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ABSTRACT. We give a brief, elementary and analytic proof of the theorem of Hubbard and
Masur [HM] (see also [K], [G]) that every class of measured foliations on a compact Riemann
surface R of genus g can be uniquely represented by the vertical measured foliation of a
holomorphic quadratic differential on R. The theorem of Thurston [Th] that the space of
classes of projective measured foliations is a 6g — 7 dimensional sphere follows immediately
by Riemann-Roch. Our argument involves relating each representative of a class of measured
foliations to an equivariant map from R to an R-tree, and then finding an energy minimizing
such map by the direct method in the calculus of variations. The normalized Hopf differential
of this harmonic map is then the desired differential.

61. Introduction.

Measured foliations on a surface arise in two distinct ways. Complex analysts have
studied the trajectory structure (see [Str]) of holomorphic quadratic differentials on a
Riemann surface R for decades, and they occupied a prominent role in classical Teichmiiller
theory. However, measured foliations acquired both a fresh perspective and altogether
new importance with Thurston’s definition of the space MF of (equivalence classes of)
measured foliations as a completion of the set & of simple closed curves on R and with
his use of them in his pioneering works in low dimensional geometry. Our focus here is
with the fundamental theorem [HM] of Hubbard and Masur, which said that every class
of measured foliations can be uniquely represented by the vertical measured foliation of
a holomorphic quadratic differential on R, and which began to allow for an interplay
between analytical and the synthetic approaches to Riemann surface theory.

The argument of Hubbard and Masur proved substantially more than the theorem
stated above as they also described the differentiability of sections of an appropriate bundle
over Teichmiiller space. Because of these rather subtle complications, their proof was
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somewhat lengthy and intricate. Proofs by Kerckhoff [K| and Gardiner [G] were quite
brief, but relied on some of the structure of the space MF.

Here we give a new proof of the theorem of Hubbard and Masur which is both brief and
elementary, involving only the direct method in the calculus of variations, some straight-
forward real analysis, Weyl’s lemma, the definition of an equivalence class of a measured
foliation, and one slightly novel object — a real tree.

Here is a sketch of the argument, with the definitions deferred until the next section.
We begin with a C* measured foliation (F, p) on a Riemann surface R; we lift (F, p) to

a w1 R-equivariant measured foliation (.7-" fi) on the universal cover R. Then we project

R along the leaves of F to obtain a R-tree T'; the measure [ projects to give a metric
d on T. Any other C* measured foliation (Q,I/) on R which is equivalent to (F, u)
has a lift which projects to (T,d), and as the projection is m R-equivariant and (G,v)
is smooth, we can measure the (finite) total energy of the projection. Within the class
of C* measured foliations (G,v) equivalent to (F,u), we seek one of least energy by
considering a sequence {(G,,, v,)} of measured foliations whose energy tends to the infimum
of energy. The bound on total energy and a length-energy argument give a uniform bound
on the modulus of continuity of the projections in the sequence, and some geometry of the
projection then bounds the images of the projections (associated to (G,, v, )) on compacta

in R to compacta in (T, d): the Ascoli theorem assures uniform convergence to a limiting

projection f : R — (T,d). The normalized Hopf differential 4 (f., f.) dz? is then the
desired quadratic differential: it is weakly holomorphic as f is energy minimizing, thus
holomorphic by Weyl’s lemma.

We have several motivations for presenting what is at least the fourth proof of this result.
First, one perspective on the Hubbard-Masur theorem is that it is a Hodge-like theorem for
holomorphic quadratic differentials, and so we would like to present an argument similar
in spirit and methods to that of the Hodge theorem for harmonic one-forms. Second, a
number of authors (e.g. [W1], [J], [Tr]) have endeavored recently to give a harmonic maps
treatment of Teichmiiller theory; not only was the Hubbard-Masur theorem a missing
part of this theory, but it was used in the harmonic maps treatment of the Thurston
compactification of Teichmiiller space [W1]. That treatment can now be done more or
less completely within a harmonic maps framework. Third, the notion of holomorphic
quadratic differentials arising from maps out of a Riemann surface rather than into a
Riemann surface, and the natural role of real trees in the subject seems novel. Finally,
the author found the deep and subtle investigations of [HM] into families of quadratic
differentials on families of Riemann surfaces easier to appreciate once he had understood
that the Hubbard-Masur theorem could be given an analytic proof involving only a single
Riemann surface.

Harmonic maps into non-locally compact metric spaces have attracted considerable
interest of late, greatly spurred on by the foundational work of Korevaar and Schoen [KS]
(see also [W2] for an earlier relevant example). The paper [KS] provided for the existence
of energy minimizing maps between a universal cover M and a non-positively curved
metric space X, if the homotopy class of the map contained a m; M-equivariant map, the

domain M was the universal cover of a compact manifold M, and either M had non-empty
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boundary or the homotopy class of maps was the lift of a class of maps between compact
spaces. In order to give a self-contained and elementary approach to the Hubbard-Masur
theorem, we exploit some of the specific characteristics of the R-tree targets and Riemann
surface domains, and we then do not need to cite the more general paper [KS| in our
argument. Moreover, while a large part of the machinery of [KS] could easily be applied
in our case, the precise situation of an R-tree target with a ;R action is not completely
treated in their first paper [KS]; we develop some elementary methods of comparing axes
of the action of group elements which may have more general applications.

We organize this article as follows. In the next section, we define our terms, give the
relevant background and state the theorem. In the third section, we give our proof of the
existence part of the theorem; this is the bulk of the paper. In the final section, we give
a proof of uniqueness from the same perspective as the proof of existence, and note that
the Thurston theorem on the topology of the space PF of projective measured foliations
follows easily from our considerations.



§2. Background and Notation.

Let R be a compact Riemann surface of genus g > 1.

2.1 Measured Foliations. A C* measured foliation on R with singularities z1, ...,z of
order kq,...,k; (respectively) is given by an open covering {U;} of R — {z1,...,2} and
open sets Vi,...,V; around z1, ..., z; (respectively) along with C* real valued functions v;

defined on U; s.t.
(1) |dvi| = |dvj| on U; NU;
(ii) |dv;] = |Im(z — 2;)*i/2dz| on U; NV
Evidently, the kernels ker dv; define a C*~! line field on R which integrates to give a

foliation F on R — {#1,..., 2}, with a k; + 2 pronged singularity at z;. Moreover, given
an arc A C R, we have a well-defined measure u(A) given by

- / do
A

where |dv| is defined by |dv|y, = |dv;|. An important feature of this measure is its transla-
tion invariance: that is, if Ag C R is an arc transverse to the foliation F, and if we deform
Ap to A; via an isotopy that maintains the transversality of the image of Ay at every time,
then p(Ag) = u(A1). For [7] a class of curves, define i([y], ) = inf, ¢, i(7, p) where the
infimum is taken over all curves 7 in [y].

2.2 The space MF. Two measured foliations (F, u) and (G, v) are said to be equivalent
if after possibly some Whitehead moves on F and G, there is a self-homeomorhism of R
which takes F to G, and u to v. Here a Whitehead move is the transformation of one
foliation to another by collapsing a finite arc of a leaf between two singularities, or the
inverse procedure (see [FLP]). The space of equivalence classes of measured foliations is
denoted MF.

2.3 Holomorphic Quadratic Differentials. A holomorphic quadratic differential ® on
the Riemann surface R is a tensor given locally by an expression ® = ¢(z)dz? where z
is a conformal coordinate on R and ¢(z) is holomorphic. Such a quadratic differential ®
defines a measured foliation in the following way. The zeros ®~1(0) of ® are Well defined;
away from these zeros, we can choose a canonical conformal coordinate ((z f V® so
that ® = d(?. The local measured foliations ({Re( = const}, |d Re(]|) then plece together
to form a measured foliation known as the vertical measured foliation of ®.

2.4 R-trees. Let (F,p) denote the vertical measured foliation of ®; lift it to a mR-

equivariant measured foliation (f fi) on R. The leaf space T of F is a Hausdorff topological

space; let 7 : R — T denote the projection. The tree T" becomes a metric space once we

define a metric d = m,fi by pushing forward the measure p by the projection 7. (The

real tree T is often not locally compact; for instance, when the leaves of the foliation on

the surface are dense, we can find sequences of arcs C,, transverse to the foliation whose
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transverse measure u(C),) goes to zero, forcing the distance between the corresponding
images of the (lifts of) vertices to also go to zero.) The fundamental group 7R acts by
isometries on the metric space (T,d), and the map 7 : R — (T, d) is equivariant with
respect to this action. The only fact we will really need about such an R-tree is that if A,
is the isometry of (7', d) corresponding to v € m'R for which inf,cr d(A,y,y) > 0, then
A, has an azis [, in (T, d), i.e., an isometrically embedded line in (7', d) which is invariant
under A, and which has the property that = € [, iff d(Ayx,x) = infyer d(A,y,y). The
proof is a straightforward consequence of the non-positive curvature of (T, d).

2.5 The goal of this paper is to give a new proof of the following theorem

Theorem. (Hubbard-Masur [HM]) If (F, u) is a measured foliation on R, then there is
a unique holomorphic quadratic differential ® on R whose vertical measured foliation s
equivalent to (F, ).

Remark. Actually, the statement of the theorem in [HM] is stronger, that the map p :
QD(R) — MUF from the space of holomorphic quadratic differentials on R to the space
MF, given by associating to ® € QD(R) the class of its vertical measured foliation,
is a homeomorphism. However, given the statement above that p is bijective, it is not
very difficult to show that p is continuous, once we define an appropriate topology for
MUF; as we have no new perspectives on this issue of continuity to offer, we omit the
(straightforward) argument.



63. Proof of Existence.

Consider a measured foliation (F, i) on a compact Riemann surface R. Lift this mea-
sured foliation to a measured foliation (.7-" fi) on the universal cover R. Construct the real
tree (T, d) from (f, it) by projecting fi along the leaves of F.Let m: R — (T, d) denote
the projection. The map 7 is equivariant with respect to the action of 7R on R and
(T,d) and we seek an equivariant energy minimizing map f : R — (T, d) which is equiv-
ariantly homotopic to 7. We aim to give an elementary proof adapted to this situation;
we note that large portions of our argument could be replaced by the general arguments
and constructions of Korevaar and Schoen [KS].

3.1 We argue in two steps. In this subsection, we find a smooth energy minimizing
equivariant map f : R — (T, d) which is equivariantly homotopic to 7, and we describe
it as the projection along the leaves of the vertical measured foliation of its normalized
Hopf differential. In the next subsection, we prove the existence part of the Hubbard-
Masur theorem by showing that this vertical measured foliation of the normalized Hopf
differential of f is equivalent to (F, ). We begin with

Proposition 3.1. There is an equivariant map f : R — (T, d) which is equivariantly
homotopic to 7 : R — (T, d) with the properties: (i) off of a discrete set Z, f is locally
a harmonic projection to a Euclidean line, (ii) at the points in Z, the map f pulls back
germs of convex functions to germs of subharmonic functions.

We consider the space L(u) of all C* measured foliations on R which are measure
equivalent to (F, ). Given such a measured foliation (G,v) € L(u), we can lift it to a C*

measured foliation (G,7) on R. Let g : R — (T, d) be the projection along the leaves of
G ; as (G, v) differs from (F, u) by a sequence of Whitehead moves and an isotopy, we see
that ¢ has range in the R-tree (T, d) defined by the projection 7 : R — (T, d).

Moreover, as G is C*, we can define an energy density e(p) = 3|Vyg|* at every non-
singular point of G on R. Here we compute the gradient of p with respect to the lift &
of some background (say, for concreteness, hyperbolic) conformal metric o on R. This

energy density is equivariant with respect to the action of I' = 7R on 7%, and is uniformly
bounded. Thus, we can define a (finite) total energy

B(@.0) = [[ elo)ia(e)

R/T

Having defined this total energy for every element in L(v), we see that we have defined an
energy functional E : L(y) — R which is finite valued. We consider the quantity

I = inf  E((G,v)) <
(G.v)eL(p) (( )

and let (G, v,) denote a sequence with E((G,,v,)) — I; we may as well take (Go, o) =
(Fa :u) and go = .



Let g, : R — (T, d) denote the associated family of maps; we may as well assume that
the energies E(g,) = E(Gn,v) satisfy E(g,) < E(7).

We claim that a subsequence of {g,} converges uniformly to the desired map f : R —
(T, d).

By the proof of the Courant-Lebesgue lemma (see [J], Lemma 3.1.1), the family {g,}
is equicontinuous; for the sake of completeness, we include a proof adapted to the present
situation.

?emm)a 3.2. d(g.(p), 9n(q)) < (mE(m))/2[~logd(p,q)/2) "/* for d,(p,q) < b0 <
inj, R)2.

Proof. Let 6 = d,(p,q)/2. Connect p to g by a geodesic and let xy denote the midpoint.
Let A denote the annulus around zg of radii § and v/§, parametrized by the polar coordi-
nates (r,0). We recall that the hyperbolic metric o has the local form on the annulus A
as o = dr? + sinh® rdf? in terms of the polar coordinates (r,6).

We observe that since g7 2(gn(p)) is a leaf of the foliation G, (which has no cycles),
it meets every circle C, = {r = a} in A, for each a € [§,V/0]. As a similar statement
holds for the leaf g, !(gn(q)), we see that the image g,(Cs) of C, under g, is connected
and contains the points g,(p) and g,(q), hence the (distance achieving) geodesic between
them, covered at least twice.

Thus, for any fixed r € [4, /9], we may integrate around C, to obtain

1/2
B 250 ) (@) < [ lgn dlladd < 22 (/C ugn*aeuzde)

ks

by Cauchy-Schwarz, where we have, of course, parametrized C, by 6 € [0, 2xr]. We next
square (3.1) and multiply by [sinh7]™!; upon integrating the result over the domain r €
[6,1/3] for the radii in A, we obtain

sinh r

\/g 271' 1
dr < 2 n % Ogl|2dod
it <2 [ [ =l onlfanar

V5
41090 (D). gu(0))? /
(3.2) 0

\/g 271' 1
= 27?/ / ————||gn * Op||5 sinh rdbdr.
5 o sinh®r

Of course, the volume form for ¢ in these coordinates is sinh rdrdf, and so we can rewrite
(3.2) as

V3
1) 0n(@)? [ e <om [[ g < duladAo)
A

sin sinh? r
1
33) <o [[ Ll s+ o lon » 0l | aa(o)
sinh” r
A
(3.4) < 4xB(g,)

7



where we have added the term ||g, * ;|3 in (3.3) in order to be able to identify the integral
on the left hand side of (3.3) as a multiple of the energy E(g,). (We also are assuming

that the annulus A embeds in R under the projection from R to R: this follows from
choosing v/§ < injR.) Of course,

(3.5) E(g,) < E(m)

by convention, so we combine (3.4) and (3.5) to obtain

v —1/2
(3.6) A(gu(p). 9n(a)) < 72 B (x) /2 [/5 sinlhr] |

For ¢ small, we use the (gross) approximation sinhr < 2r to obtain from (3.6),
d(gn(p), 9n(9)) < 27'2E(n)"/?(~logs) /2

9 —1/2
— orl/2 ()12 (lo )
(™ & d(p,q)

as required. [

Our goal is to apply Ascoli-Arzela to our sequence {g,}; the last lemma 3.2 shows
that the family {g, } is equicontinuous, so we are left to find a subsequence {g,, } of {g,}
for which g, (#) has compact closure for every z € R. This relies more heavily on the
geometry of the map 7 : R — (T, d).

We begin by considering two closed curves B and C' on R for which the intersection
numbers (B, u) # 0, i(C,u) # 0 and i(B,C) # 0. Consider also a fundamental domain
D for the action of I on R. Upon uniformizing R as H?2, we find axes for hyperbolic
isometries v and 7¢, corresponding to B and C, respectively, which meet in D. These
group elements v and ¢ (to slightly abuse notation) also act on (7T, d) with axes that
meet in ¢,(D). So consider a point z € D. We know that ¢,(ypz) = vBgn(z) and
gn(Yoz) = Yogn(z) by equivariance; we also know that if w € T and d(w, axis ofyc) =
K, then, since the isometry y¢o preserves the axis of yo and takes w to ycw, we have
d(yow, axis of 7o) = K. Moreover, the geodesic between w and yow must follow the
geodesic from w to the axis of v¢, then along that axis, and finally along the geodesic
from the axis to yow: we conclude d(w, yow) > 2K,,.

So we consider the triple of points z, ypz, y¢z € DUvgDU~cD. These three points are
within a distance Cj of each other so that our equicontinuity bound in Lemma 3.2 shows
that d(gnz, gnypz) < C1 and d(g,(2), gnycz) < C1, where C; depends only upon Cj and
dp in Lemma 3.2. Thus, by the estimates of the previous paragraph, we see that g, (z) must
be within a distance of %Cl from both the axes of v and ~v¢. Of course since the axis
of yp and the axis of yo diverge from each other, the set {w | d(w, axis of yg) < 3Ci,
d(w, axis of y¢) < $C1} has finite diameter, and so is a bounded distance from (D),
itself a compact set. We conclude

8



Lemma 3.3. d(g,(z),7(2)) < Ko for Ky depending only upon E(m) and R. O

Now, this in itself is insufficient to show that {g,(z)} has a convergent subsequence,
s (T, d) is (generically) not locally compact anywhere. So we consider the previous con-

struction more carefully, after a preliminary normalization.
_ As gy, is obtained from projecting along the leaves of the lift of a measured foliation on
R, we recall that in the fundamental domain D, the foliation (G, v,,) for g, has at most
49 — 4 singularities, each with at most 49 — 2 prongs.

As the foliations associated to g, have a uniformly bounded number of singularities and
D has compact closure, we may pass to a subsequence (also denoted {g,,}) in which these
singularities converge to a finite number of points; as the complexity of the singularities
is uniformly bounded, we may assume that the complexity of each convergent sequence of
singularities is constant, even if several singularities coalesce in the limit to a singularity
with greater complexity.

With this new sequence {g,}) defined, we are in a position to prove

Lemma 3.4. There is a subsequence {gn, } of {gn} so that for every z € R, {gn, (2)} has
compact closure.

Proof. Choose a curve B C R with i(B,u) # 0 as in the proof of Lemma 3.3 and
such that B avoids a nelghborhood of all the limits of the singularities of the fohatlons
above. We consider the arc B which is a lift of B in R where we assume that B meets
D, the fundamental domain for I' in R. Then gn(B) must meet the axis of yg on 1"
to see this, let © and v denote the endpoints of §, and observe that ygu = v. Then
gn(v) = gn(vp1U) = YBgn(u) and so to connect the endpoints of g, (B), we proceed along
the following geodesic: we first travel along the geodesic « from g, (u) to the axis of B,
then along the axis of B for its translation length and then up along the geodesic yga to
’yBgn( ) = gn(v). Thus there is a point z, € B which satisfies gn(2zn) € axis of yp in T.
But B is compact, so there is a subsequence of {n} which we’ll continue to denote by {n}
so that z, converges to, say, z € B. Moreover, by Lemma 3.3 and the compactness of B
we have that d(gn(é) W(B)) < K, so that g¢,(z,) must live in a portion of the axis of
~p which is of finite length, hence compact. Thus there is a further subsequence of {g,},
which we’ll continue to denote by {g,}, so that g,(z,) converges, say to w € T.
So we consider the sequence {g,(z)}. We observe that

d (gn(2), w) < d(gn(2n), w) + d(gn(2), gn(2n)) -

We have just seen that the first term on the right hand side tends to zero and by Lemma 3.2,
we know that d(g,(2), gn(2n)) < C[=logd,(z, 2,)]7'/? which also tends to zero, so we
conclude that g, (z) converges to w.
We next show that g,,(Z;) has compact closure where Z; is one of limiting singularities
z; € {z1,..., 2} of the foliation G,,. Recall next that a curve C on a surface is quasitrans-
verse to a foliation G if it is the union of arcs transverse to G with arcs contained in G, so
9



that upon any isotopy of the curve C' along leaves of G which collapses the arcs contained
in C' while smoothing C, the resulting isotoped curve is transverse to G; thus, a quasitrans-
verse curve will minimize the transverse measure among curves in its free homotopy class,
and will lift to a curve whose projection is an embedded arc in the tree T. Now, on the
closed Riemann surface R, we can connect the projection of z with itself by a closed curve
C', which is quasi-transverse to G, ; here we take {C,,} to be representatives of a single free

homotopy class. The curves C,, lift to arcs C,, in R which connect z to some particular
image vz where ¢ corresponds to the element [C),] € mR. We now specialize to the
case where we require C), to pass through zfn), a singularity of G,, which is converging to
z;. (In the case of several singularities of G,, converging to z;, the choice of singularity will
not affect the argument.) Now, as C), is quasi-transverse to G,,, we have that gn(an) lies in

an embedded interval in T' connecting g, (z) and g, (ycz). Of course, as T is a tree, there

—_~—

is only one such embedded interval, so we see that gn(zgn)) must lie in that embedded arc.

As zfn) — z; and g, is uniformly absolutely continuous, we see that g, (2;) limits on that
embedded arc, a compact set.

We pass to a subsequence, which we’ll continue to denote {g, }, so that g, (2;) converges
tow; €T, withet=1,...,L.

In fact gn(zfn)) does not depend on the choice of n: to see this, use curves C,, and C),
which are in two distinct free homotopy classes, respectively, but which agree only on an arc

from z to zfn) and after which they pass into different sectors abutting the singularity zgn).

(These curves C,, and C/, can easily be constructed: by our normalizations in the proof of

Lemma 3.3, all of the singularities zfn) have the same complexity, and so one can arrange
for the initial portions of C,, and C}, from z to zz(n) to agree and to have local form near

zfn) that is independent of n. For the latter portions of C,, and C/,, one merely connects
zfn) back to z via different sectors of the foliation near zfn) along quasi-transversal curves

in two distinct free homotopy classes [Cy,] and [C/], respectively.) The associated images

gn(Cy) and g,,(C") will then agree from g,(z) to gn(zz(n)) and diverge after. Yet as the
interval connecting g, (z) and g,(vcz) = vcgn(z) and the interval connecting g, (z) and
gn(Yor2) = vorgn(2) are independent of n, so is their common branch and its endpoint,

the vertex which is the image of gy (2™).

On the Riemann surface R, we can connect the singularities of G,, with a collection C
of arcs that are transverse to the foliation G,, and which cut the surface R into simply
connected pieces with no interior singularities. The complete lift C of this arc system
connects singularities of Qvn on R and cuts R into precompact simply connected pieces
with no interior singularities.

The fundamental domain D is covered by a finite number of closures, say Eﬁ”), e ,}_27(: ),

of these simply connected pieces. Consider the image g, (R;n)) of one of these pieces. The

vertices of such a piece have fixed image gn(zfn)) = w;, and as the boundary edges are

transverse to the foliation G,,, we see that the g,-image of the edge connecting zgn) and
10



ngn) is the arc of the tree connecting w; to w;. As G, restricts to a non-singular foliation

of R( ") , we see that gn(}_{én)) lies in the finite subcomplex determined by the convex hull
of the (ﬁxed) gn-images of the vertices of R("). Thus ¢,(D) C gn <Uk 1 R( )>, which

itself is contained in Conv (gn (U x_1 vertices (R( ))>>, the convex hull of the g,-images

of the union of the vertices of R,(C ). But this last set is both compact and independent of
n, proving the lemma. [J

Conclusion of the proof of Proposition 3.1. By Lemmas 3.2 and 3.4, the sequence
{gn} is an equicontinuous family of mappings from R to the metric space (T, d) for which
gn(2) has compact closure. Thus, the Ascoli theorem provides for a sequence which con-
verges uniformly on compacta, hence uniformly, as each g,, is equivariant and a fundamen-
tal domain is compact. Let f be the limiting continuous map.

As all our maps g,, are equivariantly homotopic to 7, so is the limit map f.

Now, locally, each map g,, maps an open precompact set €2 to a locally compact complex;
indeed, for € chosen so that either its closure is disjoint from {z;} or with some z; as
interior points, we see that for n sufficiently large, the complex g, (€2) is contained in a
single locally compact subtree T C T'. This complex Tq, being locally compact, embeds
in EV for some N. Thus there are no difficulties at this point in regarding our maps g,
and f|, as being elements of L}(Q, To) C L3(Q, EV).

So consider the form ® = (f., f-) dz?. As the energy functional is lower semicontinuous

o

with respect to convergence in L?, we see first that P e Llloc and next that, since f is
also continuous, the map f is energy minimizing with respect to reparametrizations of
the domain €2. A brief and straightforward computation done explicitly in the proof of
Lemma 1.1 in [S] shows that ® is then weakly holomorphic. Of course, since we have just
seen that ® € L;,., we conclude by Weyl’s lemma that P is (strongly) holomorphic.

By the equivariance of f, the form ® descends to a holomorphic quadratic differential
on the compact Riemann surface R.

We observe that @ is not identically zero, for, if it were, the map f would either be a
conformal (non-constant) map from R to (T, d) which is absurd, or constant, which would
contradict its being continuous and equivariant.

Thus, the zeros of d are discrete; as described in §2, we can introduce coordinates
¢ = & +1n so that ® =1d¢? in a neighborhood disjoint from - 1(0). Then the complex
equation 4 (fe, f¢),d¢? = 1d¢? becomes, locally, the pair of real equations

(3.7a) 1fellZ = 1ol = 1
(3'7b> <f§af77>d =0
Now, as f is non-constant, off of the I'-orbit I" - {z1,..., 2z} of {z1,..., 2/}, we must have

f mapping a neighborhood in R —T"- {z1,..., 2} onto an embedded subinterval I in 7.
Thus, as the interval is one-dimensional, we must have f¢|/f,: the equations (3.7) then
combine to show that f, = 0 and fe = 0; for unit vector 9, along I.

11



Thus, away from the I'-orbit of {z1,...,2} and the zeros of &), we see that f is a
projection along the leaves of the vertical foliation of &v), and that f pushes the transverse
measure of the vertical foliation of ® onto the line element of the metric on embedded
intervals in 7. The continuity of f extends this last statement across the zeros of ®
and the T-orbit of {z1,...,2}. Property (i) of the statement of the proposition follows
immediately. To see property (ii), in a neighborhood €2 of a zero P of ® of order m there
are m + 2 arcs of the vertical foliation emanating from p, dividing €2 into m + 2 sectors.
For each pair of such sectors, the map f acts as a projection onto a segment I, and so
the pullback of a convex function restricted to that segment I is submean. But then the
pullback of a convex function, after averaging over all such pairs of sectors, is still submean,
which is the content of statement (ii).

3.2 Proof of Existence. We claim that the holomorphic quadratic differential & on
R developed in the last subsection is the desired quadratic differential. Let (G, v) be its
vertical measured foliation (which integrates kerdf off of ®71(0).

The idea is to use the uniform convergence of the family of maps {g,} to f to show
that the measured foliations G,, (along which g, projects) are equivalent (in the sense of
§2) to the measured foliation of ® (along which f projects). Our plan is the following. We

partition R (and hence ﬁ) into a union of rectangles R = R(ln) U-- -URén) with two parallel
sides being leaves of G, (for n large) and the other two parallel sides being transverse to
G,. We require the singularities of the foliation to lie on the boundaries of rectangles, and
also to lie in the interior of the leaf segments comprising such boundary edges. If we can
find a corresponding decomposition of R for G, and an isotopy of R which takes rectangles
for G, to rectangles of G in a measure-preserving way, then we will have [G] = [G,], as
desired.

We begin by observing that even though the map g, has range an R-tree, locally it
is much simpler. Indeed, in the neighborhood of a non-singular point, we have already
seen that we can factor g, as g, = i o F(™ where F(™ is a map to an interval I and 7 is
the isometric inclusion of I into the tree T'. Beyond that, in a neighborhood of a singular

point of order m + 2, we can factor the map g, as g, =i o0 Fﬁﬁz where FT(,LRJ)r2 is a map to
an m + 2-pronged star S,,+2 and ¢ again is an isometric inclusion of S, 42 into T
So to find the desired decomposition for G, we first observe that if €2,, is a neighborhood

of a singularity of G,,, then F,(:lQ(Qn) must contain a finite-pronged singularity where

Fgﬂ)& is the local factor of g,, in the previous paragraph. The uniform convergence of
gn to f then forces singularities of G, to limit on singularities of G and all singularities
of G to arise as limits of singularities of G,,. So, consider an arc of a leaf containing a
singularity of G, in its interior. Its lift maps under g, to a vertex in T'; the uniform
convergence of g, to f provides that near an endpoint p,, of this arc there is a point p so

that f(p) = gn(pPn), in the obvious notation. Pick n large enough so that if p,, is such a

vertex of our decomposition into rectangles R = Rﬁ”) u---u ngn), then p,, is much closer
to p than the width or length of any R;.
We find other vertices similarly; for rectangles with an edge containing a singularity, an
edge transverse to the foliation for G, with endpoint ¢, will have a lift that will project
12



to an arc in (7, d) and there will be a point ¢ near g, so that f(q) = gn(g,). We then
connect ¢ to the leaf containing the singularity by a transverse arc near the edge of the
Gn-rectangle connecting ¢, to the leaf containing the G, singularity. We then continue
this way for every vertex of every rectangle, systematically building up a decomposition
R = Ry U---U Ry relative to G. The key points are that: (i) as the v and v,-measure
of an arc A is given by the lengths of f (E) and gn(g) (respectively), and the endpoints
of edges of rectangles for lifts of G and G,, project under f and g, (respectively) to the
same point, the corresponding edges have the same measure, and (ii) as we are eventually
only interested in a measure preserving isotopy, the ambiguity in the choice of the vertices
{p, q} (coming partially from indeterminacy in the choice of {p,,¢,}) for Ry, Ro,..., Ry
is harmless.

Thus the v-width of R; agrees with the v,,-width of Rgn) and we can construct a measure
preserving isotopy of R = R(ln) u---u ngn) onto R = R; U---U Ry, as desired, by piecing
together such isotopies of corresponding rectangles. Therefore, (G,v) is equivalent to
(Gn,vn), hence to (F,pu). O
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84. Uniqueness.

Here we give a proof from the current perspective that if ® and ¥ are holomorphic
quadratic differentials with equivalent vertical measured foliations, then & = W.

Naturally, we can lift ® and ¥ to equivariant holomorphic differentials ® and \If, re-
spectively, on R and then produce equivariant and equivariantly homotopic projections
7o and 7y from R to (T, d). We consider the function D(z) = d(m¢(2), mg(2)) on R and
compute from the Riemannian chain rule (see [J]) that

AD(2) = tT(ry ). (0.,0,) HessTxr d x d

off of the set ®~(0)UW~(0); here (9, d,) is a o-orthonormal basis for T, R. We conclude
that as T is negatively curved, d : T'x T" — R is convex, so that D(z) is subharmonic.
As D(z) is invariant under the action of mR, it descends to the compact surface R as a
subharmonic function, and is therefore constant.

We claim that, in fact, D(z) = 0: this follows from considering a neighborhood U of a
zero p of &D, which 7 takes to a neighborhood of a vertex of finite subtree in (T, d). Then,
if 7y (p) # 7e(p), we can connect 7y (p) to e (p) by a geodesic A, which by the definition
of mg, will have the germ of its mg-preimage at p in R strictly within a strictly convex cone
based at p. As the germ of the my-preimage in R of that arc will necessarily be within
a half plane, we see that there is a point ¢ near p outside of both preimages, so that the
geodesic from my(q) to T4 (q) includes A: we conclude that d (rgq, m76q) # d (7e(p), Tw(p))
unless D(z) = 0.

It then follows by a similar local analysis of m¢ and g that the foliations of ® and ¥
coincide, so that the germs of ® and ¥ near ®~1(0) = ¥~1(0) agree, so that ®/¥ = 1
near those zeros. This, of course forces ® = VU, as desired. [J

Remark. As noted earlier, it is easy to show that the map from the vector space QD(R)
of holomorphic quadratic differentials on the Riemann surface R to the space MF of
measured foliations is continuous, once one defines the topology on MF, proving that
QD(R) is homeomorphic to MF. We can then conclude

Corollary. (Thurston [Th]): The space PMF of projective measured foliations on a
closed surface of genus g is a 6g — 7 dimensional sphere.

Proof. Riemann-Roch implies that QD ~ MJF is a 6g — 6 dimensional vector space;
we check that the rays in the vector space represent projectively equivalent measured
foliations. [

14



REFERENCES

[FLP] A. Fathi, F. Laudenbach, and V. Poenaru, Traveaur de Thurston sur les Surfaces, Asterisque

(1979), 66-67.

F.P. Gardiner, Teichmiiller Theory and Quadratic Differentials, Wiley and Sons, New York, 1987.
J. Hubbard and H.A. Masur, Quadratic Differentials and Foliations, Acta Math. 142 (1979), 221—
274.

J. Jost, Two Dimensional Geometric Variational Problems, John Wiley and Sons, West Sussex,
England, 1991.

S. Kerckhoff, The Asymptotic Geometry of Teichmiiller Space, Topology 19 (1980), 23—-41.

N. Korevaar and R. Schoen, Sobolev Spaces and Harmonic Maps for Metric Space Targets, Comm.
Anal. Geom. 1 (1993), 561-659.

R. Schoen, Analytic Aspects of the Harmonic Map Problem, in Seminar on Non-Linear Partial
Differential Equations, S.S. Chern ed., MSRI Publ. 2, Springer Verlag, NY, (1983), 321-358.

K. Strebel, Quadratic Differentials, Springer-Verlag, Berlin, 1984.

W.P. Thurston, On the Geometry and Dynamics of Diffeomorphisms of Surfaces, Bull. AMS 19
(1988), 417-431.

A. Tromba, Teichmiiller Theory in Riemannian Geometry, Birkhauser, Basel, 1992.

M. Wolf, The Teichmiiller Theory of Harmonic Maps, J. Differential Geometry 29 (1989), 449-479.
, Harmonic Maps from Surfaces to R-Trees, Math. Zeit 218 (1995), 577-593.

15



