SURF 2025 Problems + Solutions

Oscar Pan

Introduction

The below is a list of problems (assigned by Jared) from chapters 1-7 of Stein and Shakarchi.

1 Setl

Problem 1. From the definitions, prove the commutative law uv = vu and the distributive law
u(v+w) = (uv) + (uw).

Solution. Suppose u = x1 + ty; and v = 9 + iys with x1,z2,y1,y2 € R. Then, we have

wv = (21 + iy1) (22 + iy2)
= (2172 — y1y2) +i(T1Y2 + y172).

Since real numbers are commutative, we have

wv = (T122 — Y1y2) + i(T1Y2 + Y172)
= (zax1 — You1) + i(z2y1 + Yox1)
= vu.

Suppose w = x3 + ty3 with z3,y3 € R. Then, we have

w(v+w) = (z1 +iy1) (w2 + iy2) + (3 + iy3))
= (z1 +iy1)((x2 + x3) + i(y2 + y3))
= (z1(22 + 23) —y1(y2 + y3)) +i(@1(y2 + y3) + y1 (2 + 73)).

Since real numbers are commutative and distributive, we have

u(v +w) = (172 — y1y2) +i(T1y2 + ¥172)) + (173 — y1y3) +i(21y3 + y173))
= (uv) + (uw).

Problem 2. Prove that, if uv = 0, then either v =0 or v = 0.



Solution. Suppose u = x1 + iy; and v = o + iys with z1,z2,y1,y2 € R. Then, we have
luv| = [(z122 — Y1y2) + i(T1y2 + Y122)]
= \/(961!E2 —y1y2)? + (T1y2 + y122)?

= \/ziz3 + yiys + xTy3 + yias

= ot a3yt + 03

= [ullv].
Hence, we have |uv| = |ul|v|. Suppose uv = 0. Then, we have |uv| = |ul||v] = 0. If u # 0, then
either 21 # 0 or y; # 0, so |u| = \/2} + y? # 0. Assume by contradiction that v # 0, then |v| # 0,
so |uv| = |ul|v| # 0. Therefore, we have uv # 0, which is a contradiction. Hence, we have v = 0.
Therefore, we prove that either u = 0 or v = 0. O

Problem 3. Compute (1 +i)* for k € Z.
Solution. We have 1 + 7 = /2e™/4. Hence, we have
(14 i)k = (V2emi/4)k = gk/2ehkmi/4,
When k = 8n where n € Z, we have
(14 4)F = ok/2e2nmi — 9k/2,
When k = 8n + 1 where n € Z, we have
(1+ i)k = 2k/2eCnt)mi — 2’“/2(? + gi) = 2(k=D/2(1 44).
When k = 8n + 2 where n € Z, we have
(1+i)k = 2b/2eCnta)mi = gk/2;,
When k = 8n + 3 where n € Z, we have

(1+0)F = 2h/2en+D)mi — 2’6/2(_§ + gz

) =2k 1/2(_1 4 4).

When k = 8n + 4 where n € Z, we have
(14 i)k = ok/2e@ntD)mi . _ok/2,
When k = 8n + 5 where n € Z, we have
(1 + i)k = 2k/2e(n+D)mi = zk/Q(_g — gi) =o(k=D/2(_1 _ ),
When k = 8n + 6 where n € Z, we have
(1+14)k = 28/2eCnt5)mi = _gh/2;,
When k = 8n + 7 where n € Z, we have

, SR
(1 + i)k = 2k/2e@ntD)mi 2‘“/2(% - gi) =200 ),



Problem 4. Find the roots z € C of 28 — 16 and prove that your list is exhaustive. Hint: Once
you have the roots, factor the polynomial.

Solution. Suppose 28 — 16 = 0. Then, we have 28 = 16 = 2% = (1/2)%¢?*™ where k € Z. Therefore,
we have z = 1/2eFmi/4,
When k£ =0, we have z; = V2.

When k = 1, we have zo = /2e™/4 = ﬂ(g + 722) =1+1.
When k = 2, we have z5 = v/2e™/2 = \/2i.
When k = 3, we have z;, = /2e3™/4 = \/ﬁ(,g + 722) =141

When k = 4, we have z5 = v/2e™ = —/2.

When k = 5, we have zg = v/2¢°™/4 = \/?(—g — Y2 = —1—i.

When k& = 6, we have z; = V2e3m1/2 = —\/9;.

When k = 7, we have zg = /2e7™/4 = \/i(? — gz) =1—3.

Therefore, we have can factor the polynomial as 2% — 16 = (2 — 21)(2 — 22) - - - (2 — 27) f(2). Since
the highest term is 2® and the coefficient is 1, we have f(z) = 1. This proves that roots are
exhaustive. O

Problem 5. Prove that |z +w|? + |2 — w|? = 2|2|? 4+ 2|w|?. Draw a picture to explain why this is
called the parallelogram law.

Solution. Suppose z = x1 4+ iy; and w = x4 + iyo where x1,x2,y1,y2 € R. Then, we have
|2+ wl® + [z —w|® = (21 4+ 22)* + (y1 + v2)° + (21 — 22)° + (41 — v2)?
= 22% + 223 + 2y + 293
= 2(z] + i) +2(23 + y3)

= 2[z)? 4 2|w|*.
The figure is shown below.
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Problem 6. Give a geometric description of the following sets:
(a) {z€C: z+1] =]z —1]}.

(b) {z€C:|z+1|+|z—1] =a} fora >0.

(¢) {# € C: Re(u+vz) > 0} for u,v € C.

Solution. Suppose z = x + iy where z,y € R.

(a) We have |z + 1| = /(x+1)2+y? and |z — 1] = /(z — 1)2 + y2. Since |z + 1| = |z — 1], we
have x +1 = —xz 4+ 1, so x = 0. Hence, the set is the y-axis.

(b) We know |z 4 1| is the distance between (x,y) and (—1,0) and |z — 1| is the distance between
(z,y) and (1,0). If a < 2, the set is empty. If a = 2, then the set is the line segment between
(—1,0) and (1,0). If a > 2, then the set is an ellipse with foci at (—1,0) and (1,0).

(¢) Suppose u = a+ib and v = c+id where a, b, ¢, d € R. Then, we have Re(u+vz) = a+cx—dy > 0.
Therefore, we get
dy < cx + a.

If d > 0, the set is the plane under the line y = Sz + .

If d < 0, the set is the plane above the line y = Sx + &.

If d = 0, then we have cx +a > 0. If ¢ > 0, then the set is the plane on the right of the vertical
line z = — 2. If ¢ <0, then the set is the plane on the left of the vertical line x = —¢. If ¢ = 0,
then if a > 0, the set is entire. If a < 0, the set is empty.

O
Problem 7. Prove there are no u,v € C such that, for all z € C, z = u + vz.

Solution. Assume by contradiction that there are u,v € C such that Z = u + vz for all z € C.
Then, let z = 0. We have 0 = u. Let z = 1, we have 1 = 04 v, so v = 1. Hence, we have Z = z
for all z € C, which contradicts i € C. Therefore, there are no u,v € C such that, for all z € C,
Z=u+4vz. O

2 Set 2

Problem 8. Suppose f: C\ {0} — C satisfies | f(z) — f(w)| < |z — w] for all z,w # 0. Prove that
lim,_¢ f(2) exists.

Solution. Suppose {z1, 22, ... } is a sequence that converges to 0, so we have lim,, o 2, = 0. Then,
we have

|f(zn) - f(zm)| < |Zn - Zm|-

When n,m — co, we have |z, — z;,| = 0, so f(z,) is a Cauchy sequence in C. Hence, f(z,) has a
limit in C, so lim,_,o f(z) exists. O

Problem 9. Prove that, if U C C is open and f,g: U — C are holomorphic, then the product
fg: U — C is holomorphic and that (fg) = f'g + fg'.



Solution. Suppose f = u; +iv; and g = ug + ive. Then, we have

f9 = (uruz —vivg) +i(u1v2 + viug)

= u—+ 1.

Since f and g are holomorphic, by Proposition 2.3, we have

3u1 o (%1
o Oy
8u1 o (9’()1
9y Oz
8U2 - 6’02
o Oy
6’&2 o 602
dy Oz

Hence, we have
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Therefore, fg satisfies the Cauchy-Riemann equation on U. By Theorem 2.4, we get that fg is



holomorphic on U and by Proposition 2.3, we have
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=flg+ 14

O

Problem 10. Suppose that p(z) = (z — 21)(z — z2) - - (2 — 2z5,) is a polynomial. Show that p and
p’ have a zero in common if and only if z; = z; for some i # j.

Solution. Suppose p and p’ have a zero in common. Let z; be the zero in common. Then, we have

Therefore, we have
p(zr) = (2 — 21) (2 — 22) -+ (26 — 20—1) (2 — 2Zhg1) -~ (21 — 2n).

Since zj, is a zero of p'(zy), we have z, = z,, for some m # k.
Suppose z; = z; for some i # j. Then, we have p(z) = (2 — 2;)?q(z). Therefore, we have

P'(2) = 2(z — 21)a(2) + (2 — 2:)*q (2).

Since p'(z;) = 0, z; is the common zero.
Therefore, p and p’ have a zero in common if and only if z; = z; for some @ # j. O



Problem 11. For m > 0 an integer, expand (1 — z)~™ in powers of z.
Solution. By binomial series expansion, we have

=3 ()

n=0

_ i ((—m)(—m+ 1) (—m 4 - 1))(_@”,

n!

Since m > 0, we have

R P

= n!
- —1)!
=S
o In!
> <m +n— 1) .
=2 Nk
n=0 m=
O
Problem 12. What is the radius of convergence of Y. n?916,7?
Solution. By Theorem 2.5, we have that
1 n
R= lim sup |n2016|1/
= lim sup n?01%/7,
=1.
Hence, we have R = 1. O

Problem 13. Show that, if lim,, a‘;: - =R, then the series >~ a,,2"™ has radius of convergence
R.

Solution. Let

. Qp41 1
L=1 =—.
A
Suppose |z| < R. Then, choose € > 0 such that
1
<R-e=—.
2| ‘=115

By definition of L, there exists N such that if n > N, then % < L+ 6. Therefore, we have

|apy12™
|an2m|

Jr1| o an+1

|z| < (L+0)]z| < 1.

n



Therefore, we have the series

oo
g anz"

n=N+1

to be convergent. Hence, we have
[e's) N [e's)
E anz" = E anz™ + E anz”
n=0 n=0 n=N-+1

to be convergent.
Suppose |z| > R. Similarly, there exist some N’ such that for all n > N’, we have

anJrl

2] > (L — 8)|2| > 1.

n
Hence, we have the series
o) N’ o]
E anz" = g anz" + E an 2"
n=0 n=0 n=N’'+1

to be divergent.
Therefore, the series has radius of convergence R.

n
Problem 14. For which values of z does Y (ﬁzz) converge?

Solution. We have

z
<1
’1 +z
Therefore, we have
lz| < |1+ z|.

Suppose z = x + iy where x,y € R. Then, we have
x2+y2<(1—|—x)2+y2
2?2 <1422+ 22

< 1
> ——.
2

Hence, we have Re(z) > —1 and z # —1.

3 Set 3

Problem 15. Find sin4, cos, and tan(1 + 7).



Solution. We have

L i2—612 el —¢ e—e L
sint = - = - =1
21 21 2
. ei2 + e*i2 e+ e 1
cosi = =
2 2
pi(141) _ p—i(144)
tan(l +14) =

ei(149) 4 o—i(1+i)

Problem 16. Find the real and imaginary parts of cos(a + bi) in terms of a,b € R.

Solution. We have
ei(a+bi) _|_e—i(a,+bi)

cos(a + bi) = 5
B eaiefb_’_efaieb
=—F
_ (cosa+isina)e™" + (cos(—a) + isin(—a))e’
B 2
_ cosa(e”’+e?) Z,sin ale™® —e?)
2 2

O

Problem 17. Prove that 3 < 7 < 2v/3. Hint: use the power series of Re(e*) to estimate the

location of its first positive zero.

Solution.

Problem 18. Under what conditions is log(zw) = log(z) + log(w)?

Solution. Let z = r1e?t and z = rqe’®2. Then, we should have 0; + 6, < .

Problem 19. Define the “angles” of a triangle and prove that their sum is .

Solution.

Problem 20. Sketch the image of the curve y: [0,00) — C given by ~(t) = =+,

Solution. We have N
Y(t) = et = e (cos(t?) + isin(t?)).
Hence, we have

{ x = e ' cos(t?)

y = e tsin(t?)

O

O

Problem 21. Sketch the image of the curve v: R — C given by y(t) = e~* +*/V1+%i What angle

is formed at the origin?

Solution.

O



4 Set 4

Problem 22. Let v: [0,27] — C be v(t) =

Solution. When n # —1, we have

When n = —1, we have

Problem 23. Let v: [0,27] — C be v(t) = 2¢*. Evaluate |

Solution. We have

When n # 0, we have

E

27 ) )
/z"dz:/ ™t jettdt
¥ 0

27
/ ie(m Dt gy
0

e(nJrl)ti

n+1
= 0.

27 ) )
/z_ldzz/ et jettdt
0% 0

27

_ / idt

0

= 2mi.

2ie

1 2m
—dz = —_——
z—3) /0 2et(2et’ — 3)

27

0

te

~ z(z 3)

dt

2m .
(3
= —dt
/0 2et — 3

1

1 2w
= —ng
2m
_,i/
0

1
3

10

_ 2.t
1 se

oo

>

dt

dz and f

(ge“) dt
nz
= gzngz ( ) / dt.

et'. Evaluate f,y 2"dz for all n € Z.

221

dz.



When n = 0, we have

27
/ 1dt = 2.
0

Hence, we have fv ﬁdz = —%~ -

Problem 24. Suppose that f,g: D(0,1) — C are holomorphic and f’ = ¢’ is continuous. Prove
that f — g is constant.

Solution. By Proposition 3.1, we have (f — g)’ = f' — ¢’ = 0. By Corollary 3.4, we have f — g is
constant. 0

Problem 25. Suppose U C C is open, f: U — C is holomorphic, and f’ is continuous. Show that

f f z)dz is purely imaginary for all closed paths v in U.
Solution. We have
/ f(2)f (z)dz = / (@) "(t)dt.
Then, consider
b
/ (1) "(t)dt) = /a Re(f(y(t)f'(v(£))y'(£))dt

L
— [ SEE@I GON© + Tamr 6ON O
G -
= [ SEOEISON O + o) T @),

Let F(t) = 5 f(7(t))f(~(t)). Then, we have

F'(t) = 5(fO@O)F (@) () + F (@) F (v ()7 (1)
Hence, we have
b
/ (@) "(t)dt) = ; / F'(t)dt
= J(F(a) - F(8)
= 37 (@) T - 5 f ) TOD)
Since +y is closed, we have y(a) = v(b). Hence, we have
/ f t)dt) = Re( /
Therefore, f7 f(2)f'(2)dz is purely imaginary for all closed paths 7 in U. O

11



Problem 26. Suppose U C C is open, f: U — C is holomorphic, and |f(z) — 1| <1 for all z € U.
Show that fﬂ/ f'(2)/f(2)dz = 0 for all closed paths v in U.

Solution. Since f is holomorphic, f’(z) exists. Also, since |f(z) — 1| < 1 for all z € U, we have

0 < f(2) < 2. Hence, % is defined for all z € U. Set F(z) = log f(z). We have F(z) defined for
all z € U. Then, we have F'(z) = ]}/((;))7 S0 % is primitive. Hence, f,y 1'(2)/f(z)dz = 0 for all
closed paths v in U. 0

Problem 27. Describe the paths v for which f"/ log zdz = 0 is meaningful and true.

Solution. We have 7 to be a closed path in the domain C—r, where r is a ray at the origin pointing
in any direction. O

5 Set 5
Problem 28. Show that [* 2%dy = .

Solution. We consider the function f(z) = % Since e** is entire, when z # 0, by Proposition 2.2,
f(2) is holomorphic. We integrate over the indented semicircle in the upper half-plane positioned
on the z-axis, as shown in Figure 1.

Figure 1: The indented semicircle

If we denote by v and ’yg the semicircles of radii € and R with negative and positive orientations
respectively, Cauchy’s theorem gives

—€ _ix iz R iz iz
/ e—der/ e—dz+/ e—der/ S - 0.
_p T NF 2 e T vE Z

Consider the integral along 7. We can parametrize by z = ee?® where 6 goes from 7 to 0. Then,

we have
0

et? 0 etee ) T
/ —dz = / el (i€)e'?dh = fi/ e’ db.
N 2 . €€ 0

- 10
When € — 0, we have e**® — 1. Hence, when ¢ — 0, we have

/ Cdz o —z'/ 1d0 = —ir.
v R 0

12




Consider the integral along Wf.t?. We can also parametrize by z = Re* where 6 goes from 0 to .

Then, we have
eiz 10 _ T iRe'?
A+zdz_/ Tt -(iR)e"df = Z/Oe ds.
R
Therefore, we get

eiz ™
i 0

Then, for any 0 < § < 7, we have

g 8 T—0 s
/ efRsiane _ / 67RSin0d9 + / efRsinede + / efRsinGde
0 0 5 T—30

Since 0 < 0 < § < 7, we have

s ™
ezR(cosG—i—zsmG)‘ do = / ’e—Rsm 961R0039’ do = / e—RsmOdQ.
0 0

e—RsmO < e—R-O —1.

Also, for all § <0 <7 —§, we have sinf > sind > 0. Therefore, we get

T § T—30 T
/ e—RsinGde / —Rsin9d9 + / e—Rsin0d9+ / e—RsinGde
0 T—9
/ 1d6 + / e~ Rsindgg 4 / 1d6
T—9

=20 + (7 — 28)e~fsind,

When R — oo, we have e 519 5 0. Hence, when R — 0o, we have

1z
€
/ —dz
"/+ z

R

< 26.

Since this holds for all 0 < 6 < 7, we have ‘fﬁ %dz‘ = 0. Therefore, when ¢ — 0 and R — oo, we
R

have

—€ iz iz R iz iz —€ iz R iz
/ e—das—i—/ e—dz+/ e—das—i—/ e—ch:/ e—dm+(—i7r)+/ £ dz+0=0.
R N2 P yE 2 R T .z

Therefore, we have

Im (/ edm) = / Im (e) dx = / ST e = Im(ir) = .
—00 x — 00 x — 00 x

13



Problem 29. Show that fooo sin z2dx = @.

. . . 22 2. . .
Solution. We consider the function f(z) = e™* . Since e™* is entire, we can integrate over the
contour as shown in Figure 2.

=
4]
=

0 R
Figure 2: The contour

Let the arc be vg and the path along y = 2 be 4+. Then, Cauchy’s theorem gives

R72 _ .2 _ .2
e ¥ dx+ e ?dz+ e *dz=0.
0 YR vt

. . . . — 2 — 2 .
Consider the integral along the z-axis. Since we know ffooo e " dr = /7 and e™® is an even
function, when R — oo, we have
R
.2 s
/ e ¥dr = £
0

2

Consider the integral along yz. We can parametrize by z = Re®® where 6 goes from 0 to /4. Then,
we have

2 /4 1642 . /4 2 D2 .
/ e~ % dy = / ef(Re ) (zReZG)dG _ ZR/ <€7R cos 20—iR* sin 26’) (eze)de'
YR 0 0

Hence, we have

_ .2
/ezdz
YR

Since 0 < 0 < /4, we have 0 < cos26 < 1. Therefore, when R — oo, we have Re—R?cos20 0, so
va e~ dz — 0.

Consider the integral along y*. We can parametrize by z = te’T where ¢ goes from R to 0. Then,
we have

0 . - B R
/ ey — / e~ D (i) gt = —eiz/ e dt = —e’z/ (cos(t?) —isin(t?)) dt.
o+ R 0 0

/4 5 o ) /4 2
< |ZR|/ ‘e—R cos 20—iR sm20‘ |619| do :/ |R6_R C0329|d9.
0 0

14



Therefore, when R — oo, we have

o0
/ e dy = —e'f / (cos(t?) — isin(t?)) dt.
oA 0

Hence, when R — oo, we have

R
/ e dx + / e dz + / e dz = ﬁ +0—¢
0 YR e 2

Therefore, we get

/ cos(t?)dt —i/ sin(t?)dt = ﬁe_i% =
0 0 2
Hence, we have
/ sinz?dr =
0

Problem 30. Evaluate faD(o 2) %dz.

ISP

/000 (cos(t?) — isin(t?)) dt = 0.

V2

; V2T .
2

47,.

w/‘\§
%
gk

“[§
3

Solution. Since Zil is holomorphic in an open set containing 9D(0,2) and its interior, except for

a pole at z = —1. Then, by Theorem 2.1, we have

/ € dz = 2mires_1 f.
16]

D(0,2) z+1
Since z = —1 is a simple pole, we have
f=lim (z+1) e
res—y f = lim (2 z+1_e .

Hence, we have

eZ
/ dz = 2mie L.
ap(0,2) Z +1

Problem 31. Evaluate faD( z"e*dz for n € Z.

0,1)

Solution. If n > 0, then Zez is entire. Cauchy’s theorem gives

T1
/ Zz"e*dz = 0.
2D(0,1)

If n < 0, then 2"e* has a pole of order —n at z = 0. Then, by Theorem 2.1, we have

/ Z"e*dz = 2miresg 2" e”.
aD(0,1)

15



By Theorem 1.4, we have

n_z 1 1 d ot -n, n_z
respz € = nm —m—— —_— z z €
0 2=0 (—n — 1)! \dz

= - lim (d> o e®
(—n — 1)! 2=0 \ dz
1 . .
= Cooy e
1

(—n—1)

Hence, we have
271

Z"efdy = ——m—.
/61)(0,1) (=n—1)!

O

Problem 32. Suppose f,: U — C is a sequence of continuous functions that converges uniformly
as n — 0o. Show that lim,,_, .o f7 fa(2)dz = fv lim,, o0 fn(2)dz holds for all paths v in U.

Solution. We can parametrize v by z = «(t) where ¢ goes from a to b. Then, we have

b
/ fn(z)dz = / Fu(y(®)y ()dt.

Set
f(z) = lim fu(2).

n—0o0

Then, we have

b
/&wwz/fw@www

Ln@wlﬂwn

Hence, we have

b b
/ﬁMWﬂMF/ﬂWMWﬁ
b

/ (fa(v(®)) = F(¥(®))) (7' (1))dlt

b
g/mmm%ﬂWMWWﬁ

b
< mmcuav@»-—fwa»y/ ! (8) .

a<t<b

Since f, converges uniformly as n — oo, for every d > 0, there exists N such that for all n > N,
we have

|fn(v(8) = F(v(B))] < 6.

16



For all e > 0. Let 6 = Then, we have

TPl @)lde”

Ah@M—Lﬂmk

lim [ fo(2)dz = / lim f,(2)dz.

n—oo ~ n— oo

<ﬁwwwfl'”mﬁ:6

Hence, we have

O

Problem 33. Prove that, if f: C — C is holomorphic and |f(z)| < 1+ |z|™ for all z € C, then f
is polynomial of degree at most n.

Solution. Since f is entire, we can have a power-series expansion at the origin that has a infinite
radius of convergence. Therefore, we get

f(z) = Z apz”
k=0

Ja ()
k!

. Then, by Corollary 4.2, we have
Mo 1 e,

= — 2.
k! 27t Jo 2n L

where aj =

ap =

Since f is entire, C' can be any circle in C. Let C be a circle of radius R centered at the origin, so
we have |z| = R. Hence, we have

f(2)

Zk+1

1+]2/ 1+R"
|Z|k+1 T Rk+1

Therefore, we have

lax| =

L[ f(=)
ori Cznﬂdz‘
(2) dz‘

c Zn+1

&),

Zn+1

1
2mi
1
_%C

f(2)

Zn+1

IN

1
— (27 R) sup
a z€C
1+ R"
S BT
1+ R"
=%
Since f is entire, when k£ > n, we can let R — o0, so ax = 0. Therefore, f is a polynomial of degree
at most n. O
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Problem 34. Suppose that f: U — C is holomorphic and D(0,1) C U. Prove that

FOI<y max [5E) - fw)l
z,weD(0,1)

Solution. Let g(z) = f(z) — f(—z). Then, g(z) is holomorphic on U. Also, we have
9'(z) = '(z) = (=f'(=2)) = ['(2) + ['(=2).
Hence, we have
g'(0) = f'(0) + f'(0) = 2f'(0).
For all z € D(0,1), we have —z € D(0, 1). Hence, we have

9(2)| = [f(2) = f(=2)[ <  max |f(z) = f(w)]

z,w€D(0,1)

Then, by Corollary 4.2, we have

1 1
MLHﬁ%ngWmaswwmswgw

[2|=1 [z|=1 2€D(0,1)

9'(0)] =

Therefore, we have

|9l(0)| = 2\]‘”(0)\ < sup lg(2)] < max |f(z) — f(w)].
2€D(0,1) z,w€D(0,1)

Hence, we get

FOI<y max [5(:) - fw)l
z,w€eD(0,1)

O

Problem 35. Show that, if f: U — C is holomorphic and D(z9,7) C U, then f can be uniformly
approximated by polynomials on D(zg, ). That is, there is a sequence of polynomials p,, such that

pn — f uniformly on D(zg,r) as n — oo.

Solution. Since U is open, there exists some € such that f is holomorphic on D(zg,7 + €). Let

R =r+ e Then, for all z € D(z, R), we have
f(2) =) ar(z —z)"
k=0

where

Then, we have




Then, for z € D(zg,r), we have

Since 7 < R, we have ; < 1. Hence, we have

- k - r\* (%)HH
> oa-z)t< Y sw fG@I(g) = s FERE
Nt WS le—z0l=R |2—z20|=R 1-(%)
When n — oo, we have
(L)’Nr‘rl
sup \f(z)|R7T — 0.
ezol=r 1= (F)
Let .
pn(z) = Zak(z — )",
k=0
Then, for all z € D(zp,r), we have
- ()
1f(2) = pn(2)| < D lakl(z—20)" < sup I
k=n4+1 |z—20|=R - (ﬁ)

Therefore, we conclude that there is a sequence of polynomials p,, such that p, — f uniformly on

D(zg,r) as n — oo. O

Problem 36. Is the conclusion of the previous exercise true if f is merely continuous? What about
the real variable case f: [-1,1] — R?

Solution. No, since we cannot apply Cauchy’s integral formula to f. The real variable case is valid
since we use Taylor expansion on differentiable real functions. O

7 Set7

Problem 37. Suppose that f: C — C is holomorphic and, for every point zy € C, the series
expansion

F(2) =) anlz—20)"

n>0

has at least one coefficient that is zero. Show that f is a polynomial. Hint: there are more points
in every disk D(0,1) than there are integers.

Solution. We have
F®(20) = ay - k.

Therefore, if ap = 0 for some k, then
F®)(z) = 0.
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Define
M, ={z €C: f(”)(zo) =0}

Then, since f(z) has at least one coefficient that is zero, we have

Assume by contradiction that M, is countable for all n. Then, since n is a nonnegative integer, we
have (J,”, M, to be countable. This contradicts that C is uncountable. Therefore, we have |M,,|
to be uncountable for some n.

Hence, by Theorem 4.8, since f(™(z) is a holomorphic function that vanishes on a sequence of
distinct points with a limit point in C, we have f(™(z) to be identically 0. Therefore, f is a
polynomial. O

Problem 38. Show that -
flz)= Z 2% for z € D(0,1)

n=0

is holomorphic in D(0,1). Show that f does not have a continuation to any open set strictly
containing D(0, 1).

Solution. Let {fi}72; be a sequence such that

k
fre(z) = Z 22"
n=0

Since fy is a polynomial for all k, we have f, to be holomorphic on all of D(0, 1).
Let S € D(0,1) be any compact subset. Hence, we have K C D(0,r) for some 0 < r < 1. Then,

we have i
ORI P o S
n=0 n=0

n=k+1

Since z € K, we have

0 e} e} o r2k+1
n n n
E 227 < g 1227 < E 2 < E r’" = 1 .
—-Tr
n=k+1 n=k+1 n==k+1 m=2k+1

For all € > 0, since €(1 —r) is constant, we can choose k arbitrarily great such that P2 < e(l—r).

Hence, {f1} is a sequence of holomorphic functions that converges uniformly to f in every compact

subset of D(0,1). By Theorem 5.2, f is holomorphic in D(0, 1).

For any e > 0, there exists n such that 5+ < e. For any z € [0,1], let m = [« - 2"|. Then, we have
m=|z-2"|<z-2"<m+1=|z-2"|+1.

Hence, we have

ﬁ<x<m+1.
2n — = 2n
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Therefore, we have
1
Hence, we prove that the rational numbers of the form Z% is dense in the interval [0, 1]. Then, we

can extend it to [0,27]. For |z| = 1, we have z = ¢*?, where 6 € [0,27]. Then, we have a sequence
{0k }52, where

Since {0y} is dense, we can let
lim 6, = 6.
k—o0

Then, we can have a sequence {ry}%2, such that r, =1 — % so limyg_yo0 1 = 1.
Hence, we can define the sequence {z;}32, where
2 = Tpeo

Therefore, we get

lim z; = z.
k—o0

Assume by contradiction that f has a continuation to an open set containing D(0,1). Then, we
have

Jim f(z) = f(z)-

Evaluating f(zx), we have

=>4
n=0

= Z rkneizn'%
n=0
Nk )

:Zrinemn e k4 Z r e?"2 2
n=0

n=ng+1
_ E 2 12"_”kmk + § i2”_"kmk
n=ng+1
n n—ny n
- E T]C 12 Mk + E Tk .
n=ng+1

Then, we have

Zr2n 2n— "k’I’VLk < Z ‘ 2n 2n7nkmk

n=0 n=0
ny
=3
n=0
ny
n
= Z i |-

n=0

pi2" M emy,
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Since r, < 1, we have

n
<> R <+ 1

n=0

ng
n on—ny
§ :7'129 612 mg

n=0

Therefore, we have

el ==
n=0

Nk o0
n 2’71,
=D ) &
n=0

n=ng+1

) ng
2| 3 |-
n=ng+1 n=0

oo
> Z r2 — (ng +1).
n=ng+1

Since limy o rp = 1, we have |f(z)| = oco. Hence, we prove that f does not have a continuation
to any open set strictly containing D(0,1). O

Problem 39. Is Morera’s theorem still true if triangles are replaced with disks?

Solution. Yes. O
8 Set 8
Problem 40. Find the poles and residues of Sirllz.
Solution. We have sin z = 0, so poles are z = km, where k € Z. O
Problem 41. Evaluate [~ Mﬁdm for a > 0.
Solution. Consider the function
52
f(Z) - (22 +a2)3

which is holomorphic in the complex plane except for simple poles at the points ai and —ai. Also,
we choose the contour vz shown in Figure 1. The contour consists of the segment [—R, R] on the
real axis and of a large half-circle centered at the origin in the upper half-plane.

Since we may write

2’2

(z — ai)3(z + ai)3’

fz) =

22



Figure 3: yg

by Theorem 1.4, we have

22

z—ai)?
) ( ) (z — ai)3(z + ai)3

&

dz
= lim - i 7752
T 25ai 2 \ dz (Z + ai)3

1d 22(z + ai)® — 32%(2 + ai)?

resq; f = lim = (

z—at 2

~Nei2dz (2 + ai)b
. 1d 2z 322
= lim - — — — ,
z—ai 2dz \ (z 4+ a1)3 (2 + ai)*

z—ai 2

— lim 1 (2(,2 +ai)® — 62(z +ai)?  62(2 +ai)* —1222(2 + ai)3>
(z + ai)b (z + ai)®
1 3ai 3ai 6(ai)?
T (200)3  (2a0)* (2ai)* ' (2ai)?
]
BT

Therefore, by Corollary 2.3, if R is large enough, we have

™

f(z)dz = 2”“‘?23) = o5

TR

If we denote by C’E the large half-circle of radius R, then we can parametrize C’}; by z = Re"
where 0 goes from 0 to m. Then, we have

22 _ ™ (Rezé)Q ) ; . ™ (RBW)
fos v = | e 0= | o

Hence, we have

/C+ (22 4 a2)3

0|3 ™ 3 3
\I/ |Re”| dgf/ S A S L
|R620|2 ) 0 (RQ _ a2)3 (R2 _ a2)3
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2
z
Therefore, as R — oo, we have fcg mdz — 0.

Since we have
0 2

we have

/°° ot T
Coo (#2237 8a3
O

Problem 42. State and prove a version of the Residue Theorem that allows poles on the boundary
of the disk. Hint: be careful about how the integral along the boundary is defined and check that
half of the residue is contributed.

Solution. O
Problem 43. How many roots does z* — 62 + 3 have in the annulus D(0,2) \ D(0,1)?

Solution. Consider the circle |z| = 1. We have | — 6z| = 6 and |2* + 3| < |2%| + 3 = 4. Hence, we
have
| — 62| > |2* + 3|.

By Rouché’s theorem, we know that —6z and z* — 6z + 3 have the same number of zeros inside the
circle |z| = 1. Since —62 has 1 root z = 0 inside the circle |z| = 1, we get that z* — 62 + 3 has 1
root inside the circle |z| = 1. Also, | — 62| > |2* + 3| guarantees that there is no root on the circle
|z| = 1. Hence, there is 1 root in D(0,1).

Consider the circle |z| = 2. We have |2%| = 16 and | — 62 + 3| < | — 62| + 3 = 15. Hence, we have

|24 > | — 62+ 3.

By Rouché’s theorem, we know that z* and z* — 6z + 3 have the same number of zeros inside the
circle |z| = 2. Since z* has 4 roots inside the circle |z| = 2, we get that z* — 6z + 3 has 4 roots
inside the circle |z| = 2, which is D(0, 2).

Therefore, we have the number of roots in the annulus D(0,2) \ D(0,1) to be 3. O

24



