Math 451 HW #6: Due in Gradescope on Friday 3/27/26 at 11pm NAME:

Please start each question on a separate page from the previous question.

1. Lee 7-2 [Second Edition]
Let G be a Lie group.

(a) Let m : G x G — G denote the multiplication map. If needed you can assume that m is a smooth
submersion. Using Prop 3.14 to identify T(. ) (G x G) with T.G @ T.G, show that the differential
dmee) : TeG ® T.G — TG is given by

dmeo(X,Y) = X +Y
Hint: compute dm ¢y (X,0) and dm)(0,Y) separately.
(b) Let i : G — G denote the inversion map. Show that di. : T.G — T.G is given by di.(X) = —X.

2. Lee 7-16 [Second Edition]
Prove that SU(2) is diffeomorphic to S3.

3. Lee 8-29 [Second Edition]| Establish the matrix groups as the Lie Algebras of the associated Lie groups.

8-29. Theorem 8.46 implies that the Lie algebra of any Lie subgroup of GL(n, R) is
canonically isomorphic to a subalgebra of gl(n,R), with a similar statement
for Lie subgroups of GL(n, C). Under this isomorphism, show that

Lie(SL(n,]R)) =~ sl(n,R),
Lie (SO(n)) = o(n),
Lie (SL(n, (C)) ~sl(n,C),
Lie (U(n)) =~ u(n),
Lie (SU(n)) = su(n),

where
sl(n,R) = {4 €gl(n,R):tr 4 =0},
o(n) ={Aegl(n,R): AT + A=0},
sl(n,C) ={A egl(n,C):tr4A=0},
u(n) ={Aegl(n,C): A* + A=0},
su(n) = u(n) Nsl(n,C).

Figure 1: (Screenshot from book with precise statement).

4. Lee 8-16 [Second Edition]
For each of the following pairs of vector fields X, Y defined on R?, compute the Lie bracket [X,Y].

0 5 0 0

(2) X1 = yg- 2$yafy Vi = 9
0 0 0 0
X = _ _ Y — - R
(b) 2 x@y y&c 2 yaz Z@y

Brute force computation is perhaps less enjoyable than remembering than Proposition 8.26.

* Which problems provided a worthwhile learning experience? How many hours did you spend on it?



