Math 370 HW#10, due Friday 4/17/26 NAME:

See the textbook for precise statements/additional details of the problems.

1. Exercise 4.4.8
Define a 1-form « on the punctured plane R?\ {0} by

o (x2+y2> o (fc2 +y2) w

(a) Calculate [, o for any circle C' of radius r around the origin.
(b) Prove that in the half plane {z > 0}, « is the differential of a function (See hint).
(c) Why isn’t w the differential of a function globally defined on R\ {0}7

2. Guillemin-Pollack §4.5 and Lee 14-7 [Second Edition)]
Let M =R? and N = R3, w = ydz Adx, and F': M — N is the smooth map defined by

F(0,¢) = ((cosg + 2) cos b, (cosp + 2)sinf, sin p) .

Compute dw and F*w. Observe that it is possible to verify by direct computation that
F*(dw) = d(F*w), but do not do so.

3. Guillemin-Pollack §4.5 and §4.7, Lee 16-10 [Second Edition]
Let D denote the torus of revolution in R? obtained by revolving the circle (z — 2)? + 22 =1
in the xz-plane around the z-axis (example 5.17), with its induced Riemannian metric and
with the orientation determined by the outward unit normal.

(a) Compute the surface area of D

(b) Compute the integral over D of the 2-form w = zdx A dy.

Hint: Guided Jones 222, 11-10, % d’oh
Suppose 0 < a < b. Suggestion: Observe that the torus obtained by revolving the circle
(x — b)? + 2% = @? in the xz-plane about the z-axis admits the parametrization 0 < ¢, < 27

r = (b4 acosyp)cosb
(b+ acosp)sind
z = asing

<
I

Figure 1: The hollow blue donut



4. Guillemin-Pollack §4.6 and Lee 17-1 [Second Edition]
Let M be a smooth manifold (without boundary if you like), and let

weQ(M), neQyM)

be closed forms. Show that the de Rham cohomology class of w A 1 depends only on the
cohomology class of w and 7. In less fancy language (see GP pg 179), this means that you
should show that when given w’ = w + da where a € QP7'(M) and ' = n + df where
B € QI M), that w An— ' An = db for some 6 € QPTI=1(M).

Remark: Thus there is a well-defined bilinear map U : HY (M) x Hip(M) — HYE(M) called
the cup product given by [w] U [n] = [w] A [n].
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