CONSTRUCTING SOLUTIONS TO THE ALLEN-CAHN
EQUATION
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ABSTRACT. The Allen-Cahn equation €2Au = u® —u = W’ (u) is an elliptic,
semilinear, second-order partial differential equation. Here W (u) = i(l —u2)?
is a double-well potential. Solutions to this equation are exactly the critical
points of the energy functional [ £|Vul? + %W(u) in H!. We investigate
general properties of solutions to the Allen-Cahn equation, including their
smoothness. We also construct infinite-energy periodic solutions in dimension
one, saddle solutions in dimension two, and use gluing and energy methods to
construct solutions on S™.
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1. INTRODUCTION
The Allen-Cahn equation is the following partial differential equation (PDE):
1
(1.1) eAu = —(u® —u).
€

Here € > 0 is fixed. More generally, the Allen-Cahn equation can be considered on
a complete Riemannian manifold (M, g):

(1.2) eAgu = %(u‘?’ —u)

where Ay is the Laplace-Beltrami operator with respect to the metric g.
Solutions to (1.2) are critical points of the Allen-Cahn energy functional:

1
(1.3) E.(u;U) :/ (6 IV gul® + W(u)) dyuy.
U 2 €
Here W (-) is the “double well potential,” which is modelled by the polynomial
W(u) = 2(1 — u*)? (more general functions are available), and dp, is the volume

form with respect to metric g.

-1 1
FIGURE 1. The double well potential W (u) = (1 — u?)2.

Definition 1.1. Let (M",g) be a complete Riemannian manifold. w : M — R is
a critical point of eq. (1.3) if for any ¢ : M — R € C°(M) (i.e. ¢ is smooth with
support contained in a precompact open set  C M), we have u € H*(£2) N L>°(£2)
and

d
(1.4) %‘t:oEe(“ + Q) = 0.
Note that

d o [ (€ 1
dt t:oEﬁ(u +ipi ) = /Q (QQ(VQUangO) + €VV (u)<,0> dpg,

where ¢(-,-) is the inner product with respect to metric g. One can check that if u
is a critical point then it weakly solves eq. (1.2).
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In section 2, we introduce the regularity theory of second order linear partial
differential equations in Sobolev and Holder spaces in the context of the Allen-
Cahn equation. In particular, critical points of the Allen-Cahn energy functional are
smooth. After discussing general properties of solutions to Allen-Cahn in section 3,
we construct solutions on R, R2, and S™. The reader may consult the appendix
for the definitions and basic properties of LP spaces, Sobolev spaces, and Hoélder
spaces, which we assume familiarity with.
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2. ELLIPTIC REGULARITY FOR ALLEN-CAHN

Regularity refers to the “niceness” of a solution to a PDE. This often means
differentiability, and sometimes integrability. The best one could hope for is a
C*, or smooth, solution. One also searches for solutions in C* and the Holder
spaces C*, Tt is often easier to find weak solutions (which may be a priori highly
discontinuous) in Sobolev spaces W*P, and especially in the Hilbert spaces H* =
Wk2,

Elliptic regularity is the phenomenon that weak solutions to certain PDEs have
many—even infinitely many—derivatives. The simplest example of this phenome-
non is that harmonic functions, namely solutions to Af = 0, are smooth. The same
miraculous phenomenon applies to the Allen-Cahn equation, whose highest order
term is the Laplacian.

2.1. Allen-Cahn. Solutions to Allen-Cahn
(2.1) Au=1u>—u

should have at least two derivatives, so that the left side makes sense and the
Laplacian can be applied. However, if u € C?, then so is Au = u® — u, so we
might actually expect u to be C*. Repeating this reasoning in a so-called “boot-
strap argument,” we conclude that v should have infinitely many derivatives. This
bootstrap phenomenon is part of a much more general picture that begins with the

theory of linear elliptic operators.

2.2. H™ Regularity for Linear Elliptic Operators. Suppose v and f are
smooth and

(2.2) —Au=f onU CR" withulgy =0.
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Integrating by parts, we find

[ [ ] 3

1,j=1

n n
— 2 : _ 2: _ 2, |2
__/ U;cixiacju;cj _/ uxlacjux,x, _/ |D u| .
U U U

7,j=1 7,j=1

(2.3)

That is, control over the L? norm of f gives control of the L? norm of the second
derivatives of u. More generally, differentiate eq. (2.2) m times and then carry out
the calculation in eq. (2.3) to see that the L? norm of the order m derivatives of f
controls the L? norm of the order m + 2 derivatives of u. This reasoning does not
extend directly to weak solutions of —Au = f, because we assumed that u had at
least three derivatives, but this heuristic calculation gives hope that weak solutions
to Poisson’s equation —Au = f with u € H} in fact belong to H**? whenever
feH

This calculation motivates the study of other second order partial differential
operators, namely those whose leading behaviour is “like the Laplacian”.

Definition 2.1 (Elliptic operator). A second order linear partial differential op-
erator L on a domain U given by Lu = — Do e @ U A YT brug, + cu, with
a”, b ¢c: U — R and a¥ = a?*, is (uniformly) elliptic if there exists § > 0 with
g 5
(2.4) > ai(@)Eg; = 0|
i,j=1
for almost all z € U and all £ € R™.

For a¥ = §;5, b* =0, and ¢ = 0, Lu = —Au. The condition of uniform ellipticity
is to say that for each x € U, the symmetric matrix A(x) = ((a%(x))) is positive
definite and has smallest eigenvalue at least 6. Elliptic operators resemble the
Laplacian in the following way: when a* are bounded, we have I < A < OI
for some © € R (the uniform bound on the largest eigenvalue of A) and for 6
the uniform ellipticity constant, where I is the identity matrix. For the Laplacian,
f=0=1.

Solutions to elliptic PDEs (namely those given by an elliptic differential operator)
enjoy the following regularity.

Theorem 2.2 (Elliptic regularity in Sobolev spaces). For m € N, a¥ b, c €
CHL(U), and f € H™U), if u € HY(U) is a weak solution of the linear ellip-
tic PDE Lu = f in U, then uw € H**2(V) for every V. compactly contained in U.
Moreover,

(2.5) lull grszry < Cm, UV LY g oy + wll L2 (0))-

If OU is C**2 and u € HE(U), then u € H*T2(U) and eq. (2.5) holds with C
independent of V.

Proof. See Section 6.3 of Lawrence C. Evans Partial Differential Equations [4]. O

The upshot is that v has two more derivatives than f. By Sobolev embeddings,
sufficient weak regularity of u implies strong regularity of u. In particular, if f and
the coefficients of the elliptic operator L are smooth, then so is u.
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2.3. Schauder Estimates. There are two problems with applying the linear el-
liptic regularity theory to Allen-Cahn. First, Allen-Cahn, written as Au = W' (u),
is a non-linear equation. However, the nonlinearity is present only in the lower
order terms, so we can do the following: suppose u solves Allen-Cahn, then set
f := W' owu. Then u solves Au = f. Alternatively, we may write ¢ := u? — 1,
so that Au — cu = 0. However, there is a more subtle problem in applying the
bootstrap argument: regularity of u does not pass to regularity of f. Namely, if
u € HF, it is not necessarily true that u® —u € H*. If u were more regular, say
u € C*, then it would be true that u® — u € C* as well. It is not true in general
that v € C*+2 whenever u solves Au = f with f € C*. If we ask for a little more
regularity, namely for the k-th derivatives of k to be Holder continuous, then such
a statement, due to Schauder, is true.

Theorem 2.3 (Interior Schauder estimates, G-T [5] Theorem 6.2). For k > 0,
suppose u € Ck+22(U) solves the linear elliptic PDE Au = f. Then

(2.6) ||U|‘ck+2,a(v) < C(”UHC(U) + Hf“Ck:O‘(U))v

for any V' compactly contained in U, where the constant C' depends on the dimension
n, k, the Holder exponent o, and V.

Proof. For simplicity, we state this here for the Laplacian, but the same is true of
general elliptic operators with coefficients bounded uniformly in C*<. Schauder
estimates that hold up to the boundary of U (and not just in the interior) also
hold. See Chapter 6 of Gilbarg and Trudinger. [5] O

Setting f := W' o u, notice that f € C** whenever u € C*.

The Schauder estimates assume that u € C*¥*2%(U). In particular, they do
not prove regularity of w, but instead assume it and give bounds on the size of
w in C**t2% Such an estimate is known as an a priori estimate, and is common
in PDEs. By an approximation argument, one can often prove regularity using a
priori estimates. Namely, starting with u € C*2,

(1) Approximate f by smooth functions f; with uniformly bounded C**® norm.
(2) Use existence theory in Sobolev spaces to find the (unique) weak solution
v; to Av; = f; with v;|ay = 0.
(3) Use elliptic regularity in Sobolev spaces to show that v; are smooth.
(4) Use Schauder estimates and the maximum principle to bound the v; in
CHF+2:@ yniformly in i.
(5) Use Arzela-Ascoli to obtain a uniform subsequential limit v; — v on com-
pacts, then show that v € C*¥+2 and solves Av = f.
(6) Use elliptic regularity in Sobolev spaces to show that because A(u—v) =0
we have u — v € C*, and conclude that v € C¥*+2.,
By a deep theorem due to De Giorgi and Nash, the boundedness of f in Au = f
ensures that if u € H', then u € C®. That is, we can begin the above bootstrap
with k = 0, starting with a weak solution.

Theorem 2.4. Let U C R™ and suppose u € HY(U) satisfies —Au = f on U with
f € L3(U) for q>n. Then for any V cC U, u € C*(V) with
(2.7) lll ey < Clull oy + 1714 )

where the constant C' depends on n,q, U,V , and the Hélder exponent o depends on
n,U, V.
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Proof. This is stated here for the Laplacian, but again holds for more general elliptic
operators. See Gilbarg and Trudinger [5] Chapter 8, and in particular Theorem
8.24. O

In particular, if f is bounded on compact sets, then f € LP(U) for all 1 < p < oo
for U bounded.

Theorem 2.5. Let U C R™ be a (possibly unbounded) domain. If u € H (U) N

L (U) is a bounded weak solution of Allen-Cahn (equivalently a bounded critical
point of the energy functional), then u is smooth.

The above arguments are written for R™ but carry over to the case of closed
manifolds! (M, g). In particular, in each chart the Riemannian metric g is smooth
and valued in the symmetric positive-definite n xn matrices. Because M is compact,
there is a uniform bound on the smallest eigenvalues of these matrices; that is, g
is uniformly elliptic. One can then apply the interior estimates in each chart to
obtain analogues of elliptic regularity in Sobolev spaces and Schauder estimates.
By compactness we can take the charts to be finite in number and obtain global
regularity results.

Corollary 2.6. Let (M,g) be a complete closed Riemannian manifold. If u €
HY(M) N L>®(M) is a weak solution of Allen-Cahn, then u is smooth.

3. PROPERTIES OF THE ALLEN-CAHN EQUATION

In this section, we want to summarize the properties of critical points and so-
lutions to the Allen-Cahn equations. In particular, one can prove that any critical
points to the Allen-Cahn equation are smooth and bounded by 1. Next, we proceed
to talk about the existence, uniqueness, and stability of solutions.

3.1. General Properties.

Proposition 3.1. Suppose u is a solution to the Allen-Cahn equation on a closed
manifold M. Then u € [—1,1].

Proof. Suppose u solves Allen-Cahn on M (thus it is smooth). Because M is
compact, u attains a maximum, say at . Because M has no boundary, = is an
interior point, so e2Au(z) < 0. If u(z) > 1, then W’ (u(z)) = vw*(z) — u(z) > 0,
which contradicts e2Au = W' (u). O

By the maximum principle, we show that a solution to Allen-Cahn bounded by
1 that achieves 1 anywhere is in fact +1 everywhere.

Proposition 3.2. If u is a non-trwial solution to the Allen-Cahn (i.e. u % £1)
and |u| <1, then |u| < 1.

Proof. If u = 1 somewhere, then Lu = —Au + 2u, so that v := u — 1 achieves a
non-negative interior maximum (because u < 1) and satisfies Lv = —Au+2u—2 =
—u? 4+ 3u — 2 < 0 because u < 1, so we conclude by the maximum principle that
u = 1. Similarly one shows —1 < u. Thus |u| < 1 for non-trivial w. O

Remark 3.3. The above arguments also work on bounded open sets U such that
u solves Allen-Cahn on U with |u| <1 on OU.

1Recall that a closed manifold is a manifold without boundary that is also compact.
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Allen-Cahn has three trivial constant solutions, namely 1, —1,0. The solutions
+1 have zero energy, so they are global minimizers of the energy functional intro-
duced in eq. (1.3). On the other hand, 0 is a global maximizer of energy.

Lemma 3.4. For allu € H'(M), we have E.(u) < E.(0), with equality iff u = 0.
Proof. Integrate by parts in the Allen-Cahn energy functional:

2
eEe(u):/ i\vu\2+W(u):/ L Au+W(w)
M 2 M 2

L3 1 2\2 Ly 1
= ——u(u’® —u)+ = (1 —u) :/ ——ut+ =

If u # 0 anywhere, then eE(u) < [,, 1 = [ W(0) = eE.(0). That is, 0 maximizes
E.. 0

(3.1)

Moreover, non-trivial solutions must change sign.

Proposition 3.5. If u is a non-trivial solution to the Allen-Cahn equation on a
closed manifold (M, g), then {x € M | u(z) =0} # @.

Remark 3.6. It is crucial that we are on a closed manifold. Otherwise this property
does not hold. A closed manifold is by definition a manifold without boundary and
compact.

Proof. Since w is a non-trivial solution, it is a critical point to the Allen-Cahn
energy functional and u # 0. Thus, by definition of u being a critical point we
must have d

for all ¢, function that is smooth and compactly supported. Since (M, g) is itself
compact and without boundary, ¢ = 1 satisfies the requirement. After calculation

we get
/W )=0.

This cannot happen if 0 < |u| < 1 (i.e. {u =0} = &) because W'(u) is constant
sign and non-zero everywhere. ]

Any solution to Allen-Cahn has uniformly bounded derivatives.

Proposition 3.7. Ifu is a bounded solution to Allen-Cahn, then |ul cr gny < C(k)
where C(k) is a constant only depending on k.

This uses the interior Schauder estimates in theorem 2.3 and the bootstrap pro-
cess described in the previous section. We first introduce the first Schauder esti-
mates that is useful to get a C1'* bound for u.

Lemma 3.8 (C1'* Schauder estimate). Let U be a domain in R™, and let u satisfy
Au = f on U, where f is bounded and integrable. Then for any two concentric
balls By = Br(wo), B1 = Bar(z0) CC U? we have

HUHCLOL(BI) < C(nvavR)(HUHC(BQ) +R? ”fHC(Bz))-
This is Theorem 4.15 and Equation 4.45 in Gilbarg and Trudinger [5].

2We write A CC B to denote that set A is compactly contained in set B. It means that the
closure of A is contained in the interior of B and the closure of A is compact.
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Proof of Proposition 3.7. Fix u bounded and solving Allen-Cahn on R™. Then u
satisfies Au = f with f := W/ owu. Fix zp € R™ and let By = B(zp, R) and
By = B(xg,2R). Throughout let C denote a constant depending on n, «, and any
extra given parameters. By the estimate in lemma 3.8,

(32) luller gy < lullgrap,y < CR)(ullop,) + 1 fllcs,)) < C(R).
Now we bound the Holder norm of f by its derivative:
[fllcoa(nyy = 1flle(m,) + [floa,Bs
<l T I1Pflles,)
< W (Wllep,y + IIW" o ullop, Iullor s,
<C(R).

Then the interior Schauder estimates (theorem 2.3) say

(3.3)

(34) ||u||ck+2(Bl) < ||U||Ck+2,a(31) < C(kaR)(”uHC(Bg) + ||fHCk“’¥(B2))'
With k£ = 0, this is
(3.5) lullcz(p,) < C(R)

by the above. More generally, suppose ||uHCj(Bl) < C(k,R). for all j < k+ 1.

Expanding out D7 f with the product rule, the above calculation gives
(3.6)
[fllcra(ay < Ifllor TIPS llorpyy < Cks R)([ullopyy Hlwlorip,)) < Ok, R),

with the k-dependence in the constant coming from derivatives of W and [lul[c; g,
for j <k + 1. Then by induction, the interior Schauder estimate gives

(3.7) ullgrre s,y < Ck, R)

for all k. Now fix R and take a supremum over z( to get

(3.8) lullgn gy < CCK)

for all k. 0

3.2. Existence and Uniqueness of Positive Dirichlet Solutions. This section
proves theorem 3.9, which comes from exercises in [2]. The following theorem is
the backbone of constructing solutions with given zero sets by gluing. Namely, one
partitions a manifold into pieces whose boundaries form the prescribed zero set.
On each piece, minimize energy to find a solution with zero boundary condition of
constant sign. Then, glue these solutions together to get a function on the entire
manifold. The resulting function is continuous, because on each boundary portion
it is zero, and one hopes to choose the signs in each piece so that the gradient is also
continuous. The technical details lie in checking that this function weakly solves
Allen-Cahn across the zero set, where the gluing was done.

Broadly speaking, the existence part of this theorem helps us construct a can-
didate solution, and the uniqueness part lets us pass symmetries of the domain to
symmetries of the solution.

Theorem 3.9 (A unique positive solution with Dirichlet boundary data exists if €
is small or if the region is large enough). Let U be a bounded domain and let \y be
the first eigenvalue of the Laplacian on U. If €2X\; < 1, then e2Au = u® — u has a
unique positive Dirichlet solution on U.



CONSTRUCTING SOLUTIONS TO THE ALLEN-CAHN EQUATION 9

3.2.1. Proof of Existence. First we show existence. It turns out that u minimizes
the Allen-Cahn energy over U.

Lemma 3.10. A minimizer to the Allen-Cahn energy functional over H} (U) exists
and is either identically 0 in U or constant sign in the interior of U.

Proof. Since eq. (1.3) is coercive and convex on U, there exists v minimizing the
energy functional over Hg(U).* That is, there exists u € H}(U) such that
E.(u)= min FE.(w).
() weH(U) ()
We claim that this minimizer u is either constant sign in the interior of U (which
we can take to be positive) or identically 0. Recall that

(3.9) Ee(u;U)/U(;NuQnLiW(u)).

Because |V |u|| = |Vu| and W(|u|) = W(u) (W is even), |u| has the same energy
as u and is thus also a minimizer. In appendix B, we show that a minimizer of
the Allen-Cahn energy is a critical point of the Allen-Cahn energy, equivalently a
weak solution of Allen-Cahn. By corollary 2.6, both w and |u| are smooth. By
proposition 3.2 and remark 3.3, together with the boundary condition v = 0 on
oU, we conclude |u| < 1.

If there exists « € U such that |u(z)| = 0, then by the strong maximum principle,

lul = 0 in U, since Alu| = |ul®> — |u| < 0 and |u| > 0 achieves its minimum of 0
on OU. Thus either 0 < |u] < 1. Because u is continuous, we conclude (possibly
flipping sign) that either u =0 or 0 < u < 1. O

It remains to show that the minimizer u is not identically 0. We show that a first
eigenfunction of the Laplacian has strictly less energy than 0 whenever e2\; < 1,
so that 0 cannot minimize energy.

Let ¢ be the first eigenfunction of the Laplacian with Dirichlet boundary condi-
tion (that is, —Ay = A1 with ¢ = 0 on 9U). By classical results, A; is real and
positive, and so ¢ is not the zero function. Compute

E.(p) < E(0)
[51pel+ 2w < [ Lwio)
1

62 904 902 1
Y PR R z
/ g PE¥Y 2+4</4

Because cp satisfies the same conditions as ¢ for any ¢ € R, the above calculation
holds with cp in place of ¢. Then
2 [ 4
2 e

3The argument about the existence of a minimizer can be seen in Evans’ Partial Differential
Equations [4] Chapter 8 section 2. We specifically use Theorem 2 in that section to prove the
existence of the minimizer.
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If €2X; < 1, then ¢ can be chosen small enough for the right inequality in to hold,
in which case 0 is not a minimizer of the Allen-Cahn energy.

3.2.2. Proof of Uniqueness. Next we prove that this solution u is unique. We first
show the following lemma.

Lemma 3.11. Suppose f,g: U — R are smooth with f,g =0 on OU and f,g # 0
in U. If g has non-vanishing outward normal gradient on the boundary (that is,
0,9 #0), then 5 is smooth on U.

Proof. Since OU is smooth, we can straighten it smoothly. Formally, for any = €
OU, there exist smooth local coordinates (y1,...,y,) and a neighbourhood V' of
y(z) such that VNU = {z € V : y;(z) > 0}. In these coordinates, the condition
0,9 = Dg-v # 0 on 9U becomes 0y, g # 0 on U, because v(y) = sy; for some
constant s. Because g = 0 on U, g = 0 in V where y; = 0, so by the fundamental
theorem of calculus,

1

1
0
(3.11) g(yi, - yn) = g(tyl,---,yn)dt=y1/ fag(tyl,---,yn)dt-
0o 91

0 ot
Define hg : V N U — R to be the integral expression on the right. Then g = 1 hg.
Because g is smooth, differentiating under the integral sign shows that h is smooth.
Define hy and derive its properties similarly. Moreover,hg is nonzero on 9U (because

Oy, u; # 0 on OU). Then in V, 5 = 5 = Z—f, which is smooth on OU. Thus £ is
smooth in a neighbourhood of each point of U, and also smooth in the interior

because f, g are non-zero in U. O

We now apply this lemma to two positive Dirichlet solutions to Allen-Cahn on
U, say u1 and us.

Uil Uz

Corollary 3.12. The quotients s are bounded.

Proof. By assumption, uj,us are smooth functions nonzero in U and vanishing
on U. Because Auy, Aupz < 0 in U, Hopf’s lemma implies 9,u1,0,u2 < 0, so
lemma 3.11 implies that Z—;, Z—j bounded because U is compact. O

For i = 1,2, —Au; = —uj + u; < u;, so Au; +u; > 0. Write
A A 2 2
(3.12) / ("“ - “2> (W2 —u2) = /fulAul + Aust 4 Aug—2 — uyAus.
U U2 U2 Uy
Compute the derivative

2 2
(3.13) D (“1) =2 Duy — 1 Duy.

u u2 Uy
The right side of eq. (3.13) is L? due to corollary 3.12, so % € H!}. Integrating by
parts gives

ui 2 Uy u?
/—ulAul + Auzuf = / |Du|” — Dusy - QU—Dul — ?DUQ
2 2 2

(3.14) 9
= / ‘Du ﬂDuz
U

> 0.
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Adding eq. (3.14) to the analogous inequality for uq, us swapped and substituting
into eq. (3.12) gives

A A 3 _ 3 _
02/ (ul_uQ) (u%—u%):/ <u1 ur U u2>(u%—u?)
U Uy U2 U Uy Uz

(3.15) — [ )
:_/ (u? —u2)?,
U
and thus

(3.16) /U(uf —u3)? =0.

Because ui,us > 0 in U, we conclude u; = uy. This concludes the proof of theo-
rem 3.9.

3.3. Stability of Solutions and the De Giorgi Monotonicity Condition.
On R, the function
=)
V2
solves the Allen-Cahn equation. It is called the heteroclinic solution.

Any solution on R can be made into a so-called one-dimensional solution on R™
by ignoring all but one dimension. Namely, fix a € R™ with |a| = 1. If u is a
solution on R, then 4(x) := u({a,x)) is a one-dimensional solution on R™:

(A7) Ad=) i, =Y ofu"({a2) = éW’(u«a,xm = }QW'(W))-

H(x) = tanh(

Notice where we used |a|] = 1. Similarly, one could translate the origin of this
solution or flip its sign: @(x) := tu({a,z — xg)), with a as before and xy € R"
fixed. In particular, one can extend the one dimensional heteroclinic solution H(z)
to R™ as H({a,x) — b).

This section is centered around the following conjecture of De Giorgi regard-
ing the monotonicity of the heteroclinic solution, which leads to some results in
classification of solutions. See [1] for the statements of this section.

Conjecture 3.13. Suppose u is a solution on R™ and w satisfies aaTu > 0. Isit
true that u(z) = H({a, z) — b)?

This conjecture is known to be true for dimensions 2 and 3, and known to be
not true for dimension 8 or above. However, it is open for intermediate dimensions.
The condition 0‘%‘ is called the De Giorgi monotonicity condition.

The De Giorginmonotonicity condition is closely related to stability of solutions:

Definition 3.14. We say a solution u, to the Allen-Cahn equation e2Au = u® —u

is stable if for compact set V' and any ¢ € C2°(V'), we have

d2
@Ee(ue +tp; V) > 0.

This relates to the De Giorgi monotonicity condition in the following way:
Theorem 3.15. Suppose u is a solution on R™. If u satisfies 837“ > 0, then u s
stable.
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Therefore, to solve the De Giorgi Conjecture, it is helpful to classify the stable
solutions. In dimension 2 and 3 this is possible, and we present the classification
here.

Theorem 3.16 (Ghossob-Gui 1008). Suppose u is a solution on R? and u is stable.
Then u(x) = H({a, x) — b).

The proof is long and technical. The readers may refer to Ghoussoub-Gui [6].
As an immediate corollary, the De Giorgi conjecture holds in 2 dimensions.

Corollary 3.17. Suppose u is a solution on R? and u satisfies % > 0. Then

u(z) = H({a,z) — b).
We can utilize the classification given in theorem 3.16 to study solutions on R3.

Theorem 3.18. If u is a stable solution on R with E1(u; Bg) < CR? for some
constant C, then u(x) = H((a,z) — b).

The above theorem is similar to theorem 3.16 but asks additionally for a qua-
dratic bound on energy growth. We show shat the De Giorgi condition implies

this.
Theorem 3.19. Suppose u is a solution on R? and u satisfies 8’977 > 0. Then

u(z) = H({a, ) — b).

Proof. The goal of the proof is to show that Ej(u; Br) < CR? for a constant C,
and conclude that u is the 1-dimensional solution H((a, z) — b) using theorem 3.18.
Define translation in the last coordinate

u' = u(xy, v, w3 + 1).
By monotonicity and boundedness, the limit

ute(z) = tliglo u(z)

exists, and is a function of 21, 23, and is a solution of Allen-Cahn on R?. Moreover,
a compact set in R? is a compact set in R3, and thus u*>(z1,2,) is stable as a
solution on R?. Hence by theorem 3.16

uioo(xl, x9) = H(a1z1 + asza — b).

Since the energy Ej (-, Br) is radially symmetric, it suffices to let a1 = 1, ag = 0.
We can compute that

El (uj:oo7 BR)

1
/ 7‘Duioo|2_’_W(uioo)
2
Br

1/ 4,21 —b 1 4,01 —b 2
=— sech™( )Sf/ sech”(——=—) < CR?,
2 BR \/5 2 [7R,R]3 \/i

where we bounded the integral over a sphere by the integral over the cube containing
it, which can be evaluated explicitly. By dominated convergence theorem,

lim Ey(u'; Bp) < CR?.
t—o00

Now we would like to obtain information for when ¢ = 0. We do this by differ-
entiating F1 (u'; Br) with respect to ¢, and integrate with respect to ¢, as follows:
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d d 1
LB Br) = S [ SVt Wt
o7 1(u’; Br) dt/BRQWU + W(u")

d d
_ t oot 1oty &t
/BR Vu thu +W (u)dtu

Integrating by parts in the first term *, we have

d d d
E t,B — V t.V t 1(..t t
ai P’ Br) bVt W)
d d d
— A t o (_ "t 1ty 2t ot .
. u' - ( dtu)JrW (u)dtu +/OBR i (Vu - v)

= / iut(Vu V)
oy dt

We know from proposition 3.7 that [Vu| < C for a constant C. Since Lu' > 0
by the De Giorgi condition, we have that

d d d
—Fy(u'; Bg) = —aut v) > -C —al.
o 1(u’; Br) /83R il (Vu-v) > - il
Now, integrating in ¢, we see that
tlim Ey(u'; BR) — Eyu; B > —C (ut> —u).
—00

dBn
Since |0Bg| = 47 R? and |u| < 1, we have
Ei(u; Br) §tlim Ey(u'; Bg) +C (ut>® —u) < CR* 4+ CR2
Rl OBr
This concludes the proof. ([

4. CONSTRUCTING SOLUTIONS TO ALLEN-CAHN

One-dimensional constructions using the Jacobi elliptic function have been de-
scribed in [7]. The construction of the saddle solution is an exercise in [1], and the
solutions on S™ are exercises in [2].

4.1. Allen-Cahn in One Dimension. On R, the Allen-Cahn equation becomes
(4.1) u’ (1) = W (u(t)).

One can derive a solution u, for general € starting from a solution u at scale e =1
by setting u.(t) = u(e~'t). For the rest of this section, take ¢ = 1. The reader can
check that ;

H(¢) := tanh 7
solves Allen-Cahn. It is called the heteroclinic solution because of its monotonicity.
Indeed, one can find this solution by observing that

(4.2) %(u’2 —2W(u)) = 2u'u" — 2u'W'(u) = 0,

4) here is the outward normal vector field.
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so that u2 = 2W (u) — X for some \ € R. Setting A = 0, supposing that u’ > 0 and

separating variables in v’ = \/2W (u) = %(1 — u?) gives the heteroclinic solution.
Moreover, H has finite energy:

<1 2
(4.3) E(H(t),R) = / 5IHI’(t)2 + W (H(t))dt = g\/5.

It is straightforward to show that the only solutions to Allen-Cahn on R with finite
energy are (up to sign and translation) w(t) = H(t) and u(t) = £1.

Other entire solutions therefore have infinite energy. Finding such solutions
might start with varying A in v2 = 2W (u) — \. Fixing initial conditions u(0) = 0
and ©/(0) > 0, we come to the following setup:

' =W'(u) = 5(1—u?)?
u =

V2W (u) — A ceR

u(0) =0

(4.4)

The case A < 0 results in finite time blowup: from W(u) > 0 we obtain u’ > V/A,
and a comparison principle shows that u(t) > /ct and so u(t) > 2 for ¢ big enough.
For v > 2, we have 1u® < /2W(u) < \/2W(u) — A, so another application of
the comparison principle shows that because the solution to v’ = %’U,Q blows up in

finite time, so must the Allen-Cahn solution v’ = /2W (u) — A. The case A > 3 is
not compatible with the initial condition «(0) = 0 (or indeed any initial condition
[u(0)| < 1), because u> = 2W(0) — A =1 — A <0.

We may thus restrict our attention to 0 < A < % (knowing that A = 0 yields
the heteroclinic solution. Indeed, separating variables in eq. (4.4), one finds that A
parametrizes a family of periodic infinite-energy solutions given explicitly by Jacobi

elliptic functions.

Theorem 4.1. For 0 < X < % there exist infinite-energy periodic solutions to
Allen-Cahn on R given by

I 1+V2Xh, 1-+2)
(4.5) ux(t) =\/1—v2X\sn 5 t’l-i-\/ﬁ

Moreover,
(1) ux(t) — H(t) = tanh \i@ on a quarter-period [0, 1T»],
(2) Ty = v2log |\ +O(1) as A — 0%, and
(3) ux(t) = 0 and \/?A—i(i\/ﬁ —sin(t) as A — 1.

The characterization of solutions to Allen-Cahn on R using Jacobi elliptic func-
tions is known in the literature, such as in [7]. Also see appendix A.

Here sn(z, k) is the Jacobi elliptic sine function, the analogue on the ellipse of
sine on the circle, defined for 0 < k < 1. One may alternatively parametrize these

solutions in terms of their amplitude A := /1 — v/2\ as

(4.6) (t)= A 1/1—1A2tA72 0<A<1
. ua(t) = Asn 2 9 A2 < .
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Verifying that the functions in eq. (4.5) solve Allen-Cahn is straightforward once
one knows the identity
2

(4.7 x,k) = 2ksn®(x, k) — (1 + k) sn(z, k)

92 sn(
for the Jacobi elliptic function. Indeed, noticing the similarity between eq. (4.7)
and u” = W'(u) = u® — u, one can obtain the solutions as in eq. (4.6) by making
the ansatz u(t) = Asn(v/Bt,C) and solving for appropriate values of B and C.
When A = 0, ux(t) should be the heteroclinic solution; formally substituting

A = 0 into eq. (4.5) puts 1;\/@ outside the domain of sn, but indeed as A — 0,

ux(t) — H(t) on a quarter-period. When A\ = i, the amplitude V1 — v2X is

0 sou 1 (t) = 0 is the trivial infinite-energy solution to Allen-Cahn. Moreover,

L\% — sin(t) as A — 27, and one can compute directly from the definition of
1-v2

sn that sn(z,0) = sin x.

(A) A<O0 (B)y A=0 (c) A=0.01
(D) A=0.2 (E) A=0.4 (F) X = 0.499

FIGURE 2. Solutions to eq. (4.5) for various values of A\. Notice
the blowup for A < 0 and the heteroclinic solution for A = 0.

4.2. Extending Solutions on R to R". As noted above, any one dimensional
solution can be extended to higher dimensions.

If u is one of the periodic Jacobi elliptic solutions from the previous section with
parameter A, then its one-dimensional extension to R” satisfies periodic boundary
conditions on [0,473]", and so projects to a solution on the flat n-torus Rn/4T/\ gn =
™.

In general it is difficult to find explicit solutions on R™ with n > 1 apart from
these one-dimensional solutions. For the rest of this paper, we construct solutions
using non-explicit methods.

4.3. Saddle Solutions on R2.

Theorem 4.2. There exists a solution to the Allen-Cahn equation (1.2) on R?
whose nodal set is exactly {xy = 0}.

The proof proceeds as follows:
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Z axis

F1GURE 3. An approximation of what ug will look like.

(1) Use theorem 3.9 to find a positive Dirichlet solution in a quarter disk of

radius R.

) Extend this solution to a full disk by odd reflection.

(3) Show the solution is smooth across the axes, and use a logarithmic cutoff
function to show smoothness at the origin.

(4) By Arzela-Ascoli, obtain a uniform subsequential limit as R — oo.

(5) Show that the limit function minimizes energy on balls in each quadrant
and is thus non-zero away from the axes.

Step 1: Construct a positive solution to Allen-Cahn in a quarter circle. We begin
our construction first in the interior of a quarter-circle in the first quadrant of R?:

Qr = {(z,9) €R? : 2,y > 0,2 + > < R?}

with the Dirichlet boundary condition. Then by theorem 3.9 we know that there
exists ur € C*°(Qr) and solves the Allen-Cahn. Moreover, we know that either
ur =0orug € (0,1) in g, and ug is strictly positive for R large enough (because
as R increase A\; decreases).

The solution will look something like fig. 3.

Step 2: Use odd reflection to construct a solution on the entire ball, and show the
solution is smooth across the azxes and at the orign using the log cut-off trick. Thus,
we have ur € (0,1) on Qg. Next, we use odd reflection to construct @p that solves
the Allen-Cahn eq. (1.2) on the entire ball Bg(0) C R%. One concern when doing
odd reflection is the smoothness of p. We know that &g restricted to the interior
of each quadrant is smooth since ug is smooth. However, we need to check that
up is smooth across the axes and at the origin. However, these turn out not to be
a problem. We first explicitly define the solution % using odd reflection.
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Let B = B(0,R). Let & = ug. Then define u : B — R by odd reflections
u(z,y) z,y >0

—u(—z,y) z<0<y

ﬂ’(_x7_y) $7y<0

—t(z,—y) y<0<uz.

(4.8) u(z,y) =

This looks like fig. 4.

zaxis

(A) No reflection. (B) Reflected across z-axis

Zaxis

(c) Reflected across two
axes; the solution on B

FIGURE 4. Odd reflection of solution from quarter disk in step 1
to the entire disk.

Then u € C! at the axes except possibly at 0, so u € Hi (B—{0}). We next show
that u weakly solves Allen-Cahn on B\ {0}. To see this, let R; be the intersection
of B—{0} with the i-th quadrant of R? and let v € C°(B —{0}). We can integrate

by parts

4
Du - Dv+ W' (u)vdx = Z/ Du - Dv+ W' (u)v
B-0 i=1 7 R

(4.9) 4 /
= ;/Ri(—Au + W' (u))v

207
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where the boundary terms vanish because u = 0 on the axes and 0B, and we use
the fact that u solves Allen-Cahn strongly on each R;. An approximation argument
lets us replace v € C2° to v € H} above. By elliptic regularity, u is thus smooth on
B —{0}.

Remark 4.3. It is important that we treat the origin and the rest of B separately
because the above argument does not work over the whole ball since we don’t know
u € C! at 0, so we can’t immediately show u solves Allen-Cahn on the whole ball.
If we instead used even reflections to construct u, then u would not be C* (jump
discontinuity of the derivative at axis), so we couldn’t integrate by parts.

To show that w is in fact smooth at the origin we use the “log cut-off” trick. For
0 < r <1 define

0 lz] <72
(4.10) () =¢2— % r? <zl <r.
1 |z| > r

Then 0 < {, <1 and (, is supported away from the origin and converges pointwise
to 1l on B\ {0} as r — 0. Then for any v € C*(B), (v € CX(B — {0}), so

(4.11) 0= /Du - D(¢v) + W (u)pv = /CTDU - Dv+vDu- D¢+ W (u)pv.
Then
1 2 1 2
(4.12) |- Du - D¢, < 3 |Du|” + 3 |Dv|” < oo
by Cauchy’s inequality, and because |u| < 1,
1 1
(4.13) W' ()¢l < 5 W' (W) + 5 [of* < oo,

The right sides in are in L' because the domain is finite. On the other hand,

(414 [ opu 6| < loll 1Dl 106,
by Holder’s inequality, and
Ty
(4.15) (€)or =~
|z|” log 7
SO

1 C o C
(416) / |DC’I‘|2:/ 5 5 S 2/ p 1dp§ 1
20 2<iei<r [ logr® = Jlogrf? e log 7]

which goes to 0 as » — 0. Thus we may pass to the limit by the dominated
convergence theorem to obtain

(4.17) /Du-Dv+W’(u)v:0

in the entire ball. Thus u solves Allen-Cahn on the whole ball, so it is smooth.
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Step 3: Extend the solution on the ball to an smooth solution to the the entire R?
using Arzela-Ascoli, the diagonal argument, and the boundedness of all orders of
derivatives. Now we want to extend the radius of our ball to infinity and obtain a
solution on R2. To do so we use the diagonal argument and Arzela-Ascoli to obtain
the subsequence of {u,}, where for each n € R, u,, is a solution for the ball Br(0)
constructed like above, that converges uniformly in C{2,(R?).

The argument goes like this. By proposition 3.7, all derivatives of ugr are bounded
uniformly in R. Consider a compact domain in R? to apply Arzela-Ascoli. By
Arzela-Ascoli, find a sequence {nx o} € N such that u,, , has a uniform limit wu.
Refine to a subsequence {ny,1} such that Du,, , converges uniformly. In general,
if all derivatives up to order m of w,, , converge uniformly, then refine to a sub-
sequence {nym+1} so that D™+ly,,  converge uniformly. Then all derivatives
of up, , converge uniformly, and thus in fact to the corresponding derivatives of u.
Thus u is smooth, and passing to a pointwise limit in Aug = W'(ug) shows that
u is a smooth solution to Allen-Cahn on R™. For the rest of the problem, we can
re-index up so that ur — v uniformly in C..

Step 4: Show that the nodal set is infact two orthogonal axes using the energy
method. Now it remains to show that the nodal set is {zy = 0}. Now we show
{u =0} = {zy = 0}. Because of the symmetry of u, it suffices to show u # 0 in the
interior of the first quadrant. Let B = B(xg, r) be a ball compactly contained in the
first quadrant. We can take r large enough so that by the argument in theorem 3.9
(which applies because u has constant sign in a quadrant), « is non-zero in the
interior of the first quadrant if it is a minimizer on such balls. We now show the
latter.

For R large enough, Qr compactly contains B. Then if w = u on 0B, the
function v that is u on Qg — B and w on B is in H}(Qg), so by Part A, E(v,Qg) >
E(ug,Qg), and v = ug on Qp — B, so E(v,B) > E(ur,B). Now we show this
property passes to the limit.

Suppose u does not minimize energy on B. Then there exists a minimizer w €
HY(B) with w = v on 8B and E(w, B) < E(u, B) — § for some § > 0. Moreover
|w| < 1. Define pg the log-cutoff function

z € B(zo, 7 — %)
(4.18) er(z) = 2—%73}_9%” B(zo,7 — 25) — B(zo,7 — %) -
x € B— B(xg,7 — %)
We now claim
(4.19) E((1-¢Rr)ur +9rw,Qr) = E(xa,-Bur + xsw, Q) + o(1)
as R — oo. Note that xq,—pu + xpw € H'(Qr) because u = w on dB. First we
estimate the derivatives:
(4.20)
ID((1 = ¢r)ur + wrW)| 2(0,) — [D(Xar-BUR + XBW)| L2(0 )
< |(ur —w)Dor| 12 + (X8 — ¢R) DUl 120y + [[(XB — ¢R)DW] 120 ) -

For the second term, the integrand is bounded by 2|Dug| < C on B and it is 0
outside of B. The third integrand is bounded by 2|Dw| € L? on B and 0 outside
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of B. By the dominated convergence theorem (pr — x5 a.e.), they both go to 0.
For the first term,

(4.21)
1
/ |uR—w|2 |D<pR|2§C/ 5 dx
Qr B(zo.r—5)~Blzo.r—%) |2 — o (r — |z — z0]) [log R
C /T};2 dp
< s
log R|” Jr—1 T —p
C
= — 0.
|log R|

For the potential term,

/Q (W ((1—¢r)ur + prw) — W(xar-BUR + XBW)]
(4.22) n
- /B W((1 = gr)ur + orw) — W(xan—sun + xsw),

and the integrand is bounded by 2W(0) because |u|,|w| < 1. The dominated
convergence theorem on the finite domain B and the pointwise convergence of both
terms in the integrand to W (xq,—pu+ xpw) shows that the difference in potential
terms is o(1).

Now we derive a contradiction. Starting from the minimizing property of ug on
Qr and applying the above,

E(ugr,Qr) < E((1 — ¢r)ur, prw,QR)

XQr-BUR + XBW,QR) + 0(1)
up, Qr — B) + E(w, B) +o(1)

E(
E(
E(
(4.23) E(ur,Qr — B)+ E(u,B) — 6+ o(1)
E(
E(

which gives ¢ < o(1), a contradiction. Notice that we used E(ug, B) = E(u,B)
(because ug and its derivatives converge uniformly to those of w on B). Thus u
vanishes only on {zy = 0}.

The constructed solution will roughly look like fig. 5.

FIGURE 5. Approximation of Solution on R?
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4.4. Solutions on S". The unit sphere 5" := {z € R"™! : [z| = 1} is naturally a
submanifold of R™*!, and its natural metric is the one induced by the ambient Eu-
clidean space. One can parametrize the sphere of radius r by spherical coordinates
by v as

v x> rcosb
i—1
xiHTCOSGQHSiHGj 2<i<n-1
(4.24) j=1

n
Tpg1 T H sin 0
j=1

for ; € [0, 7] for 1 < j <n—1 and 6,, € [0,27). Pull back the Euclidean metric g
by v (which in coordinates is g;; = d;;) to obtain the induced metric on the sphere
g =~*g. Use the chain rule to compute § in spherical coordinates (61, ...,0,) as

ox; % Ox; Ox;

=95, 00, ~ 06, 00,

(4.25) Gab

Note that we use the Einstein summation convention. The off-diagonal components
for a > b and b > a are alternating sums which cancel to give g,;, = 0. When a = b,
we obtain the metric of the sphere as a diagonal matrix:

~ 2
g1 =rT

4.26 g
( ) gaa:T’ZHSiHQGj 2<a<n.
j=1

We also recall the expressions for the Laplace-Beltrami operator and the gradient
in local coordinates:

1
Ayf=—F——=0;
(4.27) 7 /ldetyg]

Vof = (0if)g"79;,

(Videtglg“0;1)

where g are the components of the inverse metric tensor.

4.4.1. Solutions on S*. On the circle, the above parametrization reduces the 1 x 1
matrix g = [1], so the Laplace-Beltrami operator in the 6 coordinate system reduces
to the ordinary Laplacian. Because 6 € [0,27), solving Allen-Cahn weakly on
the circle St is equivalent to solving Allen-Cahn weakly on [0,27] with periodic
boundary conditions. In particular, the gradients at 0 and 27 must match, so
that this solution could be extended to a periodic weak solution on R. By elliptic
regularity, this is in fact a smooth solution.

That is, the study of solutions of Allen-Cahn on S! is exactly the study of periodic
solutions of Allen-Cahn on R. In particular, if uy is a Jacobi elliptic solution on
R, then a(0) := uA(%O) solves Allen-Cahn on S! at scale ¢ = 2T—7; Recall that
Ty € [27,00) (and uy = 0 when T = 27), so that Allen-Cahn on the circle has a
non-trivial solution for 0 < e < 1.



22 WENQI LI, GAUTAM MANOHAR, AND GEORGE NAKAYAMA

4.4.2. Solution Vanishing on an Equator. By theorem 3.9, there exists u positive
minimizing energy with Dirichlet boundary conditions on the half-sphere S :=
S™ N {zp+1 > 0} for e sufficiently small (because the domain is fixed). Define S™
and u_ analogously.

Now we show that odd reflecting w4 and gluing it yields a solution. Define @_ on
S™ by odd reflection as @_ (', zp41) = —uy (2, —Tpa1), where 2’ = (z1,...,Tp_1).
Then u_ is negative on S™ and satisfies Dirichlet boundary conditions. We claim
t— = u_. Indeed, E(a_,S") = E(uy,St?) = Ep. We know Ey > E(u_,S")
because u_ minimizes energy on S™. If the inequality were strict then the odd
reflection of u_ to a positive function on S% with Dirichlet boundary data would
have strictly lower energy than u™, a contradiction. Thus Ey = E(u_,S") =
E(u_,S8™), and by uniqueness of u_, we have u_ = @_.

Because uy as well as spherical coordinates (see eq. (4.24)) are odd with respect
to reflection across an equator, we conclude that the gradients of u4 agree on the
equator {z,4+1 = 0}, so the glued solution u which is uy on S% and 0 on the equator
weakly solves Allen-Cahn on the equator and thus on S™.

4.4.3. Solution Vanishing on Orthogonal Equators. This is a spherical analogue of
the saddle solution in R2, and the argument is much the same.

Let n > 2. Construct a positive Dirichlet solution u minimizing energy on a
quarter-sphere S™ N {z1z2 = 0} and extend by odd reflection to the entire sphere.

The arguments in step 2 of constructing a saddle solution on R? in section 4.3
used to show that the solution is smooth across the axes (in this case across S™ N
({x122 = 0} \ {z1 = 22 = 0})) pass to the sphere. However, the log-cutoff function
used to show smoothness across the singular point at the origin was defined in
Euclidean coordinates, and must be modified accordingly. Recall that the log-
cutoff function ¢, was defined for small r to be zero in a ball of radius 72 around a
point and increase logarithmically to 1 at the ball of radius r so that || D(,||,. — 0
as r — 0. We construct this cutoff function now, in spherical coordinates.

In our case the singular set is S™ N {x; = 22 = 0}, or {01 =0y = g} for the
portion the singular set in the chart of spherical coordinates in eq. (4.24). There
are 2"~ ! such portions, corresponding to n — 1 choices of sign for the coordinates
T1,...,Tn_1. By symmetry though, it suffices to compute the log-cutoff function
on just of these portions. Define

2 2
(4.28) 0 0 <r?
Cr(01,. ., 0,) = (2 - B2 P2 <O<r
1 O>r

From eq. (4.27), [Df* = g(Df, Df) is g:;(0:£)g" (9, £)g”" = " (0:f)(0ij). Tn
spherical coordinates, this becomes g*(9; f)?, because the off-diagonal components
vanish. We compute

0,—= .

_0ims 9
4.29 8¢, =4 ©loger T
( ) ¢ {0 1> 2
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where (,. is non-constant, so that

(61— 3)? Lt (6—3)
@4 sin2 91 @4

on r? < © < r. Integrating in local coordinates, we find that

2 1 2
D¢z = —5— |DCr|” dpug
log”r Jr2<e<r

(61— %) 1 (—%)?
/r2<@<r v/ |det g ( @42 + - @42 dé,---do,

(4.30) D¢ =

B log? r sin” 6
C =22 1 (6y—Z)

+ 6, s,

_’kgzrt[;<@<r o sin0, ©f 14v%2

where in the last step we use /|det g| = H?:1 ‘sin"ij 9j’ < 1 and integrate along
03 ---0,. Now change coordinates to 0, =0; — 5 to obtain
~2 ~2

c / 0, 1 0, -
— ——— + — ————df; db,
log2 T Jr2<y /63 4+05<r 9? + 92 2 cos? 6, (9? + 95)2

IA

IDCA12
(4.31)
< —5—

~ by dfs,

1
log? r /2<,/.9 +62<r 91 +92

because for r small enough, 01 < r gives

- 2 5 2 2. Now change to polar coordi-

nates 01 = p COS ©, 0, = psin ¢ and integrate along the ¢ coordinate:

"1
/ —-d <—L—>Oasr—>0.

4, DC|Ps < ——
(132) 1D¢ 3 e

log

4.4.4. Solution Projecting to RP"™. We now construct a solution described by more
complicated symmetries than odd reflection. In particular, it is symmetric with
respect to the antipodal map = +— —zx and thus projects well to a solution on
the real projective space RP", which can be defined as the quotient S n/(x ~ 1)
namely the the n-sphere with antipodal points identified. The construction looks
like fig. 6. It proceeds roughly as follows:

(1) Cut S™ into three pieces: a band around the equator of width 2¢ and the
remaining spherical caps.

(2) Minimize energy by theorem 3.9 to find a non-negative solution on the caps
and a non-positive solution on the band.

(3) Use rotational symmetry to show that the normal derivative of the solutions
is constant on the boundary and varies continuously in ¢.

(4) Show that the first eigenvalues of the band and caps are unbounded as
t — 0 and t — 1, respectively.

(5) Conclude by theorem 3.9 that the solutions from Step 2 are identically zero
on the band and caps for ¢ sufficiently close to 0 or 1, respectively.

(6) By continuity, find some ¢ where the normal derivative of the gradients
agree on the boundary. This is a weak solution on all of 5.

For 0 < t < 1, let A; be a band around the equator of width 2¢, namely A; :=

S™ N {|z1] < t}, and let D;" and D; be the remaining two caps of the sphere, so
that S™\ A; = D;” U D; . We may define the Dirichlet solutions of minimal energy
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FIGURE 6. Approximation of solution on S? projecting to RP?.
Orange, blue, and white, mean 1, —1, 0, respectively.

on A; and Dti. Note that we do not yet assert that these solutions are non-zero,
though this is true for some ¢y and e small enough.

We now show how the symmetries of the domains A; and D;t pass to symmetries
of their energy minimizers. We focus on A;. Fix a hyperplane through a great circle
orthogonal to the equator {1 = 0} and let v be a non-positive minimizer on A; (by
theorem 3.9, v is either identically zero or negative in the interior). The minimizer
v must have the same energy on either side of the hyperplane. If not, then the
even reflection of v from the side with less energy would produce a new function o
admissible in the minimization problem with strictly less energy than the minimizer.
And so © must have the same energy as v. Because v is the unique energy minimizer,
v = v. The hyperplane was arbitrary, so v is actually rotationally symmetric. The
same argument works for (non-negative minimizers on) Di .

Combining the rotational symmetry of the domains (and thus their outward
normal vector field) with the rotational symmetry of their energy minimizers, we
conclude that the minimizers have constant normal derivatives on the boundary.

Moreover, the above argument shows that the minimizer v on A; is symmetric
with respect to even reflection about the equator {zy; = 0}. Because v is smooth,
this means that Dv - v = 0 on the equator.

We now show that the normal derivatives are continuous in ¢.

Lemma 4.4. Let uy be an energy minimizer on the domain Ay or DtjE and v is the
outward normal vector field of the domain. Then the normal derivative Duy - v is
constant and continuous in t.

Proof. Fix € > 0. Consider a non-positive Dirichlet minimizer u; on A; at scale ¢;
the argument for non-negative solutions on D is similar. Let A, = A U A; , with
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the sign being that of x;. Because u,; is symmetric about the equator, we can focus
on Aj'. Let Duy - v = C; on 0A;.

For t; fixed, we want to show C; — C},. It suffices to show that this holds on
some subsequence of every sequence t — ty. Because u; solves Allen-Cahn and
Du; - v = 0 on the equator, we can integrate by parts to get

2
(4.33) W' (uy) = / Auy = €2 Du; v = %C’t.

AL Al oAf |0A7|
Evidently |0A4] | — |04/ | (in (n—1)-measure). Extend u; by 0 (thus continuously)
to S™ N {xz; > 0}. By Schauder estimates, as t varies, u; are uniformly bounded
and uniformly equicontinuous, so by Arzela-Ascoli they converge uniformly along

a subsequence on Aj; to ut,. Then

W) - | W)

< [ W) = W)

+
Ato to

(4.34) +/A+_A+ W' (uy) — W (uy)]

</+ W/ (uey) — W) +2 [ AF — AF|,
A

to

where the first term goes to 0 by the uniform convergence of u; — u;, and the
second term goes to 0 by |u| < 1 and the geometry of the domains. In light of
eq. (4.33), we conclude that C; is continuous in t. O

We now characterize the first eigenvalues of the domains A; and DY , so that we
may apply theorem 3.9. Broadly speaking, small domains correspond to large first
eigenvalues. As t — 0, the first eigenvalues of these domains blow up to infinity.
First, we show a lower bound on the first eigenvalue of a domain.

Lemma 4.5. Let M be a Riemannian manifold, let U C M be a bounded open set
with smooth boundary, and let f : U — R be C?>(U) with f >0 in U and f =0 on
oU. If —=Af > A\f, then A\ (U) > A

This type of lemma is attributed to Barta in [8]. We give a proof here.
Proof. If g € C2(U) — {0}, then we may write g = fh, with h := S C2(U). Then
(4.35) \Dg|* = f?|Dh|* + b2 |Df|* + 2fhDf - Df.
Notice that
(4.36) div(hfDf) = 2fhDh - Df + h*|Df|> + h2fAf,
so that eq. (4.35) becomes

(4.37) |Dg|* = f?|Dh|* — K2 fAf + div(h2fDf).
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Because h € CZ(U), by the divergence theorem [, div(h®*fDf) = 0. Using this
with —Af > A\f gives

[ 10a? = [ #1pne - [ w2rar

(4.38) Z/Ufz\Dh\QJrA/(]th?

2/\/92
U

By an approximation argument, we can take g € Hg(U). Dividing by fU ¢2 and
using the Rayleigh quotient for the first eigenvalue, we conclude that
D
(4.39) MO = inf JulPI” o > A
geH )0} [y 9%
O

Corollary 4.6. The first eigenvalues Al(At),)\l(Dit) — oo monotonically as
t—0.

The idea is that by lemma 4.5, it suffices to construct positive functions f con-
verging to 0 on A; and Dti with —Af > 0 bounded below to show that the first
eigenvalues of these domains blow up.

Proof. Monotonicity follows from A\ (Uy) > A1(Us) for any domains Uy C Us.
Any twice-differentiable function f : S™ — R can be extended to f : R"*1 — {0}
by f:zw— f(z \x|71). Then Agn f = Agnt1 f(z). By the chain rule,

n+1 n+1 T
S Z oz, foi (2| Z [
n+1 1 n+1 T
-1 i%;
i=1 2] ol
n+1 n+1 2
1 T; x;+xi0;;  3zix;
D IE RN s ) Dt et s
2 o T ] ]
If f is given by f: 2+ t? — 2%, then eq. (4.40) becomes
(4.41)
n+1 n+1
Agn f(z) = =2(1 — 24 ij) +2x1 | 221 + (1 — 32%) ij = -2+ Cuxy,
J=1 j=1

where |C| < co. As a result, on A; we have —Agn f(x) > 1 for ¢ small enough,
while f < 2. By lemma 4.5, A\;(A4;) — oo as t — 0. Similarly, taking f to be
f:(1—=1)? =23, we find that A\ (D ,) = oo as t — 0. O

Recall that theorem 3.9 says that the minimizer is non-zero in the interior when
€2\; < 1 and zero otherwise. Fix € > 0 small enough so that the minimizer is non-
zero on both A 1 and DE. This is possible because the domains are fixed. Define

2

ug € C(S™) by gluing the minimizers on A; and Dti. By corollary 4.6 (including the
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monotonicity statement) and theorem 3.9, the minimizer in A; is 0 for ¢ small—say
for 0 < t < t;—and the minimizer in D;E is 0 for t large, say for to <t < 1. Take
t1 as large as possible and t5 as small as possible. Then the minimizer is non-zero
on both A; and DtjE if and only if ¢; < t < t3. By our choice of €, such ¢ exist:
t1<%<t2,80t1<t2.
We claim C}, (Ay,) > 0, as otherwise continuity and eq. (4.33) would say fAtQ W' (ug,) <

0, a contradiction with u;, < 0in Ay,. Similarly C, (Dtil) < 0. By continuity there
is some ty € (t1,t2) with

(4'42) Duto "VAy, |6At0 = Cto (Ato) = _Oto (Dtio) = _Duto ’ VD:% |8D:~B'

In particular, because Dtj[0 and A, share boundary (with opposite orientation),
we conclude that the gradients of the minimizers coincide on 0A;,. Thus uy,
solves Allen-Cahn weakly on S™, and by construction its nodal set is exactly
S™N {.’En+1 = :tt(]}.
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APPENDIX A. CALCULATIONS FOR ALLEN-CAHN IN ONE DIMENSION

This section provides proofs for theorem 4.1.

A.1l. Solving Allen-Cahn in Elliptic Functions. We analyze u on a quarter-
period. Taking u(0) = 0 and «' > 0 so that v’ = /2W(¢) — A and separating
variables gives

u(t) du
(A1) =] T

Define C) := /1 — V2 the amplitude of u. Rearranging and substituting v =
Cy Lu gives

u(t) du *
(A.2) t= \/5/0 VA2 _2n \/50*/0 (1— CZv?) — 2)

where z = %i) is between 0 and 1 (because u increases from 0 to Cy). Cancel the

C out front.

t_f/ du
\/c L Cyu?)? — 20C5?

2 Q_L -3 du
Now factor the difference of squares (1 — v2X)(1 +v2X) =1 — 2.
B 2 /I 1 B 1—mu2 2 2\ 1 du
N 14+v2Xx Jo \/(1_\/ﬁ)(1+\/ﬁ) 1+ v2\ (1*\/5)(1+\/ﬁ)

2 /f 1—v2) 2 1—\/ﬁQJr 1 22 |1y
= —_— u: — u — u
1+v2xJo [1+V2) VI=22\ 1+v2) 1—2)\ 1-—2\

Factor the integrand.

2, -

\/1+W/ 1+\ﬁ T+ van H]
= 72 u? — \/72 —3 U
\/1+\/ﬁ/o [( 1)<1+W 1)] s

This is now in a well-known form:

(A.3)

1
2 du

(A.5)

B 2 1—v2\
(4.6) = 1+\/ﬁF <m’1+\/ﬁ>
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where F(x,k) is the incomplete elliptic integral of the first kind®

(A.7) F(m,k):/ dt 0<z<1,0<k<1.
0o V(1 —12)(1—kt?)

The inverse to this function is known as the Jacobi elliptic function sn(z, k); namely,
sn(F(x,k), k) = x. Recalling z = %i), we have

2 Oy 1+v2X
u(t) = Cysn 1+\/ﬁt71—\/ﬁ
V2 142X

A.2. Asymptotic on Period. The goal of this section is to derive an asymptotic
on Ty as A — 0. Similar calculations to those above show that sn(x, k) has period
4K (k), where K (k) is the complete elliptic integral of the first kind

1+\/ﬁt:F<u(t) 1—@)

(A.8)

(A.9) K (k)

! dt
= F(l,k) = /0 =

In our particular case, set © = 1 in egs. (A.6) and (A.7) to find that the period of
u(t) is

B 2 1—V2)
(A.10) ATy =4 1+\/ﬁK<1+\/ﬁ>'

The main work is understanding K (1 —¢€) as € — 0. In eq. (A.9), substitute
u=1- (11—t} du=—-2t(1 —e)dt = —21/(1 — €)(1 — u):

! dt
)7/0 VI-2)1-(1-ep)
_ 1/1 1 1
(A1) 2 U9 fur=

K(l-—e¢

du

1 [z du
—0(1) + + .
(1)—|_2,/6 Vu(l —u)(u —e)

Recall the Taylor series expansion (1 + 2)* = .27, (})z" (for @ € R and |z] <

1), where (Z) = w is a generalized binomial coefficient. Moreover,

50ne place this integral comes up is in physics when analyzing the motion of a pendulum
without using the small angle approximation sin @ ~ 6. This application is apparent after making
the substitution 6 = sint to get [Z" 6

0 V1—ksin20’
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c

|(3)] < 7%= for o & Z>0.% Then

(A.12)

:/2 T (i(‘”k( ) ) u

k=0

/ m Z (k) /f;%d“'

We can bound the higher order terms as

(-1)*( 2 —2 [ uF
; < ) / V( 1 —u) Z:: Vk /6
(A.13) ad
-y k%ek [eF = 2¥]
k=1
=0(1)

as € = 0. On the other haund7 we can explicitly evaluate the main term in eq. (A.12)
(which is unbounded),” s

(A.14) K(1—¢) o1 )*7110g(1—\/§)+0(1).

/um

One can check that log(llogv 1=9 5 1 as € — 0, and moreover that log(1 —+/T — €) —

loge < % near € = 0, so we conclude that
1
(A.15) K(l—e) = —§log6+0(1).
The main work is done now. To relate this to A, recall eq. (A.10) and observe

that hﬁ 1 — 22 Tt is readily verified that 22 = 2v/2X + O()), and

that , / 1+x/ﬁ =2+ O() (as A = 0). Thus
ATy = 4(V2 + O(VN)) ( - % log(2V2X + O(\)) + 0(1)>

= —2v2log VA + O(VAlog VA) + O(1)
~ Vallog | + 0(1).

(A.16)

6This is a consequence of Gauss’s limit formula for the gamma function I'(a) =

a(a+1)---(atk)
Elk™

for a & Z<o. Rearranging gives limj_, o |({)[(—a)k'*®| = 1, which implies |(7)] < k1+a for

CMQZEU

"The integrand has anti-derivative log

limg o0 , which holds where the gamma function does not have poles, namely

1—V/1—u
1+vV1—=u"
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APPENDIX B. MINIMIZERS OF ALLEN-CAHN ENERGY ARE CRITICAL POINTS

We show that a minimizer u of the Allen-Cahn energy functional over HE (U) is a
weak solution to Allen-Cahn, as needed in the proof of theorem 3.9. Fix v € C°(U).
Define

i[r] = Ec(u+7v) (7 €R).
i[7] is finite for all 7 € R because

ilr] = Ee(u+1v)

1
= / < |Du + 7Do|* + =W (u+ 7v) dpg
U 2 €
<C [ (IDuf +1Dvf +1Dul Dol + ful* + fof* + o] + 1) d
U

< c/ (IDuf? + [Dof? + ful* + Jof* +1) dpy < 0
U
because v € CF (U), u € H}(U), and
(B.1) / fuf* < / W (w)| < CE.(u) < CE.(0) < C|U| < o0
U U

as U is a finite domain. We went from the third inequality to the last inequality
using Cauchy’s inequality®. Now fix 7 # 0 and write the difference quotient
i[r] —i[0] _ Ee(u+7v) — Ee(u)
T N T

B / L(Du+ 1Dv,u + 7v) — L(Du,u)
U

= d
T K

= / L7 (u,v)dpg
U

where )
L(u, Du) = % |Dul? + =W (u)
€

and
L7 (u,0) = L(Du+ 1Dv,u+ 1v) — L(Du, u)
T

Clearly, we have
1
lin}) L7 (u,v) = g (DL(Du,u), (Dv,v)) = eg(Du, Dv) + =W’ (u)v.
T— €
On the other hand,
r € 2 2 1 1
L™ (u,v) = 3 |Du+ 7Dv|” — |Du|” + =W (u + tv) — =W (u)
€ €
<C (|Du\2 + Do) + Jul* + o]t + 1) < 00

by inequality B.1, u € H}(U), v € C(U), Cauchy’s inequality, and the finiteness
of |U]. Thus, we apply Dominated convergence theorem and get that

1
lim [ L7 (u,v)dp, = / eg(Du, Dv) + =W'(u)vdu, = i'[0) =0
=0 Ju U €

842 + b2 > 2ab for a,beR.
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since u is a minimizer of E.(-), E.(u) = i[0] is a critical point of 4[-]. This holds
for any v € C°(U). Thus, by definition u is a weak solution to the Allen-Cahn
(1.2). Once we know that u weakly solves the Allen-Cahn, we know in particular
u satisfies corollary 2.6 and proposition 3.1.

APPENDIX C. MEASURE AND INTEGRATION

C.1. Measures and Measurable Functions. In this section, we want to build
some of the fundamental definitions and results about measures and measurable
functions in order to lead our discussion to Lebesgue Integrals and eventually LP
and W"P spaces. Although the topics in this section are not directly related to the
main goal of this paper about constructing solutions to the Allen-Cahn equations,
they create a good enough environment about the sets and functions for us to work
with while retaining a lot of freedom for exploration.

C.1.1. Algebras, o-algebras. As it turns out, we cannot define measure on any ar-
bitrary sets. Thus, we need to restrict our family of sets to a "nice” enough one.
This leads to the notion of algebras and o-algebras.

Definition C.1. Let X be a set. An algebra is a collection A of subsets of X such
that

(1) o€ Aand X € A

(2) If A€ A, then A° € A.

(3) If Ay, Ag,..., A, € A, then U A; € Aand NI, 4; € A
Additionally, A is a o-algebra if the above three together with inclusion of countable
unions and intersections:

(4) If Ay, Ag, - € A, then U2, A, € Aand N2 A, € A
are satisfied.

We call the ordered pair (X,.4) measurable space.

Example C.2. Let X = R. Let A be the collection of all subsets of X, then A is
a o-algebra.

Example C.3. Let X = [0,1]. Let A = {[0,1],2,[0,3],(3,1]}. Then A is a
o-algebra.

Example C.4. If A, is a o-algebra for each a element in the index set Z, then
the set Npez A, is also a o-algebra.

With the above example C.4, let use define
a(C) =N{As : A, is o-algebra,C C A, }

given C a collection of subsets of the set X. The intersection is taken over all
family of subsets of X that is itself a o-algebra and contains C. In view of C.4,
o(C) is a intersection of o-algebras, thus itself is a o-algebra. Notice that there
exists at least one collections of subsets (the collection that contains all subsets of
X) that satisfies the condition. Thus, we are not taking an intersection of empty
sets. Moreover, we call o(C) the o-algebra generated by collection C. C is called the
generating collection.

With these notaions, we define one of the most commonly used o-algebra: Borel
o-algebra.
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Proposition C.5. Let X =R, then the Borel o-algebra B is generated by each of
the following four generating collections:

(1) C ={(a,d): (a,b) C R}

(2) C ={[a,b] : [a,b] C R}

(8) C ={(a,b] : (a,b] C R}

(4) C ={(a,o0) : a € R}.
C.1.2. Measure. Informally speaking, measure is a generalization of the notion of
length in one dimension, area in two dimensions, and volume in three dimensions.
As the readers can see in the definition of a measure, it includes some of the basic
properties that appears in these analogies.

Definition C.6. Let X be a set and A a o-algebra consists of subsets of X. Then
a measure on (X, A) is a function p : A — [0, 00] such that
(1) (@) =0,
(2) Countable additivity: If A; € A,i=1,2,... are pairwise (i.e. AzNA, =2
if k # 1) disjoint, then

U2 4;) = ZN(Ai)-

The ordered triple (X, A, 1) is called a measure space.

Example C.7. Let X be a set. A be the collection of all subsets of X, and p(A)
for A € A counts the number of elements in the set A. Such p is called the counting
measure.

Example C.8. Let §,(A) = 1if z € A and 0 is not, then such a 4, is called the
point mass at x.

C.1.3. Measurable Functions. We next introduce measurable functions. Not sur-
prisingly, since we restrict our domain to only the o-algebras of sets, we need some
criteria for our functions to make sure that their inverse image is not on some sets
that is not inside the o-algebras.

Definition C.9. Let (X,.A) be a measurable space. Then a function f: X — R
is measurable or A-measurable if {z : f(x) > a} € A for all a € R.

Proposition C.10. If X is a metric space, and A is the Borel o-algebra of X.
Then any continuous function f: X — R is measurable

Proof. Since f is continuous, for each a € R, {z : f(z) > a} = f~((a,0)), which
is open, thus is contained in A. O

Proposition C.11. Let ¢ € R. If f,g are measurable functions, then —f, f +
g,cf, max(f, g),min(f, g) are all measurable.

All non-negative measurable functions can be well approximated by an increasing
sequence of simple functions. This property is crucial and it is directly related to
the definition of Lebesgue integrals.

Definition C.12. Let (X, .A) be a measurable space. If E € A, define the indicator
function of set E to be xg: E — {0,1} with

1 zeF
XE(x):{O z g E’
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A simple function s is of the form
sp(@) = aixe, (x)
i=1

with each a; € R and measurable sets E; € A.

Proposition C.13. Suppose f is a measurable, non-negative function. Then there
erists a sequence of mon-negative simple functions increasing to f.

Proof. Define

1—1 i
A,‘n = . < —_—
; {x o _f(:z:)<2n}
form=1,2,... and i =1,2,...,n2". Moreover, let
B, = {JZ : f(ﬂi) > ’I’L}
Then let the simple functions be

n2™ .

1—1
Sn = Z 2n XAin + XBn'
i=1

One can check that {s,}52; approaches f. O

C.2. Lebesgue Integrals. In this section we give the definition of Lebesgue in-
tegral and some of its properties. Since we are working with partial differential
equations, we are going to frequently use integration. Thus, it is important to
give the right definition here once. The readers can see through the definition of
Lebesgue integral that unlike Riemann integral which is not defined for some func-
tions that are quite useful (e.g. xqg). But as we will show later that the space of
Lebesgue integrable functions form a complete space.

C.2.1. Definition and Some Properties. We first define Lebesgue integral for simple
functions, which the readers can see that the definition is natural. Then we use
fact C.13 to define the integral for all measurable functions.

Definition C.14. Let (X, A, 1) be a measure space. If
(@) = Y aa, @)
is a non-negative measurable simple fu;l_(jcion, define its Lebesgue integral to be
/s(x) du = iaiu(Ai).
i=1

Here, if a; = 0 and p(4;) = oo, then we use the convention that a;u(A;) = 0. If
f > 0 is a measurable function, then define its Lebesgue integral to be

/fduzsup{/sdu:Ogsgf,ssimple}.

Let f be a measurable function. Define f* = max(f,0), f~ = max(—f,0). Then

define
[tau=[rean- [ 1 an

Definition C.15. If f is measurable and [ |f|dp < co, we say that f is integrable.
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We next introduce some corollary properties of Lebesgue integrals that follows
from the definition.

Proposition C.16. (1) If f is a real-valued, measurable function with 0 <
a < f <b for some constants a,b € R, then ap(X) < [ fdp < bu(X).
(2) If f,g integrable, real-valued, measurable, and 0 < g < f, then [gdu <
J fap.
(3) If f is real-valued, integrable, non-negative, and ¢ € R is a non-negative
constant, then [cfdp=c [ fdu.
(4) If u(A) =0 and f is non-negative and measurable, then [ fxadu = 0.

We also write [ fxadp = fAfdu. And when the measure used is obvious
through the context, we will omit the du to write the integral as [ f. Moreover,

Jo fdp= i, fdp

C.2.2. Two Theorems about Taking Limits. We next introduce two theorems that
take care of integration with limits involved. They are the monotone convergence
theorem and the dominated convergence theorem. The first theorem can be used
to prove linearity of Lebesgue integrals and the second theorem is used often to
exchange integration with limits as the readers will see in later sections. We will
not present to proofs of them. For the proofs please refer to Bass’s Real Analysis
[3] Chapter 7.

Theorem C.17 (Monotone Convergence Theorem). Suppose {f,} is a sequence
of non-negative measurable functions with 0 < f; < fo <--- and with

i fu(x) = f(2).
for all x. Then [ f,du— [ fdp.

Once we have monotone convergence theorem, we can prove that Lebesgue inte-
grals are linear.

Proposition C.18. If f, g are non-negative and measurable, or if f or g are inte-

grable, then
/f+gdu:/fdu+/gdu-

Remark C.19. With linearity of Lebesgue integrals, we can extend proposition
C.16 to all measurable functions by writing f = f+ — f~.

We also have this important inequality when coming to estimating integrals.

Proposition C.20. If f is integrable, then

‘/fdu‘ S/\fldu.

We next state the dominated convergence theorem, which is used more often in
our setting.

Theorem C.21 (Dominated Convergence Theorem). Suppose f is measurable and
real-valued and f,(x) — f(x) for each x. Suppose there exists g, a non-negative
integrable function such that |fn ()| < gn(x) for each x. Then

lim [ f,du= /f du.
n—oo
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Remark C.22. For theorems C.17 and C.21, the conclusions still hold if we change
the point wise convergence condition of f,,(z) — f to an almost everywhere conver-
gence (i.e. convergent to f except on a measure zero set). This is very important
because when talking about LP and W¥P spaces, everything is identified almost
everywhere and almost no point wise information can be drawn.

APPENDIX D. BANACH AND HILBERT SPACES

Before diving into stating the definition of LP spaces, we need to define what is
a norm, inner product and how do these relates to the definition of Banach and
Hilbert spaces.

D.1. Norm and Banach Space. In words, Banach spaces are normed linear
spaces that are complete. Linear spaces are equivalent to vector spaces. We will
omit the definition of that in this paper. We will start with defining what is a norm.

Definition D.1. Let X be a linear space over R. Then X is a normed linear space
if there exists a map « — ||z|| such that

(1) |||l = 0 for all z € X and ||z|| = 0 if and only if z = 0.
(2) ||ex|| = || ||| for all z € X and ¢ € R.
@) llz+yll < llzll + [ly] for all z,y € X.

Remark D.2. Given a normed linear space X, X is a metric space with the metric
d(z,y) = ||z —yl| for all z,y € X.

Example D.3. In R", we have the sup norm which is defined by given a =
(a1,...,a,), then |al,,, = sup;<;<, la;|. We also have the L? norm which is

defined by |jall, = \/>_;—, a?. The metric induced by the L? norm is our standard
Euclidean distance function.

Definition D.4. A Banach space is a normed linear space such that, with respect
to the induced metric ||z — y||, it is complete, meaning that every Cauchy sequence
converges.

Example D.5. The normed linear space R™ with respect to either of the two norms
in D.3 are complete. Thus, both of them are Banach spaces.

Example D.6. Let C(]0,1]) be space of continuous function with domain being
[0,1]. One can check that it is a linear space over R. Furthermore, it has the L?
norm of || f||, = (f[O,l] |fI? dz)z. However, this normed linear space C([0,1]) is not
complete with respect to the induced metric, thus not a Banach space. On the other
hand, we can also have the sup norm of || f[|,,, = sup,c(o,1j [f(z)| on C([0,1]). The
normed linear space under this norm is complete, thus a Banach space.

D.2. Inner Product and Hilbert Space. Another useful space is Hilbert space.
A Hilbert space is a complete normed linear space that have an inner product. The
additional structure on this space allows the existence of many useful theorems. In
particular, as the readers will see in later section, the Riesz Representation theorem
is very important when talking about the existence of certain PDEs.

We first define inner product over a linear space.

Definition D.7. Let H be a vector space over R. H is a inner product space if
there exists a map (-,-) : H x H — R such that
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(x,y) = (y,x) for all x,y € H.

(x+y,z) =(x,z) + (y,2) for all z,y,z € H.

(ax,y) = afz,y) for all z,y € H and o € R.

(z,xz) >0 for all x € H and (z,z) = 0 if and only if x = 0.

With such an inner product, we can use it and induce a norm defined by ||z|| =

VA{x,z) for all x € H.

We have the following important inequality, called the Cauchy-Schwarz Inequal-
ity.
Proposition D.8. For all z,y € H, we have

(@, )| < [l lyll -

With the Cauchy-Schwarz inequality, we can prove that the induced norm actu-
ally satisfies the definition of norm. In particular, the readers need to check that
|z + y|| < |lz|| + |ly||, which follows from the Cauchy-Schwarz.

We give the definition of Hilbert spaces

Definition D.9. A Hilbert space H is an inner product space that is complete with
respect to the induced metric d(z,y) = ||z — y||.

Example D.10. R" with inner product being the dot product (z,y) = > 1" | z;y;
given x = (x1,...,2n),y = (Y1,--.,Yn) € R™ is a Hilbert space.

APPENDIX E. FUNCTION SPACES: LP, SOBOLEV, AND HOLDER SPACES

E.1. L? Spaces. In this section we introduce the space of Lebesgue integrable
functions LP spaces. These LP spaces will be the place we construct solutions to
the Allen-Cahn equation. The reason we like to work in these spaces is because
that they satisfy a lot of nice properties as we will introduce in this section. In
particular, LP spaces are Banach spaces and L? is additionally a Hilbert space.
Moreover, it can be shown that all functions in these spaces can be approximated
by smooth functions. These properties allow us to argue for the existence, and
smoothness of solutions to not only Allen-Cahn, but also solutions to various kinds
of PDEs.

E.1.1. Two Inequalities and LP Completeness. In this section we give the definition
of LP spaces and its associated norms. We then state Holder’s inequality and
Minkowski’s inequality that are necessary for later results.

Definition E.1. Let (X, A, ) be a measure space. For 1 < p < co. The space
LP(X) consists of equivalence classes of measurable functions f : X — R with

/\flpdu < 00,

where two measurable functions are equivalent if they are equivalent almost every-
where. The LP norm is defined by

lsmr = ([ 170"

Moreover, for p = oo, L>°(X) consists of all the functions such that its essential
supremum:
esssupy f =inf{M > 0: u({z: |f(x)| > M}) =0}
is finite. The essential supremum is also the norm for L spaces.
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Remark E.2. We will write from now on that esssup f as sup f. This should not
give rise to any confusion because we rarely use sup f when talking about functions.
We say that f, — f in LP(X) to mean that |[fn, — f[/;»x) — 0. The reason that
we identify functions within equivalence classes is to make the LP norm actually a
norm (i.e. it satisfies the conditions in D.1). For example, we have |[xgl| s, = 0
and xg # 0, but xg = 0 almost everywhere. Therefore we must identify functions
within the same equivalence class.

We next introduce Hoélder’s inequality, which is of extreme importance when
working with LP spaces.

Proposition E.3 (Holder’s Inequality). If 1 < p,q < oo, and % + % =1, and if
f, g are measurable, then

[ 173l d < 17110l

This holds for p =1, ¢ = oo or vice versa.

Proof. If p =1 and ¢q = oo, then we have [g(z)| < [|g]l;w(x) = M for all z € X.
Thus

/VMWSM/WW=MWMm

as desired. Thus, we assume 1 < p,q < oo. If either ||f||,, or ||g||, ., equal to zero,
then we have f or g equal to zero a.e. Thus, [|fg| du = 0, which satisfies the
inequality. So assume f,g both non zero. On the other hand, if one of f or g has
infinite norm, then the inequality automatically holds. Thus, it suffices to consider
only the case where both of their norm are non zero and finite.

Let F(z) = &L and G(z) = 129 Note that [|F||,,,[|G]l,. = 1, and it

R gl La
suffices to show that [ FGdu < 1. By Young’s inequality for product?, we obtain

that

e Gl
FG<— + —.
p q
Integrating both sides and we get that

F|? G|4 1 1
[raan< e 100 11,

p q p q
as desired. O

Next we present the Minkowski’s inequality, which acts as the triangular inequal-
ity in the LP spaces.

Proposition E.4. If1 <p < oo, and f,g are measurable functions, then

If+alle < 1flze + llglla -
With the LP norms for 1 < p < oo, the LP space is in fact complete.

Theorem E.5. If1 <p < oo, the LP spaces are Banach spaces.
Theorem E.6. In addition, L? with the inner product

(f.9) = / fadu
is a Hilbert space if the domain is any subsets of R.

9 1,1 a? | al
Ifa,bZO,p>1and;+E—1,then >t > ab.
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— /\
(A)e=1 (B) e=0.5 (c) e=0.2 (D) e=0.1

FIGURE 7. Standard mollifier ¢, on [—1,1].

E.1.2. Convolution and Mollification. Convolution is a way to average a given func-
tion against another function. It is useful in a process called mollification, which
can be used to prove that the set of smooth functions with compact support is
dense in LP?, for 1 < p < o0.

Definition E.7. The convolution of two measurable functions f and ¢ is defined
by

frg@) = [ 1o~ votw)dy
provided the integral exists.

Remark E.8. The convolutions of two measurable functions are always measur-
able. Moreover, by change of variables, f xg =g * f.

One application of convolution is to approximate functions in LP spaces with
smooth functions with compact support (i.e. the function is equal to zero outside
of a compact set). This process is called mollification.

Let ¢ : R™ — R be a smooth function with compact support in R™, non-negative,
and fR” pdxr = 1. One example of such function is

CXP(l—ﬁin?)
(p(x) = I, ||:EH < 1
0 lz|| > 1.

where I, is f{l\w|\<1} exp (ﬁ) dx to ensure ¢ integrates to one.

Theorem E.9. Let p.(x) = ¢ "p(x/c). Suppose 1 < p < oo and f € LP. Define
fe=f*pe. Then
(1) For each € > 0, fxp € C* (i.e.infinitely differentiable) and for each
multiinder 0. a = (ay, ..., an),
Df. = f* D%..

We use the convention that 0-th derivative is the function f. itself.
(2) fe— f almost everywhere as € — 0.
(8) If f is continuous, then fo — [ uniformly on compact sets as € — 0.
(4) If 1 <p < oo and f € LP, we have fe — f in LP.

Proof. Please see Bass’s Real Analysis Theorem 15.8 (linked above). g

21 99n
Bzil ax(ll" ’
i.e. taking partial derivative in the z; direction a; times. |a| means the order of the derivative,

ie. laj=a1+ - +an

10A multiindex « is a vector a = (a1,a2, -+ ,an) with a; € N and D® f means
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E.2. Sobolev Spaces. In order to study PDEs, we hope to work with functions
whose partial derivatives exist. However, it is often times too constraining to con-
sider only differentiable functions. The introduction of Sobolev spaces and weak
derivatives reconcile this problem.

E.2.1. Weak Derivatives. The notion of weak derivatives, while not requiring any
smoothness property, captures an important feature of classical derivatives, which
is integration by parts.

Definition E.10. Let « be a multiindex. Let f be a locally integrable function
defined on an open domain U C R™. We say g is the a-th order weak derivative of
f in the z; direction if for any smooth function ¢ with compact support in U,

/UfDacp=(—1)‘“'/Ug<p-

g=D"f.

In other words, the weak derivative g is the function which acts like a classical
derivative when integrating by parts. There is no boundary term since the functions
¢ have compact support. It follows from the definition that the weak derivative is
unique up to a set of measure zero.

Example E.11. Let f(z) = |z| be defined on (—1,1). We show that

-1 if —1<x2<0
g(z) =

We write

1 ifo<z<1

is the first order derivative of f. Indeed, for any compactly support smooth function
')

/_11 fla)¢ (z)dx = /0 —x¢ (z)dz + /01 z¢ (z)d

-1
0 1 1
— [ vlrdot [ —plaido =~ [ glalota).
-1 0 -1
In fact, the value of g at zero is irrelevant.
E.2.2. WFP Spaces.

Definition E.12. Suppose 1 < p < co. The Sobolev space WP (U) is the space
of functions whose a-th weak derivatives exist and are in LP(U) for all |o| < k.

WP spaces are Banach spaces under the following norm:
sy = D 1D Flliowy
loo| <k
This is indeed a norm if we identify functions that agree almost everywhere. To see
this,

||f+9HW’wJ(U) = Z ‘|Daf+Da9HLp(U)
o] <k

< Z 1D fll ooy + 1Pl Lo oy
o<k

= ”f”W’w’(U) + HgHWhp(U)
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The inequality is true since the LP norm is a norm.
To see WkP(U) is complete, let f,, € WHkP(U) be a Cauchy sequence. Since for
each |a| < k,

||Dafm - DaanLp(U) § HDafm - Dafn”wk,p(U) ’

it follows that D*f,, is a Cauchy sequence in LP(U). We have seen that LP(U) is
complete, so let f, be the limit of D®f,, in LP(U), and in particular let f be the
limit of f,, in LP(U). It now suffices to show that f, = D*f for every |a| < k.
That is, for any smooth ¢ with compact support in U, we want to show that

/U fop = /U D%,

< /U 1D s = Fallel < 1D% Fon = fallpo o [0 oo

First observe that

| [ Dt [ g

by Holder’s inequality, for 1% + % = 1. Since ¢ has compact support, its L? norm is
finite. Therefore

lim Dafmcp:/ fatp-
U U

m—0oQ

Hence

/facp: lim D* fr
U

m—r oo U

G

where we used the above observation in the first and last equality, and the definition
of weak derivative in the second equality. We conclude that W*?(U) is complete
under this norm.

= lim (—1)‘”‘|/Umeag0

Similar to L?, W*?2 is a Hilbert space, and we will denote W*?2 by HF to
emphasize this fact.

Example E.13. Although W*? is a Banach space, functions in it can still behave
badly: discontinuous, unbounded, etc. Consider the unit ball B;(0) C R™. Let {ry}
be a sequence of countable points that is dense in Bj(0), for example Q™ N B1(0).
Then the function

=1
flz) = Zyklz — il
k=1

is in WHP(B;(0)) for a < “>F (in particular, a can be less than 1). It is discon-
tinuous on the set {ry} and is unbounded in any open set within B;(0). (On the
points rg, the formula is undefined, but this is allowed since we consider functions
up to redefining on a set of measure zero, so we could assign arbitrary values on
the points ry.) For details of why it is in W?(B;(0)), see page 260 in Lawrence
C. Evans’s Partial Differential Equations.
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E.2.3. Trace. Instudying PDEs, boundary conditions play an important role. How-
ever, the boundary of a region in R™ is of measure zero, and as illustrated in the
example above, functions in W' spaces can be discontinuous, and their values
on a set of measure zero can be defined arbitrarily. It is therefore unclear what
boundary value means. The notion of a trace operator is introduced for this issue.
For proofs of the following theorems, see Lawrence C. Evans’s Partial Differential
FEquations.

Theorem E.14. Let U be a bounded open domain with C' boundary. There exists
a bounded linear operator T : WYP(U) — LP(U) such that

1Tull 2o o0y < Cllullypr

for a constant C depending only on p and U. Moreover, Tu = ulpy for u €
wtrnC().

In other words, the trace operator does nothing to functions whose boundary
values are already defined.

Theorem E.15. Let U be the same as above. Suppose u € WHP(U). Then Tu = 0
if and only if u € C(U) .

This is saying that a function u € WP is 0 on the boundary if and only if it is
a limit of compactly supported smooth functions. This is particularly useful since
in circumstances when the boundary condition of a PDE is zero. This is called the
Dirichlet boundary condition of 0.

E.3. Holder Spaces. We introduce yet another family of spaces of functions,
which will be useful when proving solutions to PDEs are smooth/regular.

Definition E.16. Let U € R™ be an open domain. Let « € (0,1}, and let f be a
bounded continuous function. The Hélder seminorm with exponent « is

|f(z) = fy)]
fleoa(gy = sup —————=—.
[ ]C’O (U) ety |l‘7y|a
The Hélder norm is

Ifllco.e oy = Iflcy + [flcoe@):
12 Now the Hélder space C%%(U) is the set of functions with finite Holder norm.

Definition E.17. Let U and a be same as above. Let f € C*(U). The C*“ norm
of fis
”f”C’“*‘*(U) - Z HD]ch(U) + Z [Djf}cova(U)'
lil<k lil=k
The Hélder space C**(U) is the set of functions with finite C*** norm.

The fact that these Holder norms are indeed norms follow from simple appli-
cations of triangle inequalities. The Holder spaces are also Banach spaces. This
follows from the fact that a Cauchy sequence in C%(U) is also a Cauchy sequence
in C(U), and thus converges uniformly. One can check that the limit is indeed in

CO,a

HThe notation C2°(U) denotes the set of smooth functions defined on U with compact support.
C°° means infinitely differentiable, and the subscript ¢ means compact support.
12The I'll¢(oy norm is the usual sup norm.
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Proposition E.18. The Hélder spaces C**(U) are closed under multiplication.
Proof. First let k = 0. Let f,g € C%*(U). We compute
» f@)9(@) = F(y)g(y)l

[fglco.e @y = su

Y |z —y|*

— sup [f(@)g(x) — f(2)g(y) + f(=)g(y) — f(W)9(y)
Y |z —y|*

— sup [f (@) (g(x) — 9(y)) + (f (=) = F(¥)9(v)|
xH#y ‘z - y|a

<\ flle@y Wleow@) + l9llo@y Lflcow @)

< oo.

Therefore
1£9llco.cay = 1fallo@ + [f9lco (@)
< lle@) l9lle@y + fgleos@) < oo

Now use induction and product rule of derivatives to conclude that C*(U) is also
closed under multiplication. O
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