
Math 451 HW #8: Due in Gradescope on Friday 4/3/26 at 11pm NAME:

Please start each question on a separate page from the previous question.
There are two pages of problems.

1. Lee 11-14 [Second Edition]
Consider the following two 1-forms on R3
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(a) Determine whether either of ω or η is exact.

(b) Set up and evaluate the line integral of each 1-form along the straight line segment from (0, 0, 0) to
(1, 1, 1), OR, for each 1-form that is exact, find a potential function and use it to recompute the line
integral.

2. Let M be a smooth manifold with a Riemannian metric g : TM ⊗ TM → R. If f : M → R is a smooth
function, the gradient of f with respect to g is the vector field ∇f , aka grad f defined by

df = g(∇f, ·).

(a) In local coordinates {xi}, if g(∂/∂xi, ∂/∂xj) = gij , explain how to compute ∇f in terms of gij and
∂f/∂xi. Hint: This should fall out of the preceding two linear algebra warm ups.

(*) This next solution is a bit tricky to sort out - you do not have to turn in or do this part: Let f : M → R
and let p ∈M . Show that if V ∈ TpM satisfies dfp(V ) > 0, then there exists a Riemannian metric g on
M with ∇f(p) = V .

3. Lee Exercise 11.17 (page 280, SECOND)
Given polar (r, θ) and rectangular (x := r cos θ, y := r sin θ) coordinates on R2 we have that the coordinate
vector fields transform, using Equation (11.4) on page 275, by
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for arbitrary coordinate transformations in any finite dimension. Using this fact, consider f(x, y) = x2 on
R2 and let X be the vector field

X = grad f = 2x
∂
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Compute the coordinate expression of X in polar coordinates (on some open subset on which they are
defined) using Equation (11.4) on page 275, and show that it is not equal to
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Takeaway: The partial derivatives of a smooth function cannot be interpreted in a coordinate-independent
way as the components of a vector field. However, they can be interpreted as the components of a differential
1-form (aka covector field). This is the most important application of covector fields.



4. Lee 11-15 [Line Integrals of Vector Fields].
Let X be a smooth vector field on an open subset U ⊂ R. Given a piecewise smooth curve segment
γ : [a, b]→ U , define the line integral of X over γ,∫

γ
X · ds :=

∫ b

a
Xγ(t) · γ′(t)dt,

where the dot on the right-hand side denotes the Euclidean dot product between tangent vectors at γ(t),
identified with elements of Rn. A conservative vector field is one whose line integral around every
piecewise smooth closed curve is zero.

(a) Show that X is conservative if and only if there exists a smooth function f ∈ C∞(U) such that
X = grad f . Hint: consider the covector field ω defined by ωx(v) = Xx · v.

(b) Suppose n = 3. Show that if X is conservative, then curl X = 0, where
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(c) Show that if U ⊂ R3 is star-shaped, then X is conservative on U if and only if curl X = 0.

* Which problems provided a worthwhile learning experience? How many hours did you spend on it?


