Math 370 HW#4, due Friday 2/6/26 NAME:

This is a review type homework for the midterm, so the first two problems comes from earlier
sections of the textbook. See the textbook for precise statements/additional details of the problems.
Solutions to the Multi Warm Up are graded for completeness with below instructions.

1. Intense Multi Warm Up: Stereographic projection Exercise 1.1.12
Read the textbook and wikipedia article so that you understand stereographic projection. It
can be used to cover S? with two local parametrizations in euclidean coordinates. You don’t
need to upload the solution to gradescope, instead just write a sentence or two reflecting on
what you found interesting about this construction.

2. Exercise 1.2.11

(a) Suppose that f : X — Y is a smooth map, and let F' : X — X X Y be defined by
F(x) = (x, f(x)). Show that
dFy(v) = (v, dfa(v))

(b) Prove that the tangent space to graph(f) at the point (z, f(x)) is the graph of
dfx : TI<X) — Tf(r) (Y)
3. Exercise 1.4.2

(a) If X is compact and Y is connected, show every submersion f : X — Y is surjective.

(b) Show that there exist no submersions of compact manifolds into euclidean spaces R™.
4. Exercise 1.4.5

(a) Check that 0 is the only critical value of the map f : R* — R! defined by

f($7y7z):$2+y2_22'

(b) Prove that if @ and b are either both positive or both negative then f~'(a) and f~(b)
are diffeomorphic. (see hint.)

(c) Pictorially examine the catastrophic change in the topology of f~(c) as ¢ passes through
the critical value. (you may use computer graphing apps to do so, but please also write
a couple of complete sentences explaining what is happening.)

5. Exercise 1.4.10
Verify that the tangent space to the orthogonal matrix group O(n) at the identity matrix I
is the vector space of skew symmetric n X n matrices, that is matrices A satisfying A = —A.

Assignment Reflections

How difficult was this assignment? How many hours did you spend on it? Which problems
did you find helpful?



