
Math 451 HW #7: Due in Gradescope on Friday 3/27/26 at 11pm NAME:

Please start each question on a separate page from the previous question.

1. (Linear Algebra Warm Up 1)
Let V and W be finite dimensional vector spaces and let A : V → W be a linear map. Show that the dual
map A∗ : W ∗ → V ∗ is given in coordinates as follows. Let {ei} and {fj} be bases for V and W , and let {ei}
and {f j} be the corresponding dual bases for V ∗ and W ∗. If Aei = Ajifj then A∗f j = Ajie

i.

2. (Linear Algebra Warm Up 2)
Let V be a finite dimensional vector space and let 〈·, ·〉 be an inner product on V . The inner product
determines an isomorphism φ : V → V ∗.

(a) Show that the isomorphism φ is given in coordinates as follows. Let {ei} be a basis for V , let {ei} be
the dual basis, and write gij = 〈ei, ej〉. Then φ(ei) = gije

j .

(b) The inner product, together with the isomorphism φ, define an inner product on V ∗. Write this in
coordinates as gij = 〈ei, ej〉. Show that the matrix (gij) is the inverse of the matrix (gij).

3. Lee 11-7 [Second Edition].
Let F : M → N be a smooth map of smooth manifolds, and ω be a 1-form on N . Compute F ∗ω

(a) M = N = R2, F (s, t) = (st, et),
ω = xdy − ydx

(b) M = R2 and N = R3, F (θ, ϕ) = ((cosϕ+ 2) cos θ, (cosϕ+ 2) sin θ, sinϕ) ,
ω = z2dx

4. Guillemin-Pollack Exercise 4.4.5
A closed curve on a manifold X is a smooth map γ : S1 → X. If ω is a one form on X, define the line
integral of ω around γ by ∮

γ
ω =

∫
S1

γ∗(ω)

For the case X = Rk, write out
∮
γ ω explicitly in terms of the coordinate representations of ω and γ.

5. Guillemin-Pollack Exercise 4.4.8
Define a 1-form α on the punctured plane R2 \ {0} by

α =

(
−y

x2 + y2

)
dx+

(
x

x2 + y2

)
dy.

(a) Calculate
∮
C α for any circle C of radius r around the origin.

(b) Prove that in the half plane {x > 0}, α is the differential of a function.

(c) Why isn’t ω the differential of a function globally defined on R \ {0}?

* Which problems provided a worthwhile learning experience? How many hours did you spend on it?


