
Math 370 HW#9, due Friday 4/3/26 NAME:

See the textbook for precise statements/additional details of the problems.

1. (Linear Algebra Dual Spaces redux) Let V be a finite dimensional vector space and let 〈·, ·〉 be
an inner product on V . The inner product determines an isomorphism φ : V → V ∗.

(a) Show that the isomorphism φ is given in coordinates as follows. Let {ei} be a basis for V , let
{ei} be the dual basis, and write gij = 〈ei, ej〉. Then φ(ei) = gije

j.

(b) The inner product, together with the isomorphism φ, define an inner product on V ∗. Write
this in coordinates as gij = 〈ei, ej〉. Show that the matrix (gij) is the inverse of the matrix
(gij). Here you can invoke Gram-Schmidt so that you just have to prove this with respect to an
orthonormal basis.

2. Exercise in the text of §4.3
Using the definitions, show that if φ : Rk → R is a smooth function then

dφ =
k∑
i=1

∂φ

∂xi
dxi

The formula is obvious, so you should explain in your solution what the two sides mean in the context
of differential forms. Thus we see that our symbols, which have precise meanings, are those that you
learned to manipulate symbolically in calculus.

3. Exercise in the text of §4.3 Given smooth maps f : X → Y and g : Y → Z prove that:

(a) f ∗(ω1 + ω2) = f ∗ω1 + f ∗ω2 where ω1, ω2 ∈ Ωp(Y )

(b) f ∗(ω ∧ θ) = (f ∗ω) ∧ (f ∗θ) where ω ∈ Ωp(Y ), θ ∈ Ωq(Y ).

(c) (g ◦ f)∗(α) = f ∗(g∗α) where α ∈ Ωp(Z)

4. Exercise made up for §4.3
In the following subproblems, M and N are smooth manifolds, F : M → N is a smooth map, and ω
is a 1-form on N . Compute F ∗ω in each case.

(a) M = N = R2, F (s, t) = (st, et),
ω = xdy − ydx

(b) M = R2 and N = R3, F (θ, ϕ) = ((cosϕ+ 2) cos θ, (cosϕ+ 2) sin θ, sinϕ) ,
ω = z2dx

5. Exercise 4.4.5
A closed curve on a manifold X is a smooth map γ : S1 → X. If ω is a one form on X, define the
line integral of ω around γ by ∮

γ

ω =

∫
S1

γ∗(ω)

For the case X = Rk, write out
∮
γ
ω explicitly in terms of the coordinate representations of ω and γ.

* Assignment Reflections...


