Math 370 HW#38, due Friday 3/27/26 NAME:

See the textbook for precise statements/additional details of the problems. Read through the
statements but do not do the Useful facts, notes, definitions.

1.

Exercise 4.2.5
Specifically write out Alt(¢; ® o @ ¢3) for ¢1, ¢a, P3 € V*.

. Exercise 4.2.1

Suppose that T' € AP(V*) and vy, ...,v, € V are linearly dependent. Prove that
T(v1,y...,vp) =0

for all T € AP(V*). (Here the dimension of V' is implicitly assumed to be k, which is not

necessarily equal to p).
HW #7 (2) “Operations” on ordered bases 3.2.2 will be useful.

Linear Algebra “Warm Up”

Let V and W be finite dimensional vector spaces and let A : V' — W be a linear map. Show
that the dual map A* : W* — V* is given in coordinates as follows. Let {e;} and {f;} be
bases for V and W, and let {¢'} and {7} be the corresponding dual bases for V* and W*. If
Ae; = Alf; then A*f7 = Alel.

4. Exercise 4.2.3 Top dimensional wedge product encodes determinant
3. Suppose that@,,...,¢d. € V*andv,,...,v, € V, where k =dim V.
Prove that

i A Ao, 0) = i det[B(0))],

where [¢,(v))] is a k X k real matrix. [HINT: If the ¢, are dependent,
then the matrix has linearly dependent rows, so Exercise 2 suffices. If
not, the formula is easily checked for the dual basis in V. Now verify
that the matrix does specify an alternating k-tensor on ¥, and use
dim A¥(V*) = 1]

Read

*

You do not need to prove the dual of 4.2.1 (exercise 4.2.2) as part of your proof for 4.2.3, but
spend a few minutes making sure that you see how to “dualize” your proof of exercise 4.2.1.

Exercise 4.2.6

Read through this exercise, but do not work out or write up the proof, because this homework
that is long enough and you have already worked out a lot about orientations. This important
trio of results demonstrate that the top dimensional A*(V) for a vector space V of dimension
k naturally defines an orientation on V' and conversely acquires a natural orientation by
defining the sign of a non-zero element T € A¥(V') to be the sign of T'(vy,...,v;) for any
positively oriented basis {vy, ..., vy }.

Assignment Reflections (Sorry in advance about the deluge of oriented linear algebra....)



