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Theorem 5.4. The contact structure on the boundary of a linear plumbing (s1,...,$,), where s; > 0 for at

] least one i € {1,...,n}, is tight if one of the following cases occurs:
(a) s; < =2, for all j # 1,

- (b) si =0, si_1+ 8i+1 < -2 and s; < -2, forall j #1i,i1+4 1.
? Theorem 5.2. The contact structure on the boundary of a linear plumbing (s1,...,S,), is overtwisted if for

some index i € {1,...,n} where s; > 0, one of the following cases occurs:

(a) siSiy1 > 2 (or s;siy1 > 1 and n > 2);
(b) there exists j € {1,...,n} such that |i — j| > 1 and s; > 1 (ors; >0 andn > 3);
(c) si =0 and s;—1 + siy1 > 1 (ors;—1 + six1 >0 and n > 3).
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Theorem 8.1. Let (Y3,£) be a compact connected contact toric manifold characterized by two real numbers
t1,to2, which define the corresponding moment cone

(a) If ta —t1 < m then c(§) # 0 and atsimp(Y, A, J) = oo;
(b) if to —t1 > m then ¢(§) =0 and at(Y, A, J) = 0;
(¢) if to —t1 = then atsimp(Y, A, J) > 0,

for all ECH data (A, J).
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The Reeb vector field R on (Y, )\)
is uniquely determined by

A(R) =1

Reeb orbits on a contact 3—ﬁ1anifolgl:m,->:o

Given an embedded Reeb orbit v : R/TZ — Y, A
the linearized flow along ~ defines a symplectic linear map N

d: : (&ly), dX) = (€], dN)

doT is called the linearized return map.

If 1 is not an eigenvalue of dpt then ~ is nondegenerate. \ is
nondegenerate if all Reeb orbits associated to A\ are nondegenerate.

For dimY = 3, nondegenerate orbits are either elliptic or hyperbolic
according to whether dio1 has eigenvalues on S* or real eigenvalues.

Later, we consider an almost complex structure J on T(R X Y):
@ Jis R-invariant
@ JE =&, rotates £ positively with respect to dA
@ J(0s) = R, where s denotes the R coordinate




Embedded contact homology (ECH)

ECH is a gauge theory for (Y3,)\) and I € Hy(Y;Z) due to Hutchings.

ECC.(Y,\T,J) is a Z, vector space generated by Reeb currents
a = {(aj, m;)}:

@ «; is an embedded Reeb orbit, m; € Z~,
@ if «; is hyperbolic, m; =1,

o Zi m,-[a,-] =1T.

x is given by the ECH index, a topological index defined via

c1, CZ, and relative self-intersection pairing, wrt Z € Hy(Y, a, B).

Get a relative Zgy-grading, d is divisibility of ¢;(£) +2PD(T) in H?(Y; Z)
mod torsion.

(0FH o, B) counts currents, realized by unions of holomorphic curves

av Partition writhe fun, Dee squared is zero;
index inequality, obstruction bundle gluing
(vay for adjunction!) is complicated.

-Hutchings’' 02 Haiku Hutchings-Taubes’ 07 & 09 Haiku



Invariance of ECH

ECC.(Y,\I,J) is generated by Reeb currents o = {(«;, m;)} over Z,

Grading is given by the ECH index, a topological index defined via
c1, CZ, and relative self-intersection pairing, wrt Z € Hy(Y, o, 3).

(0EH o, B) counts currents, realized by unions of holomorphic curves

av For generic J, Dee squared is zero;
N ECH index one yields  obstruction bundle gluing
somewhere injective. Is complicated.
-Hutchings' 02 Haiku Hutchings-Taubes' 07 & 09 Haiku

Jason Hise

Theorem (Taubes G&T (2010), no. 5, 2497-3000)

If Y is connected, there is a canonical isomorphism of relatively graded

modules

ECH.(Y, A\ T,J) = HM (Y,s¢ + PD(I)),
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! Theorem 8.1. Let (Y3,£) be a compact connected contact toric manifold characterized by two real numbers
e t1,t2, which define the corresponding moment cone -
(@) Ifts —t1 < 7 then c(€) # 0 and atymp(Y, A, J) = 00;  (ireheral QUOZESAHA hwrtiva, MMB:D
» (b) if ta —t1 > 7 then ¢(§) =0 and at(Y, A, J) = 0;

= (c) ifta —t1 = m then atsimp(Y, A, J) > 0,
for all ECH data (A, J).
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Definition 6.15. A Reeb current oo = {(«;, m;)} is simple with respect to J when the following conditions
hold:
e m; =1 for all 7;
e For any 8 = {(53,,n;)} at the negative end of a (possibly broken) J-holomorphic curve with positive
end at o, all n; = 1.

Given L € (0,00], define ECCL (Y, )\, J) to be the subcomplex ECC(Y, ), J) generated by simple ECH

simp
generatorsof action < L.

It is important to note that this notion of simple does not agree with the simple terminology in symplectic
field theory literature. The second condition in Definition 6.15, ensures that the usual cobordism map woes
are minimized in the following sense, as needed in the proof of [LW11, Lemma A.14] that establishes the
existence of a chain map induced by an exact symplectic cobordism from (Y, A;) to (Y_,A_),

@ BECCL (Y, Ay, J.) = BECC(Y_,A_,J_)

simp
such that
(1) () = 0;
(2) there is a decomposition ® = &y + ®; + ... such that
In particular:

i+j=k(0i®; — ®;0;) = 0 for each k € Zx.

If the orbit set o is simple, no holomorphic curve in M7 (ay,a_) admits a multiply covered
component and no broken holomorphic curve arising as a limit of a sequence of curves in M7 (ay, o)
admits a multiply covered component in the cobordism level.

This ensures that

e If oy is simple and if u € M7 (o, «_) has I(u) = 0 then u is cut out transversely.

e & is well-defined because if a4 is simple then there are only finitely many curves with 7(u) = 0 and
Jy(u) >0 for all u € M7 (ay, ).
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FIGURE 14. Curve P(x) defining the toric contact form A used to compute algebraic torsion
in ECH when the angle between the rays is > w. The curve must have points where the
normal vector is (0,—1) and (0, 1), and the radial rays from the origin must be everywhere
transverse. Observe (left) that when the angle is close to m, we have just enough space to
satisfy both conditions. On the right is a case where the angle is greater than 27.




