Frobenius precisely when m; = m;_g4q foralli =0,...n—1; in
which case,

TiySiti\ _ 5
E(ij ) — 05,41 5Ti73i+j 1k

is the counit of A.




Weak Hopf algebras




Weak Hopf algebras

Generalization of Hopf algebras.

A weak Hopf algebra over k is a quintuple (H, m, u, Ayk, Ewk, S) such that

Q (H,m,u) is a k-algebra,

Q@ (H, Auk, ewk) is a k-coalgebra,

@ Ayx(ab) = Ayk(a) Awk(b) for all a,b € H,

Q cuk(abe) = eyk(aby) ewk(bac) = ewk(aba) ewk(bic) for all a,b,c € H,

Q@ A (1x) = (Aw(lm) ® 1)1y ® Awk(ly)) =
(1g ® Awk(1a))(Awk(1E) ® 1H).
Q@ S: H — H is a k-linear map satisfying
S(hl)hQ = Es(h), hls(hg) = Et(h), S(hl)hQS(h3) = S(h)

v




Weak Hopf algebras

Example: Groupoid algebras kG is weak Hopf with

A(9)=9®9g, ewl(g)=1, S(g)=g"

Definition
An element A in H is called a left integral if hA = e,(h)A for all h € H,
where g4(x)—ewk(112). An integral A is called non-degenerate if the linear
map

\I/A cHY — H, ¢ — ¢(A1)A2

is a bijection.

Bohm et al. 1999 proved the following for a weak Hopf algebra H:
@ H is self-injective.
@ H is Frobenius if and only if H has a non-degenerate left integral .



Theorem (Hernandez-Walton-Y.)
Let H be a weak Hopf algebra. Then the following statements hold.

@ H is non-counital Frobenius with comultiplication A.

@ A is counital if and only if H is Frobenius (e.g., precisely when H has
a non-degenerate integral).

@ Every weak Hopf algebras admits a non-zero left integral A.

o Comultiplication: A(h) := Aj ® S(A2)h

@ When A is non-degenerate, 3 A € H* such that A\(A1)Ag = 1g. The,
the counit is given by .

Example: Groupoid algebra kG.
-A= deg g is a non-degenerate left integral, and

-A(9) =Yg ® (97" - h), M(h) =1if h=¢;, 0 else.



Conclusion

self-injective algebras

Frobenius algebras

NSY algebras
B(mo, ..

mi; = My():

with non-degenerate | weak Hopf

. 7mn—1) v(i) =i+¢—1 modulo n integral

—

- Are all quasi-Frobenius algebras non-counital Frobenius?
- What are the physical /topological uses of non-counital Frobenius
algebras, akin to the use of Frobenius algebras and 2D TQFTs?

algebras

Thank you!
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