Math 370 HW#3, due Friday 1/30/26 NAME:

See the textbook for precise statements/additional details of the problems.

1. Exercise 1.2.12 (detailed set up in book, subsection .2)
Show that the velocity vector associated to a curve has the usual formula. Prove that every
vector in the tangent space of a manifold X is the velocity vector of some curve and the
converse.

2. Exercise 1.2.9 (subsection .2)
Show for any manifolds X and Y
(a) Tey(X xY) =T, X xT,Y
(b) Let f: X xY — X be the projection map (x,y) — z. Show

df oy TeX X T,Y — T, X

is the analogous projection (v, w) — v.

(c¢) Fixing any y € Y gives an injection mapping f : X — X xY by f(z) = (x,y).. Show
that df,(v) = (v,0).

(d) Let f: X — X’ and ¢g: Y — Y’ be any smooth maps. Prove
d(f x g)(x,y) = df, x dgy.
3. Exercise 1.3.6 (subsection .3, previous exercise will be helpful)

(a) If f and g are immersions show that f X g is an immersion.
(b) If f and g are immersions show that f o g is an immersion.

(c) If f is an immersion show that restriction to any submanifold of its domain is an immer-
sion.

(d) When the dimensions of X and Y agree, show that immersions f : X — Y are the same
as local diffeomorphisms.
4. Exercise 1.3.9 (subsection .3, detailed set up and hints in book)
(a) Prove that every point in a manifold X € R" has a neighborhood on which the restric-
tions of some k coordinate functions of RY form a local coordinate system.
(b) Show that every manifold is locally expressible as a graph.

* Assignment Reflections

How difficult was this assignment? How many hours did you spend on it? Which problems
did you find helpful?



