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ABSTRACT. This paper relates different approaches to the asymptotic geometry of the
Hitchin moduli space of SL(2,C) Higgs bundles on a closed Riemann surface and, via the
nonabelian Hodge theorem, the character variety of SL(2,C) representations of a surface
group. Specifically, we find an asymptotic correspondence between the analytically defined
limiting configuration of a sequence of solutions to the self-duality equations constructed
by Mazzeo-Swoboda-Weif-Witt, and the geometric topological shear-bend parameters of
equivariant pleated surfaces due to Bonahon and Thurston. The geometric link comes
from a study of high energy harmonic maps. As a consequence we prove: (1) the local
invariance of the partial compactification of the moduli space by limiting configurations; (2)
a refinement of the harmonic maps characterization of the Morgan-Shalen compactification
of the character variety; and (3) a comparison between the family of complex projective
structures defined by a quadratic differential and the realizations of the corresponding flat
connections as Higgs bundles, as well as a determination of the asymptotic shear-bend
cocycle of Thurston’s pleated surface.
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1. INTRODUCTION

The purpose of this paper is to bring together different perspectives on the asymptotic
structure of Hitchin’s moduli space of rank two Higgs bundles on a closed Riemann sur-
face and its relation to the SL(2,C) character variety of a surface group. The former
is constructed via gauge theory and geometric invariant theory, and its nature is under-
stood through nonlinear analysis and algebraic geometry. The latter comes from a syn-
thetic geometric tradition which has applications to low dimensional topology and geo-
metric group theory. Because of the identification of SL(2,C) (or rather its adjoint group
PSL(2,C) = SL(2,C)/ & 1) as the oriented isometry group of hyperbolic 3-space H?, the
character variety is intimately related to geometric structures on surfaces, a subject with
a long history of results motivated in particular by the work of Thurston. The nonabelian
Hodge correspondence gives a homeomorphism between these two spaces, and an important
and long-standing direction of research is the study of how different geometric properties on
both sides are related under this identification. This is the context of the present work.

Let us explain some of the structures of the moduli space in more detail. The first is
that of an algebraically completely integrable system, where a Higgs bundle is determined
by a point in the Prym variety of the spectral curve associated to a holomorphic quadratic
differential on the surface. The second is in terms of solutions to the self-duality equations.
Recent work proves asymptotic convergence, as the norm of the Higgs field diverges, to
solutions of a decoupled equation called a limiting configuration. The data describing a
limiting configuration is also a quadratic differential and a choice of Prym differential. The
third aspect of the moduli space is the link between solutions to the self-duality equations
and flat SL(2,C) connections that is obtained from the existence of equivariant harmonic
maps to H3. Here, the quadratic differential appears as the Hopf differential of the map.
Asymptotics of harmonic maps are well understood. While the relationship between spectral
data and the Prym differential of the limiting configuration is transparent, it is perhaps not
so clear how to recover this information from the asymptotic behavior of the harmonic map.
This is where the fourth perspective intervenes; that of hyperbolic geometry and methods
of Thurston. The new ingredient linking harmonic maps to limiting configurations is the
notion of a pleated surface. Pleated surfaces, and their monodromy representations, can
be parametrized by shear-bend cocycles with respect to a maximal geodesic lamination on
the surface. This shear-bend dichotomy is parallel to the asymptotic decoupling of the self-
duality equations which gives rise to limiting configurations, and a major goal of this paper
is to make this similarity more concrete.

Roughly speaking, our main result proves an asymptotic correspondence between shear-
bend coordinates and limiting configurations via periods of Prym differentials. More pre-
cisely, we prove the following. First, the energy of equivariant harmonic maps diverges for
a sequence p, of PSL(2, C)-representations that leaves all compact sets in the character va-
riety. We shall show that for sufficiently large n, there exist p,-equivariant pleated surfaces
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in H? where the bending lamination is asymptotically close to the lamination associated
to the horizontal foliation of the Hopf differentials of the harmonic maps. The image of
the harmonic map is itself close to this pleated surface, in an appropriate sense. Moreover,
the shearing cocycle of the pleated surface is approximated projectively by the intersection
number with the vertical foliation of the Hopf differential, and the asymptotic limit of the
bending cocycle of the pleated surface is determined by the periods of the Prym differential
associated to the limiting configuration, as described above. This analysis has several appli-
cations. First, we find that a small change in the base Riemann surface used to define the
moduli space of Higgs bundles changes the data of the limiting configurations in the bound-
ary associated to a sequence of representations by parallel transport via the Gauss-Manin
connection. In other words, the analytically defined limiting configurations are topological.
Next, we obtain a partial refinement of the Morgan-Shalen compactification of the character
variety. Ideal points of this compactification are defined by the projective length functions
of isometric actions of the surface group on R-trees. The refinement decorates a tree in a
portion of the compactification with a bending cocycle which provides more precise infor-
mation on the relationship between the limiting length functions and dual trees of measured
foliations. Finally, we determine the asymptotic shear-bend cocycles of the pleated surfaces
that Thurston associates to complex projective structures (or opers). The result states that
these cocycles are asymptotic to the ones defined by the “Seiberg-Witten differential” on
the spectral curve, which itself is an important device that figures prominently in the WKB
analysis of the differential equation defining the projective structure.

Before formulating the precise statements of these results in below, we first provide
some notation and important terminology.

1.1. Preliminaries.

1.1.1. Notation. Throughout this paper, ¥ will be a fixed closed, oriented surface of genus
g = 2 with fundamental group m = m1(X, po), where py € ¥ is a fixed base point. We will
typically denote a marked Riemann surface structure on ¥ by X, and a marked hyperbolic
structure on X by S. The almost complex structure on X appears as J. Universal covers
are denoted by X, etc., and py will indicate a fixed lift of pg to 3. The 2 and 3 dimensional
real hyperbolic spaces are written H? and H?, respectively. Notice that H? (resp. H?)
carries a left SL(2,R) (resp. SL(2, C)) action by isometries that factors through PSL(2,R) =
SL(2,R)/{£1} (resp. PSL(2,C) = SL(2,C)/{+£1}). The canonical bundle of X is indicated
by Kx. We denote by QD(X) the space of holomorphic quadratic differentials on X, and
by QD*(X) C QD(X) the cone of differentials with only simple zeroes. We let SQD(X) C
QD(X) denote the unit differentials with respect to some norm, and 8QD*(X) = 8QD(X)N
QD*(X). The Teichmiiller space T(X) of X will sometimes be labeled by T(X) when
identifying it with the Fricke space of discrete PSL(2, R) representations.

1.1.2. Moduli spaces. Define the Betti moduli space
(1.1) Mg (%) := Hom(m, SL(2,C)) //SL(2,C)

parametrizing conjugacy classes of semisimple representations of the fundamental group of
Y. The choice of SL(2,C) rather than PSL(2,C) is really a matter of convenience. For
simplicity we work with SL(2,C), but we caution that it will be important at several points
to track the distinction between the special and projective groups. Hence, let us also define
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the character variety
(1.2) R(X) := Hom(m, PSL(2, C)) //PSL(2, C).

We shall be interested in the connected component of the trivial representation, R°(X),
consisting of representations that lift to SL(2,C). This can be realized as a quotient:
R°(Y) = Mg(X)/J2(X), where Jo(X) := Hom(m,{£1}). The results of this paper ap-
ply with little change to the other component of R(X) consisting of representations that do
not lift to SL(2, C).

Let Mpr(X) denote the de Rham moduli space of completely reducible flat SL(2,C)
connections on X. Since dimg X = 1, a holomorphic connection on a vector bundle on X is
automatically flat, and so we have a canonical identification of Mpgr(X) with Mpgr(X), the
moduli space of rank 2 holomorphic connections. We will sometimes confuse the two when
the Riemann surface structure is understood. The Riemann-Hilbert correspondence gives a
homeomorphism

(13) RH : MDR(E) l} MB(Z> 5

obtained by associating to a flat connection V its monodromy representation p. Gauge
equivalent connections give conjugate representations.

Let Mu(X) denote the Hitchin moduli space of rank 2 Higgs bundles consisting of
isomorphism classes of pairs (€, ®), where &€ — X is a rank 2 holomorphic vector bundle
on X with fixed trivial determinant, and ® is a holomorphic Higgs field. The nonabelian
Hodge correspondence gives a homeomorphism

(1.4) NAH : Mpr(X) =5 My(X) .

This map is described in more detail in §2.3|

There is a proper holomorphic map 7 : My(X) — QD(X). The fiber S 1(q), q €
QD*(X) may be identified with the Prym variety Prym()?q,X), where )/(\'q — X isa
double cover branched at the zeroes of ¢ called the spectral curve. This realizes My(X)

as a smooth torus fibration over this locus (see . A choice of spin structure K)l(/2 gives
a section of 77 called the Hitchin section, and its image is called a Hitchin component.
This realizes T'(X) C Mu(X). One direction in the identification goes as follows:
Given a flat connection with monodromy [p] € Mg(X) there is a p-equivariant harmonic
map u : X — H3. The Hopf differential of v descends to X as a holomorphic quadratic
differential. Restricted to a lift of the Fricke space to SL(2,R), this gives a diffeomorphism
AD(X) ~T(X) C Mg(X) (see [Hit87] and [Wol89|). Under this identification the harmonic
maps parametrization of 7'(3¥) and Hitchin section T'(X) agree.

1.1.3. Self-duality equations and limiting configurations. The gauge theoretical perspective
on My(X) is in terms of solutions of Hitchin’s self~-duality equations for a pair (A, ¥)
consisting of a SU(2)-connection A and a hermitian Higgs field ¥. The proper setup for these
will be introduced in detail in The Kobayashi-Hitchin correspondence yields a bijec-
tion between My (X) and the space of unitary gauge equivalence classes of solutions of the
self-duality equations. We will not distinguish the notation between My (X) and the latter
space, and therefore we write [(A4, V)] € My(X) if (A, ¥) is an irreducible solution of eqns.
(2.4). There is a partial compactification of My(X) in terms of limiting configurations
which we shall present in Briefly, a limiting configuration [(A, Yoo )] associated to
a differential ¢ € 8QD*(X) is a solution of the decoupled self-duality equations on
the punctured surface X* = X \ ¢~'(0) that has a singularity of a specific type in each
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zero of q. Furthermore, 2¢ = tr(¥o ® W4)*0. Such limiting configurations have a natural
interpretation in terms of parabolic Higgs bundles. For our purposes it will be important
that the set of unitary gauge equivalence classes of limiting configurations associated with
any ¢ as above is a real torus of dimension 6g — 6, and that the Hitchin map 7 extends
continuously to a map %, from the space of limiting configurations to SQD*(X). The fiber
5! may be identified with a torus of Prym differentials on )?q (see Proposition .
The Liouville form restricts to a natural Prym differential Agw called the Seiberg-Witten
differential, and this will play an important role in the paper.

1.1.4. Pleated surfaces. By a pleated surface we meanﬂ a 4-tuple P = (S, f, A, p) where S
is a hyperbolic structure on ¥; A is a maximal geodesic lamination on S called the pleating
locus; f : S — H3 is a continuous map from the lift S to H3 that is totally geodesic on
the components of S \ A maps leaves of A to geodesics, and is equivariant with respect to a
representation p : w1 — PSL(2,C). We sometimes abbreviate the 4-tuple P as f : S — H3
when context provides the other data.

Let 3(A,R) and (A, S') denote the spaces of shearing and bending cocycles, respec-
tively (see §4.1.1). We further set 3°(A, S*) C H(A, S) to be the connected component of
the identity. Then H(A,R) (resp. H°(A, S)) is a (6g — 6)-dimensional vector space (resp.
torus). Bonahon proves that there is an injective map

(1.5) By : C(A) x V—-1H°(A, S') — R°(X)

that is a biholomorphism onto its image [Bon96, Thm. D|. Here, C(A) C H(A,R) is an open
convex polyhedral cone that is naturally identified with T'(X). In fact, [p] = Ba(o,3) is
constructed via a pleated surface f : S — HB that is p-equivariant and has pleating locus
A. The complex cocycle o + i3 € H(A,C/2miZ) is called the shear-bend cocycle of the
pleated surface.

In this paper we will be interested in the special case where A is determined by the
geodesic lamination AZ associated to the horizontal measured foliation 3'"3 of a quadratic
differential ¢ that is holomorphic for a marked Riemann surface structure X on . We
shall always demand that ¢ have simple zeroes. If in addition ¢ has no (horizontal) saddle
connections, then A = AZ. When ¢ does have saddle connections the situation is more
complicated to formulate, but the fundamental picture described below is unchanged (see
. In any case, there is a canonical transverse cocycle og*" € H(A, R) for A related to
the transverse measure to the vertical foliation defined by ¢ (see Example .

1.2. Results.

1.2.1. Statement of the main theorem. The result below gives an asymptotic comparison
between Bonahon’s parametrization of the character variety in terms of shear-bend cocycles
(1.5), and the limiting configurations of solutions to the self-duality equations. Consider the
following set-up.

Let [pn] be an unbounded sequence in R°(X), by which we mean it leaves every compact
subset. Assume that the Hopf differentials of the p,-equivariant harmonic maps u,, : X — H3
are of the form 4t2q,, with ¢, — +o00 and ¢, — ¢ € 89D*(X). We will assume that for
some fixed hyperbolic structure on ¥ we have chosen maximal laminations A,, A containing

IWhat is defined here might be called an equivariant or abstract pleated surface to distinguish it from
the more standard, nonequivariant situation (c¢f. [CEG87]). Following [Bon96], we will simply use the term
pleated surface in the equivariant case as well.
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AZn and AZ, respectively, and such that A, — A in the Hausdorff sense. In this case, there
is a notion of convergence of cocycles in H(A,, R) and H(A,, S') (see Definition [4.1).

Lift [p,] € R°(X) to [pn] € Mg(X), and let
(1.6) [(An, ¥5)] = NAH o RH™([5,])

be the associated solutions to the self-duality equations. Let [(Ax, ¥oo)] be any subsequen-
tial limiting configuration of the sequence [(A, ¥,,)].

To normalize bending cocycles, we adopt the convention that a pleated surface for a
Fuchsian representation has a bending cocycle equal to zero (cf. [Bon96, Prop. 27]). This
will allow us to compare the bending cocycles of pleated surfaces with the same underlying
hyperbolic metric and pleating lamination. In §4.2] we shall describe an explicit realization
of elements of H(A,R) and H°(A, S!) in terms of periods of Prym differentials. Combining
this with the characterization of limiting configurations mentioned at the end of we
show that there is a 229-sheeted covering homomorphism

(L.7) S (q) — HO(A, S .
Given the above we can now make the following statement.

Main Theorem. After passing to a subsequence, there 1s N > 1 such that the following
hold:
(i) for alln = N, [pyn] = B, (o, Bn) for some shearing and bending cocycles o, and (3,;
(ii) the pp-equivariant pleated surfaces fn : Sp — H3 from (i) are asymptotic to the py-
equivariant harmonic maps u, : X — H3 in the sense of Definition '
(iii) as n — oo, the shearing cocycles satisfy: (2t,) ‘o, — o
(iv) as n — oo, the bending cocycles satisfy: B, — B, where 3 € H°(A, SY) is the image of
the limiting configuration (Aoo, ¥oo) under the map (1.7).

1.2.2. Invariance with respect to the base Riemann surface. A key assumption above and in
the work of [MSWW14] is that quadratic differentials have simple zeroes. For this reason,
limiting configurations give only a partial compactification of My (X), and we are unable to
make a uniform statement about the topological invariance of these limit points. We there-
fore content ourselves here with proving the local invariance with respect to the Riemann
surface structure X.

To make this precise, let go € 8QD*(Xy), and let F denote the associated vertical

measured foliation. Let U C T (X) be the set of all equivalence classes of Riemann surfaces
X such that the Hubbard-Masur differential gx of the pair (X,Jy ) has simple zeroes.

Then for a contractible open subset Uy C U containing Xg, and X € Uy, the Gauss-Manin
connection gives an identification of the Prym varieties of X and Xy, and this in turn induces
an identification of bending cocycles for the horizontal laminations associated to gx and gq

through (1.7). As mentioned above, a complication, described in more detail in §2.4.3] is
that the laminations AZO and AZX may not be maximal.

Corollary 1.1. The partial compactification by limiting configurations is locally independent
of the base Riemann surface in the following sense. Suppose [py] is a divergent sequence in
R(X), and lift [py] to [pn] € Mg(X). For X € Uy, define [(An, Vy)x] and [(An, ¥,)x,] as in
(L.6). We assume [(An, ¥,)x,] has a well defined limiting configuration, which we suppose
lies in the fiber (AX0)"Y(qo). Let [fx,] be the associated Prym differential (as mentioned
above; see Proposition [2.11] for the precise statement), and qx € 8QD*(X) chosen as above
to share the projective class of vertical measured foliations with qx, .
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Then [(An,¥,)x] has a well defined limiting configuration in the fiber (HX)"1(qx).
Moreover, if [x] is the associated Prym differential for the bending cocycle of this limiting
configuration, then [Nx| and [Nx,] are identified by parallel translation by the Gauss-Manin
connection.

Here is an interpretation of this result. For ¢ € 8QD*(X) there is a natural identification
of the fibers ##~1(tq) for all t > 0. This gives a partial compactification of My (X),
and hence via NAH and RH, also of Mg(X). A priori, this depends on the choice of base
Riemann surface structure X. Corollarystates that (locally) this partial compactification
is independent of X.

1.2.3. Relation to the Morgan-Shalen compactification. There is a mapping class group in-
variant compactification of R(X) due to Morgan and Shalen [MS84]. The ideal points of
this compactification are generalized length functions on 71, which turn out to be the trans-
lation length functions for an isometric action of m on an R-tree (see §2.6.2). A harmonic
maps description of this compactification was partially described in [DDWO00|, which was
an attempt to mirror the result in [Wol89| for the Thurston compactification of T'(X). A
consequence of [Wol95] is that the R-trees appearing in the limit of a sequence of Fuchsian
representations are obtained as the leaf space of the vertical foliation I of the rescaled Hopf

differential ¢ on X. This is called the dual tree T, to g. In the case of R(X), sequences of
representations that are not discrete embeddings may give rise to trees that are foldings of
Tj. The harmonic maps point of view gives some information about this: A folding cannot
occur if ¢ has simple zeroes and | has no saddle connections. It has been an open question
how to describe this process completely in terms of harmonic maps. Using Theorem [1.2.1]
we can obtain a criterion ruling out folding in the case of simple zeroes, as well as a partial
refinement of the Morgan-Shalen compactification by classes of limiting configurations.

Corollary 1.2. Let [p,] € R°(X) be as in Theorem . Suppose that the periods of the
Prym differential associated to the limiting configuration (Ao, Vo) are bounded away from
w on every cycle defined by a saddle connection of the vertical foliation of q. Then the R-tree
defined by the Morgan-Shalen limit of any subsequence of [py] is m1-equivariantly isometric
to the dual tree T,.

1.2.4. Limits of complex projective structures. The subset of R°(X) consisting of monodromies
of complex projective structures on ¥ with underlying Riemann surface X is naturally an

affine space modeled on QD(X). The corresponding local systems are called SL(2, C)-opers.

A base point is given by the Fuchsian projective structure x. More precisely, uniformiza-

tion gives rise to an isomorphism u : X — H?, equivariant with respect to 7, and a Fuchsian

representation of 71 — Iso™ (H?), and the Schwarzian derivative of u gives a projective con-

nection Qx on X. Any other projective connection is of the form Q(q) = Qx — 2q, for

g € 9D(X), and we obtain an embedding & : QD(X) — R°(X) from the monodromy of

the oper defined by the following differential equation on X:

(1.8) y' + %Q(q)y =0,

1/2

where y is a local section of Ky Thurston associates to every projective structure a

pleated surface f : §(q) — H3 that is equivariant with respect £?(q) and has pleating
locus along some measured lamination A(q) (see [KT 92])@ Choosing a lift of the Fuchsian

2Strictly speaking, A(g) need not be maximal, but this possibility will not play any role in the result.
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representation to Mg(X) gives a lift Z(q) € Mg(X). Let
(1.9) Op(q) = NAHoRH™Y(2(q)) € My (X) .

The next application compares the limiting behavior of Op(q) for ¢ large and the geometry
of Thurston’s pleated surface. By work of Dumas [Dum07b], the measured laminations A(q)
converge projectively to AZ. This allows us to compare bending cocycles. Combined with
the Main Theorem, we prove the following.

Corollary 1.3. Let g € 8QD*(X).
(i) dim ¢2(Op(t*q)) = q/4;
(ii) under the correspondence between Prym differentials and points in the Prym variety,
the spectral data [1);] of Op(t2q) satisfies
dim [ — it Im Asw] = 0 in Prym(X,, X)/Ja(X) ,
— 00

where \gw s the Seiberg- Witten differential on )?q;
(i) (DUMAS) if T'y = oy + i3 is the shear-bend cocycle of Thurston’s pleated surface for

the projective connection Q(t2q) in (L.8)), then

lim ¢ Ty = Igw ,
t—+o0

where T'sw is the complex cocycle determined by the periods of Asw (see Definition
E}

In Part (ii) of the Corollary, Jo(X) denotes the 2-torsion points of the Jacobian variety of
X. Its appearance in the statement of part (ii) is due to the ambiguity in the choice of the
square root of Kx. Part (iii) also follows from the results of [Dum07b]| and [Dum06] (see
also [Dum07al).

We refine Corollary [L.3{i) with an error estimate ¢~2.(Op(t%q)) — ¢/4 = O(t™!) in
Proposition [6.10]

1.3. Further comments.

1.3.1. Discussion of the main results. The Hitchin parametrization of (an open set in)
My(X) gives it the structure of a torus fibration over QD*(X) which, via the Hopf differ-
ential of the harmonic diffeomorphism from X to a hyperbolic surface S, can be identified
with Teichmiiller space T'(X). Similarly, in the presence of a maximal lamination, Bonahon
also parametrizes (an open set in) R°(X) as a torus fibration over T'(X). The nonabelian
Hodge correspondence is a transcendental homeomorphism between these two pictures. The
asymptotic decoupling of the Hitchin equations reflects the conclusion of this paper that
these two torus fibrations are essentially asymptotically equivalent.

Previous work on the asymptotics of equivariant harmonic maps focused on the behavior
of divergent length functions corresponding to shearing cocycles, and this is well under-
stood. The novelty of the present work is to extract information on the compler length,
which involves bending. Perhaps not surprisingly, through the nonabelian Hodge correspon-
dence, bending turns out in the gauge theory picture to involve the unitary part of the flat
connection.

An important subtlety happens when the quadratic differentials have saddle connections.
These may occur in either the horizontal or vertical foliations, or both, and they play
different roles. Saddle connections in the vertical foliation give rise to the possibility of
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folding in the image of harmonic maps. This will be discussed more explicitly in §I.2.3]
below. More relevant are the saddle connections that appear in the horizontal foliation. In
this case, geodesic straightening of the leaves does not produce a maximal lamination, and
so a choice of mazimalization is required (see §2.4). Unlike the complicated wall-crossing
phenomena, that emerge from this situation in other contexts, here in the asymptotic limit
the choice of maximalization is a technical tool that amounts to a change of coordinates in
the identification ([1.7]).

In terms of the consequences of the Main Theorem, let us elaborate on the discussion in
the introductory paragraphs. The work of [MSWW16]| analytically describes the frontier of
My (Xp) as a torus fibration over 8QD*(X() for a chosen Riemann surface Xy; the elements
of a fiber are equivalence classes of Prym differentials defined in terms of ¢ € 8QD*(Xy).It
is not apparent how this parametrization of limiting configurations in terms of the Riemann
surface X relates to the one defined in terms of a nearby Riemann surface X. To clarify
the question, imagine a pair of sequences of representations {p;", p;’} C R°(X) where the
associated solutions to the self-duality equations have distinct limiting configurations in
a particular torus fiber over ¢o € 8SQD*(Xp). If we then change the original choice of
Riemann surface from Xy to X and consider the partial bordification of My(X), will the
solutions of for {p;", p.7} on the new surface X still have limiting configurations in a
torus fiber over a single quadratic differential ¢ € 8QD*(X), or will they accumulate over
different fibers? Corollary asserts that an entire limiting torus, defined in terms of either
Riemann surface, projects to a single point in the Morgan-Shalen compactification, which
is defined only in terms of the topologically defined projective vertical measured foliation
of g. Thus the tori of limiting configurations defined by X or Xy are either disjoint or
coincide. Moreover, and this property is more subtle, the elements of each torus fiber may
be identified by periods of a differential corresponding to the limiting bending cocycle of a
sequence of pleated surfaces. These periods are therefore also topologically defined. Turning
this discussion around, we thus see that Corollaries and provide a partial refinement
of the Morgan-Shalen compactification, an apparently topological result, via a construction
that is geometric-analytical.

Corollary provides an appealing picture of the space of complex projective structures.
The classical Schwarzian view of the space of complex projective structures is as an affine
bundle over Teichmiiller space: the fibers over a point X € T'(X) is the space QD(X) of
quadratic differentials on X, and we can focus our attention on a ray {tq,t > 0} C QD(X)
of Schwarzian derivatives on X. A basic question is to describe the image of this ray in the
fibration My (X).

In Corollary we see the end of such a ray, when seen as a family in My (X), shadows
a linear flow on one of the torus boundary fibers. Different rays over a common point X
in Teichmiiller space shadow flows over distinct tori, depending on the vertical foliation of
the common (projective) Schwarzian derivative. In short, the rays over a single Riemann
surface have ends accumulating in each fiber of the partial compactification of My(X). On
the other hand, rays over distinct Riemann surfaces, whose Schwarzians have a common
projective vertical measured foliation, shadow flows over a common torus fiber in the partial
compactification of My(X). Here the direction vectors of the flows reflect the underlying
Riemann surface of the family of complex projective structures, through the horizontal
foliation of the Schwarzians.

Finally, in the context of this last corollary, we provide a small bit of intuition for these
claims, effectively due to Dumas in this setting. A family of complex projective structures
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over X with proportional Schwarzians tq,t > 0 may be seen as the “graftings” of a family
of surfaces X = gr), (Xy). EI Here the lamination A is the bending lamination for a pleated
surface whose underlying hyperbolic surface is X;, and obviously the bending measure grows
with t. Of course, the result of the grafting is a fixed Riemann surface X, and so the pruned
surface X; reflects the increased bending by growing thin and long in the direction of the
bending lamination. But the representation [p;] € R°(X) of the pleated surface X; is what
we focus on in this paper. We see then that translation lengths for this representation must
be growing long, roughly parallel the stretched lamination A;. Passing from these synthetic
constructions to geometric analysis by considering the shape of the pi-equivariant energy
minimizing map u; : X — H3, the Hopf differential ¢; € QD*(X) of u; will have horizontal
foliation in the direction of the maximal stretch of the map, which in this case will be forced
to be along the very stretched lamination A;. Indeed, u; will crowd much of its image near
the maximally stretched lamination A;. The regions complementary to those mapping near
A will be stretched to efficiently connect components of A;, and they will thus lie near
portions of totally geodesic hyperbolic planes in H3. Taken together, these heuristics imply
that the image of u; will itself approximate the pleated surface f : S(g;) — H?.

Now, on the one hand, the analysis of [MSWW16] tells us, as a starting point, that p; will
have a limiting configuration in the fiber defined by the limit of normalized Hopf differentials.
The Main Theorem works by recognizing the gauge theoretic endomorphism that represents
such a limit point as an infinitesimal rotation in H? about the geodesic tangent to the image
of a horizontal leaf.

Ignoring for now the issue of how the harmonic map is bending near Ay, we note that near
the preimages of A;, the harmonic map is well-approximated by the very simple harmonic
map C — H3 which takes horizontal lines in the plane to a geodesic with a parametrization
proportional to arc length. As that simple model map has Hopf differential dz?, we see that
we can expect the vertical foliation of the p; harmonic map to predict the length spectrum
of the representation of p;, at least up to its leading terms. As the length spectrum of a
representation is independent of the choice X of the background Riemann surface, we find
evidence for Corollaries|1.1{and Finally, Dumas [Dum06| and [Dum07b| makes the deep
observation that A is well-approximated by the horizontal lamination of the Schwarzian, and
thus the underlying geometric lamination for the bending lamination A; becomes increas-
ingly fixed as t increases, even as the amount of bending grows linearly with the measure of
the horizontal foliation, i.e. linearly with ¢. That linear change in the complex translation
lengths of the dominant elements of the holonomy for pg, coupled with the just mentioned
relationship of the gauge theory to hyperbolic geometry, suggests the linear flow in Corol-

lary

3We provide a quick informal introduction to grafting. A complex projective structure will develop as
a domain over complex projective space CP'. We can regard CP' as OH®. Then given a pleated surface
(S, f,A, p) in H?, we can imagine exponentiating in the normal direction from the image f(S) of that
pleated surface. The limiting image of a totally geodesic plaque under this flow will inject onto a domain
in CP* bounded by circular arcs. The image of the bending lamination A is more complicated, reflecting
the complicated nature of a geodesic lamination, but can be imagined as (limits of) thin crescents that
connect the images of plaques: for example, if A were only a single simple closed curve « with bending
measure 0, then each lift of v would force the inclusion of a “lune” of width 6. Thurston observed that each
complex projective structure admitted a unique description as a hyperbolic structure S as above, together
with the insertion of flat lunes corresponding to the bending lamination. We might call S the “pruning” of
the complex projective structure.
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1.3.2. Relation with other work. The literature on Hitchin systems, solutions to differen-
tial equations on Riemann surfaces, and their asymptotic properties is vast, and the Main
Theorem in this paper may be viewed in that context.

Asymptotic decoupling of the self-duality equations has been studied in [Taul3, MSWWTI6),
MSWW19, Moc16 [Frel8b|. This idea is also central to the work of Gaiotto-Moore-Neitzke
[GMN13] and the conjectural structure of the hyperkihler metric on My(X) (see [DN19L
Frel8al). The idea of “nonabelianization” also arises from this work and is related to Fock-
Goncharov cluster coordinates and the Bonahon parametrization. This has been investigated
in Hollands-Neitzke [HN16, HN19] and Fenyes [Fenl5.

Corollary is a kind of zero-th order analog of the much more extensive results from
the ezact WKB analysis of Schrédinger equations [KT05| (where ¢ = 1/h). In particular,
the period map

(1.10) Z(7) =/Asw :
ol

for v representing an odd homology class on )?q, plays a central role in [GMN13]. For some
recent work, see [IN14] [AII19b] [All19al.

1.3.3. Outline of the paper. This paper is organized as follows. In §2| we have provided a
rather large amount of background material in order to make the rest of the paper accessible
to a wide readership. The main topics are the moduli space of solutions to the self-duality
equations, limiting configurations, and their relation to spectral data and Prym differentials.
We also provide details on equivariant harmonic maps and their high energy properties. The
section concludes with background on laminations, measured foliations, train tracks, and R-
trees, which will be useful in the sequel.

These preliminaries are followed in §3| by a discussion of “bending”. We first introduce a
naive geometric notion of how to measure the bending of an immersive map to hyperbolic
space in terms of dihedral angles of intersecting tangent planes. In the context of the
equivariant maps that appear in the nonabelian Hodge correspondence, we compare this
notion to an alternative definition of bending coming from parallel translation in bundles
with connections. When Higgs pairs approach a limiting configuration, the gauge theoretic
bending is shown to be determined by the periods of Prym differentials.

In §4] we review the notion of a transverse cocycle to a geodesic lamination, as well as
Bonahon’s parametrization of the character variety R(X). In Lemma we show that under
certain assumptions on the pleating locus the bending cocycle can be related to the geometric
notion of bending introduced in §3] We use this property to derive the bending cocycle of a
pleated surface from the gauge theoretic notion of bending, under the assumption that the
pleated surface and the image of the equivariant harmonic map are appropriately close.

The existence of a pleated surface with the properties just mentioned is proven in §5]
The required asymptotic results for high energy harmonic maps are largely due to Minsky.
The key idea is to compare an arrangement of geodesics in H? obtained from the image of
horizontal leaves of the foliation by an equivariant harmonic map to the geodesic lamination
on the hyperbolic surface corresponding to a harmonic diffeomorphism with the same Hopf
differential. We show that by perturbing this hyperbolic structure slightly, the geodesic
configuration in H? extends to a pleated surface.

Finally, in §6] we give the proofs of the Main Theorem and its corollaries.
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2. BACKGROUND MATERIAL
2.1. Higgs bundles.

2.1.1. The self-duality equations. We introduce the setup for Hitchin’s self-duality equations
for a topologically trivial rank 2 complex vector bundle E in a form that will be useful later
on.

Fix a choice of spin structure K)l(/ ? asin i and consider

(2.1) E=K oK.
A choice of conformal metric ds? = m(z)|dz|*> on X induces a hermitian metric h =

(m'/2,m~1/2) on E which will be fixed throughout. Notice that the determinant line bundle
det F with its induced metric from h is canonically trivial. Let gg be the vector bundle of
traceless skew-hermitian endomorphisms of E, and g% its complexification consisting of all
traceless endomorphisms. We will also often use v/—1gg, the bundle of traceless hermitian
endomorphisms. The hermitian metric h on E induces a hermitian metric on the associated
endomorphism bundle g% which is given by

(A, B) = 5 x(AB™)

for A, B € I'( g%). On the subbundle of traceless hermitian endomorphisms this metric reads
(A,B) = (1/2) tr(AB).

Denote by A(E, h) the space of smooth connections on E that are unitary with respect
to h and which induce the trivial connection on det E. This is an affine space modeled
on QY(X,gg). A d-operator O on E defines a holomorphic bundle & which we will often
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denote by & = (F,0g). There is a connection A = (9g,h) € A(E,h) called the Chern
connection that is uniquely determined by the requirement

éA = (dA)O’l = 3E .

In this way, A(F, h) is identified with the space of d-operators on E. Similarly, there is a
real linear isomorphism

(2.2) QN X,V—-1gp) = QYO(X,¢8) 0 & = 00
with inverse:
(2.3) U =0+ o™

We shall often use this convention, ® <» W, for the isomorphism (2.2)).

A Higgs bundle is a pair (0g, ®), where dp® = 0. The Higgs field ® may either be
regarded as a holomorphic 1-form valued in the sheaf Endg€ of traceless endomorphisms of
&, or as a holomorphic section of Endy€ ® Kx. The context throughout will make clear
which interpretation applies.

For a pair (A, V) € A(E,h) x Q1 (X,/~1gg), the system of PDEs

Fa+ [T AT]=0
dA(*\I/) =0

is called the self-duality equations. A solution (A, ¥) gives a Higgs bundle (04, ®).
The holomorphicity of ® follows from the last two equations in . Conversely, Hitchin
shows that for a polystable Higgs bundle (g, ®) there is a complex gauge transformation
g such that the Chern connection and ¥ associated to g - (Og, ®) give a solution to 2.4).
Polystability will not play a role in this paper, so we omit its definition. We frequently refer
to a solution (A, ¥) of as a Higgs pair.

Let My (X) denote the moduli space of unitary gauge equivalence classes of solutions of
(2.4). Then Mu(X) is a quasiprojective variety of dimension 6g — 6. By a slight abuse of
notation, when (9g, ®) is polystable and (A, ¥) the associated solution to as in the
previous paragraph, we shall write [(Og, ®)] to mean the gauge equivalence class [(4, V)] €
My(X).

A very important fact used in this paper is the following: If (A, ¥) is a solution to
then the SL(2, C)-connection

(2.5) Vi=dsy+ V¥
is flat. This follows from the first two equations of (2.4)).

2.1.2. Quadratic differentials. Recall the notation QD(X), QD*(X), 8QD(X), and §QD*(X)
from §1.1.1l We define a norm on QD(X) by

i _
lall = [ la()] 5z nds.
X

where ¢ = q(2)dz? in local conformal coordinates, and we let Z(q) denote the set of zeroes
of ¢q.
The map

(2.6) A My(X) — QD(X), [(A, )] — %tr(\ll @ U)*0 = —det @,
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is holomorphic, proper and surjective. Its restriction to Mj(X) := #~1(QD*(X)) is a
fibration with fibers consisting of half-dimensional complex tori (cf. below).

As shown in [Hit87], the Hitchin fibration . has a global section described as follows.
The bundle E has a distinguished holomorphic structure 8y coming from the splitting
and the holomorphic structure on K)jgl/z. Let Ag be the Chern connection associated to
(0o, h). Then the section is given by:

(2.7) S AD(X) = My(X), g+ [(@,0,@ = (2 é))]
recall the convention concerning the notation [(Og, ®)] from the previous section).
( g

2.1.3. The partial compactification by limiting configurations. Properness of the Hitchin fi-
bration implies that every sequence (A4,,¥,), n € N, of solutions of eq. such that the
sequence g, = —det ®,, (recall, ® = ¥U'Y) is bounded has a subsequence that converges
smoothly modulo the action of unitary gauge transformations. Conversely, a sequence
(A, ¥,) diverges if the sequence ¢, of holomorphic quadratic differentials diverges: i.e.
llgn|li — oo as n — oco. Notice that the latter is equivalent to || ¥,|l2 — oo as n — oo (here
the subscript refers to the L?-norm).

By the results in [MSWWI16| (see also [Taul3|), the open and dense region M} (X) of
Mu(X) admits a bordification by the set OM;;(X) of so-called limiting configurations, as
we explain next. To this end, we introduce the decoupled self-duality equations

Fa=0, [UAT]=0
(2.8) dal =0

dA(*\I’) =0
for a Higgs field ¥ and a unitary connection A.

Definition 2.1. Let ¢ € QD*(X). A pair (A, ¥) is called a limiting configuration for ¢ if
det ® = —g and (A, V) is a smooth solution of (2.8)) on the punctured surface X := X\ Z(q).

This definition only applies to solutions for differentials ¢ € QD*(X). We refer to [Mocl6]
for the definition and description of limiting configurations for points ¢ € QD(X)\ QD*(X).

Example 2.2. Recall the connection Ay from (2.7)). For ¢ € QD*(X), we define

1, - i 0
A2.(0) = Ao+ 5 (mnoglal) (7).

7
(2.9) < 0 uqul/z)
(I)oo - _ 5
@= g2 0

VUoolq) = Poo(q) + P32 (q)

where ||q|| means the (pointwise) norm with respect to the conformal metric ds®. The pair
(A% (q), Uoo(q)) is a limiting configuration for ¢. Tt will later become important as the
limiting configuration corresponding to a pleated surface with zero bending cocycle. We
therefore call it the Fuchsian limiting configuration associated to q.

We shall often write (4%, ¥, ), where the quadratic differential is understood. More gen-
erally, any other limiting configuration (As, o) representing a point in the fiber 2 ~1(q)
is of the form

(2.10) Aww=A%+n, MAVs]=0, and dapn=0,
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where n € Q'(X,gg). The group § = §(E, h) of unitary gauge transformations of E acts
on the space of solutions (Ao, ¥so) to eq. (2.8), and we define the moduli space

OM},(X) = {all solutions to (2.8) for ¢ € QD*(X)}/G x RT.

We make two remarks concerning this definition. First, there is some ambiguity in that
we can either divide out by gauge transformations that are smooth across the zeroes of ¢ or
by those that are singular at these points. The latter group is more complicated to define
because it depends on ¢, and most elements in its gauge orbit are singular. We therefore
take a view consonant with the original definition of limiting configurations in [MSWWT16],
where each (Ax, ¥o) is assumed to take a particular normal form in disks D,, around each
zero of ¢. This normal form is given on each by D, by the Fuchsian limiting configuration
(A% (q), P(q)) and identically vanishing = 0. With this restriction, we divide out by
unitary gauge transformations that are the identity near each D, (cf. [MSWW19]).

Second, since there is an equivalence up to positive real multiples of W, it is natural to define
the projection:

(2.11) Ho : OMGH(X) — 8QD*(X)

defined by mapping (Ao, Yoo) — ¢/||q||1, where ¢ = — det .

We now describe the structure of the set OM};(X) of limiting configurations more closely,

summarizing the results in [MSWWI16|, §4.4]. For (A, ¥oo) € 25 (q), define the real line
bundle Ly — X by

(2.12) Li={necgr| [P An =0}.

Let Lg = L, ®r C denote the complexification. Then L, and Lg are d 4 -invariant line
subbundles of gg and g%, real and complex respectively. Notice that the second component
®, of a limiting configuration is completely determined modulo unitary gauge by the holo-
morphic quadratic differential g. Hence, the flat bundle L, also only depends on ¢, which
justifies the notation. The ungauged vertical deformation space at (Axo, Poo) is identified
with
ZNX) 5 Lg) = {n € @YX, Ly) | dag 1 = O},

Next consider the subgroup Stabg_, of unitary gauge transformations which stabilize ®.
If g € Stabg_ lifts to a section of Ly, i.e., g = exp(y), v € QO(XqX,Lq), then ¢ acts on
A =A% +n,n€ Ql(XqX,Lq) by

9(Ass) =g g + g N (dang) =0+ dao v

(recall that L, is an As-parallel line subbundle of gg, so g~'ng = n and da__ exp(y) =
exp(7y)da.. 7). Hence the infinitesimal vertical deformation space is

Hl(XqX?Lq) = Zl(XqX§Lq)/Bl(XqX§Lq) )
where
BY X[ Lg) = {dav | 7€ (X, Ly} .
If all zeroes of ¢ are simple, then
dimg H' (X, ; Lg) = 69— 6 ,

where g is the genus of X. To obtain the moduli space, we must also divide the infinitesimal
deformation space by the residual action of the component group mo(Stabg_ ). Under the
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correspondence above, this consists of an integral lattice H} (X ¢ » Lq) under the exponential
map.

Proposition 2.3. The moduli space of limiting configurations with a fired ¢ € QD*(X) is
%_1((]) = Hl(XqX)Lq)/H%(XqX7Lq) °

o0

This is a torus of real dimension 6g — 6.

2.1.4. Approzimate solutions. Following [MSWW16, §3.2], for suitable functions f, h, and x
to be specified below, we define the family of approximate solutions S;™(q) := (A;*"(¢q)+

n,t WP (q)) by
AfP(q) == Ao + (5 + x(lal)(4f:(llql) = 5))Im dlog ||q]| <_0Z Q) :

7
0 HQH1/2€X(||q“)ht(||QH)
app L
) (Hqu/%x(qll)ht(qn)q 0 7

WP(q) = B () + (95()

Regarding the formula for U§PP we follow our convention that ® = U0 (¢f. the beginning
of §2.1.3). We may view these approximate solutions as desingularizations of the limiting
configurations introduced before. Indeed, as ¢ — oo there is smooth local convergence
SiPP(q) = (A% (q) + 1, Poo(q)) on XX, Here the 1-form 7 satisfies (2.10).

We now turn to a more detailed explanation of the functions used to define the approx-
imate solution in (2.13). Here hy(r) is the unique solution to (rd,)?h; = 8t*r3sinh(2h,)
on R* with specific asymptotic properties at 0 and oo, and f; = % + %r@rht. Further,
x : Rt — [0,1] is a suitable cutoff-function. The parameter ¢ can be removed from the
equation for h; by substituting p = %tr3/2; thus if we set hy(r) = v¥(p) and note that
ro, = %p(‘)p, then

(2.13)

L.
(b0 = 5 p* simh(20)
This is a Painlevé 111 equation; there exists a unique solution which decays exponentially as
p — oo and with asymptotics as p — 0 ensuring that A;*” and @} are regular at r = 0.
More specifically,

o Y(p) ~ —log(p'/3 <Z§io ajp4j/3) , pl0;
o U(p) ~ Kolp) ~p 2P Y2 0bip™d , p oo
e (p) is monotonically decreasing (and strictly positive) for p > 0.

These are asymptotic expansions in the classical sense, i.e., the difference between the func-
tion and the first N terms decays like the next term in the series, and there are corresponding
expansions for each derivative. The function Ky(p) is the Bessel function of imaginary ar-
gument of order 0.

In the following result, any constant C' which appears in an estimate is assumed to be
independent of t.

Lemma 2.4. [MSWW16, Lemma 3.4| The functions fi(r) and hi(r) have the following
properties:
(i) As a function of r, f; has a double zero at r = 0 and increases monotonically from
ft(0) = 0 to the limiting value 1/8 as r T co. In particular, 0 < f; < %.
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(i) As a function of t, f; is also monotone increasing. Further, limpo ft = foo =
uniformly in C* on any half-line [ro, 00), for ro > 0.
(i4i) There are estimates

1
8

supr L fi(r) S CE¥3 and  supr2fi(r) < CtY3 .
r>0 r>0
(iv) When t is fized and v | 0, then hy(r) ~ f%logr + bg + ..., where by is an explicit
constant. On the other hand, |hi(r)| < C’exp(—%tr3/2)/(tr3/2)l/2 fort >ty > 0,
r =19 > 0.
(v) Finally,

sup r2eth) <o ot>1 .
re(0,1)

It follows from the results in [MSWWT6] that the approximate solution S;PP satisfies the
self-duality equations up to an exponentially decaying error as t — oo (which is uniform on
the closed surface X), and there is an exact solution (A, t®Py) in its complex gauge orbit
(unique up to real gauge transformations) which is no further than Ce 5 pointwise away
(w.r.t. any C* norm) for some 3 > 0.

2.1.5. Conwerging families of Higgs pairs. For a holomorphic quadratic differential ¢ €
QD*(X), recall the fiber 77 ~1(q), where J# is the Hitchin map (2.6,

Definition 2.5. Consider a family [(A,t¥;)] € 5271 (t? ), where ¢ € 8QD*(X) and
@ — q € 89D*(X). Then [(Ast¥,)] is said to converge to [(As, Voo)] € H5%(q) as
t — oo if, after passing to a subsequence and modifying by unitary gauge transformations
(which we suppress from the notation), the family of pairs (A, ;) satisfies the following:

(Convergence): The sequence (A, ¥;) converges to (Aso, Vo) as t — oo in LP(X) for
all 1 < p < 2, locally in C*(XX) for all £ > 0 at an exponential rate in ¢.

(Singularities): For every zero p € Z(q:), locally on the punctured disk D) (equipped
with polar coordinates (r,6)) the connections A; are in radial gauge:

—i 0
s (3 )
for some uniformly C%-bounded family of smooth functions F;: D, — R such that
F, — F, pointwise for some smooth function F.: D, — R as t = oo.

(Approximation): For every integer £ > 0 there exist constants 3, C' > 0, not depend-
ing on ¢, and a 1-form 1, € Q'(X, gp) satisfying [® (¢z), 7] = 0 and d yape (g7 = 0
such that

H(An Uy) — (AP (q) + my, W?pp(Qt))HCz(X) < Ce Pt
for all ¢t > 0.

Theorem 2.6 ([MSWWI16|). Every family [(A, t ;)] € 571 (t? ¢) with ¢ € K C 8QD*(X),
where K is any compact subset, subconverges to a limiting pair [(Aso, Voo)] € #5 (gs0) as
t — oo in the sense of Definition[2.5. Conversely, every limiting configuration arises in this
way.
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Proof. By compactness of the set K, one has subconvergence ¢ — ¢oo for some ¢, € K.
The main part of the assertion follows from [MSWW16, Thm. 6.6] and its proof, which yields
the (Approximation) axiom for any such family of Higgs pairs. There, only a polynomial
bound for the C*-norm of the difference (A" (g¢) +n¢, @77 (1)) — (A¢, ®;) is stated, but the
proof shows that it can be improved to an exponential bound. The other two axioms then
follow, since they are satisfied by the approximating family (A;""(q:) + ne, t D77 (¢¢)) (again
by the construction in [MSWW16]), and therefore also by [(A¢, t ®;)]. The last statement is
contained in [MSWW16, Thm. 1.2]. O

2.2. Spectral curves.

2.2.1. The BNR correspondence. Let m: |Kx| — X be the projection from the total space
|K x| of Kx. There is a tautological section A of the holomorphic line bundle 7*Kx — |Kx|.
Given g € QD*(X), the pullback 7*¢ is a section of 7*K% — |Kx|. Let

(2.14) X, ={T € |Kx|| \*(@) = m"q(@)} C |Kx] .

Then Xq is a compact Riemann surface called the spectral curve associated to ¢ (nonsin-
gular, since ¢ € QD*(X) has simple zeroes). The restriction of the projection, 7 : X, — X,
realizes X as a ramified double covering of X with simple branch points at the zeroes Z(q)

of q. By the Riemann-Hurwitz formula, X has genus 49 — 3. Moreover, X admits an
involution Z — —Z which we denote by o.
Recall that the Prym variety associated to the covering is

Prym(X,, X) = {£ € Pic(X,) | "L ~ £*} .
Theorem 2.7 (|[BNR89, Prop. 3.6]). There is a 1-1 correspondence between points in
Prym(X,, X) and isomorphism classes of Higgs bundles (€, ®) with det & = —q.

The association in Theorem goes as follows, see also [MSWW19, §2.2]. Recall that
we have fixed a square root K)1</2. Given £ € Prym(Xq,X), let U=L®n* (K)l(/z) Then
&€ = m(U) is a rank 2 holomorphic bundle on X with trivial determinant, and multiplication
by A gives a map:

:&=mU) S mnUer(Kx)=E® Ky ,

with det ® = —q. In the other direction, given a Higgs bundle (€, ®), U is defined by the
exact sequence (cf. [BNR89, Rem. 3.7])

A—7*
(2.15) 0 —URIz — 7 () —— 1 (E® Kx) U (Kx) — 0,
where Jz is the ideal sheaf of Z = Z(q) and we regard 7*® as a holomorphic section

of 7 (Endp€ ® Kx). Since the details of this will be important in the sequel, we briefly
elaborate eq. (2.15)). The first thing to note is that we have an exact sequence

(2.16) 00— 7€) —Udo"(U) - U0z — 0.
The last map is given by mapping sections (u,v) € U® o*(U) to u(p) — v(p), for p € Z. To
prove this statement, let A C X, be an open set. Then by definition, as O 4-modules,

7 (E)(A) = m (W) (7 (A)) ®0,4) 04 = U(r tm(A) @04 =U(AUG(A) @Oy .

Now, as an O 4-module, U(c(A)) = o*(U)(A). Hence, local sections of 7*(€) are sections of
U@ o*(U) that agree at Z; thus, (2.16).
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Let (u,v) € 7*(€) C Ud o*(U). Now & acts by multiplication by A. Since c*\ = —A,
we have 7*®(u,v) = (Au, —Av). Therefore, (u,v) € ker(\ — 7*®) if and only if v = 0. The
condition in forces the image to consist of sections u of U that vanish at Z, which
is the first term in (2.15)). Similarly, the image of A — 7*® consists of local sections of the
form (0,2\v), i.e. sections of 0*(U) ® Iz ® 7*(Kx). This is precisely the kernel of the
projection 7*(&) @ 7 (Kx) — U ® 7*(Kx) given by projection onto the first factor. This

proves exactness of (2.15]).

Remark 2.8. The following will be important.

(i) For ¢ > 0 there is a natural biholomorphism f; : X'q — qu, and pulling back line
bundles gives an isomorphism Prym()?tzq,X ) = Prym()?q,X ). Under this corre-
spondence and Theorem [2.7] (€,t®) — (€, ®).

(ii) Note that dm is a holomorphic section of KA ® ™K' with simple zeroes at Z(q).

Since A\ € HO()?q,W*KX) also vanishes at Z(q ), it follows that K)A(q =1 K%.

2.2.2. Prym differentials. Let m : )?q - X = )?q/a, be as in the previous section. Recall

the exponential sequence

P (9* — 1,
q

0—>2m’Z—>O

and associated long exact sequence in cohomology:

2micy

0 — H'(X,,2miZ) — H'(X,, 05 ) — H'(X,, 0% ) — H?(X,,2miZ) — 0 .
This gives an identification:
p: H' (X, 05 )/H" (X, 2miZ) =5 Pico(X,y) i=kerer € H'(X,, 0% )
Via the Dolbeault isomorphism, we obtain an isomorphism:
(2.17) 6 Hy'(Xg)/H (X, 2miZ) = H'(X,, 05 )/H' (X, 2miZ) .
Now, consider a d-operator J;, = 0 + a on a trivial complex line bundle L, where a €

Q01 (X Aq). Let £ denote the associated holomorphic bundle. Then a defines a class [a] €

HO 1( )/Hl(Xq, 2miZ), and £ defines a class [£] € Plco( q¢)- We have the following well
known result.

Lemma 2.9. pod(—[a]) = [£].

The map a — a — & gives a real isomorphism Hg’l()?q) ~ H! ()?q,iR). Combined with
the Lemma 2.9 we have
(2.18) Pico(X,) ~ H'(X,,iR)/H"(X,, 2miZ) ,
The involution o acts on H'! ()A(q, iR), giving a decomposition into even and odd cohomology:
H'(X,,iR) = HL (X, iR) & H}yy(X,, iR) .
Clearly, HZ,( q,zR) H'(X,iR). Let
(2.19) H} (X, 2miZ) := HY (X, 2miZ) N Hlyy( Xy, iR) .

Using (2.18)), we see that there is an isomorphism
(2.20) Prym(X,, X) = Higq(Xy, iR)/Hogq(Xy, 2miZ) .
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Canonical representatives of elements of H, gdd()?q, iR) are given by odd, imaginary, har-
monic forms, and the space of such will be denoted by H!, (X4, iR). We call H! ,(X,,C)
the space of harmonic Prym differentials. Let Hgdd (Xg, K ) denote the space of holo-

q

morphic differentials on )/(\'q that are odd with respect to the involution. We shall call
Hgdd (Xg, K¢ ) the space of holomorphic Prym diﬁ'erential We have an isomorphism:
q

(2.21) Hoaa (X, iR) =5 Hogg( Xy Kz ) : 7= 70 .

o

There is a distinguished nontrivial holomorphic Prym differential associated to the Liou-

ville form on |Kx|. The dual of the tangent sequence associated to 7 gives
(dm)*
0— 7Ky —— T*|Kx| — 7" Kyx' — 0.

The (holomorphic) Liouville 1-form on |Kx| is by definition the image of the section A €
H°(|Kx|, 7" Kx) under this exact sequence, or in other words, (dm)! oA = Xodm. Its
restriction to X, is a holomorphic 1-form on X, that is odd with respect to the involution.
We call this the Seiberg-Witten differential:
(2.22) Asw (= A®dm .

We shall see in Corollary that the spectral data in Prym()?q,X) associated to the
Seiberg-Witten differential are closely related to complex projective structures.

Remark 2.10. It is customary in the literature to suppress dm from the notation in
and denote the form Agy on )?q simply by A. Note that the latter is a section of 7* K x and
not K %, = W*K)z(. Since both of these differentials will figure prominently below, we prefer
to keep the notational distinction.

2.2.3. Prym differentials and limiting configurations. Continue with the notation of the pre-
vious section. Let us introduce

_( 0 AT N
(2.23) Wy = (AIIAII” o ") €End(n"E) .
Then we may write
(2.24) TP = Asw ® W2,

where @, is defined in , Asw in , and we emphasize that here we regard 7*® as
the pullback of an endomorphism valued 1-form. It follows that W5 lies in F*Lg. Moreover,
Wy is hermitian, and by a direct computation (cf. the proof of Proposition we have that
d Ao Wy = 0.

Let 7 € H] ()A(q, iR). Then, because 1® Wy commutes with @, we see that n = n@ W, €
Ql()A(qX,w*Lq) is invariant with respect to o, and so 7 descends to X. By the flatness of
Wa, the form 7 is also d 40 -harmonic. Hence, it defines a class in HY(X*,L,). Notice that
|ln|| is bounded, and therefore, in L?. Conversely, suppose 7 is a d 49_-harmonic form in
QX L,) that is in L2, Then we can write 7*n = 7 ® Wa for 7, a pure imaginary form on
)A(qx that is anti-invariant with respect to o. Moreover, since 7 is harmonic and in L?, the
form 7 satisfies dif = d*nf = 0 weakly, and so by elliptic regularity it is a smooth harmonic

4The terminology we use here is somewhat nonstandard: Prym differentials as odd classes are usually
defined for unramified covers (see [Gun67, Mum74]). Here we follow [Fay73 p. 86].
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Prym differential. This leads to the following identification of harmonic Prym differentials
with the space of limiting configurations.

Proposition 2.11. The maps )’qu — )/(\'q, and N — n, ©™n =1 Wy induce isomorphisms
(2.25) Hoad ()?m iR) = Hlyq ()?qx JiR) = H' (X Ly)

which send the integral lattices H] ()?q, 2miZ) to HL(X ™, Ly). Hence, combined with ([2.20)),

this gives an identification

(2.26) Prym(X,, X) ~ 2" (q)

oo

which is natural with respect to scaling by t > 0.

Proof. The first isomorphism in (2.25) was shown in [MSWW19], and the second holds
by the above discussion. It remains to show that under these identifications the lattices
H. 4 ()A(q,27riZ) and H}(X*, L,) are preserved. Indeed, suppose [7)] € Hgdd()?q,QmZ), and
choose a representative 1 that is odd. Choose a base point wyg € Z C )?q, and for w € )?q,

let
4(w) = exp </wﬁ® W2<w>> .

wo

Since 1 has 2miZ periods, and
(2.27) exp (2mikWa(w)) =1,

for k € Z, one sees that g(w) is well defined independent of the path of integration from wq
to w. Moreover, notice that

o(w) w w
(2.28) / n= / o'n = —/ n mod 27iZ .
wo wo wo

Therefore,

o(w) w
g(o(w))g(w)™" = exp {/ 1 ® Wa(o(w)) / ne W2(w)}

o(w) w
= exp { (/ ?)Jr/ ?)) ® Wg(w)} since Wa(o(w)) = —Wa(w)
wo wo
— 1 by @29 and @20 .

Hence, g is a well defined U(1)-gauge transformation on X, and i ® Wy = g~ 'dg. Con-
versely, as mentioned in the discussion prior to Proposition the group HL(X*, L,) of
components of the stabilizer of ®,, is generated by global gauge transformations of this
form. R R R R

The final statement holds, since if m; : X3 = X, 7: X; = X, f; : Xy — Xy is given by
multiplication by ¢%/2, then writing

W?n:ﬁt®W2v7T*77:ﬁ®W2’

it is easy to see that ffn, = 7. O



22 A. OTT, J. SWOBODA, R. WENTWORTH, AND M. WOLF

2.2.4. Limiting configurations and spectral data. Recall the sequence (2.15). In the case
where U = W*(K)l(/z), we have & = K;(l/z @ Kl/z, and ¢*(U) = U. The isomorphism
between the description of 7%(€) in (2.16)) and the pullback of this bundle is given by:

(1, v) 1> (;A_l(u ), %(u + v)> |

Note that the first factor on the right hand side above is regular because v — v vanishes at
the zeroes of A.

In fact, the correspondence in occurs at the level of spectral data as well, in a
manner we now describe. The image of the map

(2.29) T(KY)©T, — B s (HAHWA s, |AlI71/2 )

is the kernel of A — 7*®,,. This is a holomorphic embedding for a limiting configuration
da,, = dyo +n if and only if as a holomorphic bundle, U = £ ® w*(K)lf/z), and £ is the
trivial bundle on )?q with O-operator determined by the (0,1) part of 7).

Thus, the correspondence in Proposition is between limiting configurations and “lim-
iting spectral data”. To make sense of the latter, consider the following situation. Let
gn — q € 8QD*(X), and let B C 8QD*(X) be a neighborhood of g. Then there is a smooth
holomorphic fibration p : X — B of complex manifolds, where for b € B, p~1(b) is the
branched covering X, — X. For j large, ¢n € B, and the Gauss-Manin connection on X
gives an identification of Prym differentials on )A( , and Xq which preserves the integral
lattice; and hence also an identification of spectral data. With this understood, we have the
following.

Theorem 2.12. Suppose 1), is a sequence of imaginary harmonic Prym differentials on )?qn

converging to a differential 1 on Xy, in the sense of the paragraph above. Let t,, — +o00. Let
(En, tn®y) be the Higgs bundles associated to 7, via the identification and Theorem
(see also Remark (1)), and let (A, ¥,) be the corresponding solutions to the self-
duality equations. Then any accumulation point of the sequence (An,\I’ ) in the space of
limiting configurations is gauge equivalent to (A% +n, V), where 7%n =17 @ Wa.

Proof. Suppose without loss of generality that (A,,¥,) converges to a limiting configura-
tion (As, ¥oo). Then (Aso, ¥oo) is in the fiber 2251 (q), and Ay is gauge equivalent to a
connection of the form A% + 1y, where 7*ng = 7o ® W for some 7jy € Prym()A(q, X). We
must show [1g] = [1)]. For this, it suffices to show that 7y and 7 have the same periods on
the homology H9d (X ), modulo integers. For any class [J] € HP (X ), we may choose a
representative 7 C qu_ The pullback connections 7*A,, converge to 7 A in CR5 on )?qx

with respect to the fibration X introduced above. On the other hand, as discussed above, the
class [0, of the spectral data for (&,,t,®,) is determined by the restriction of 7*A,, to the
line subbundle in the embedding (2.29), and the same is true for [fjg]. Hence, convergence
of the connections away from the branching locus implies the periods of 1 and 7y agree. [

Theorem states that the partial compactification of #~1(8§QD*(X)) via spectral
data mentioned in the comment following Corollary [L.T]is compatible, via Proposition 2.11]
with the description of ideal points in terms of limiting configurations.
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2.3. Equivariant harmonic maps. The goal of this section is to relate the Riemannian
geometry of the hyperbolic space H? to the gauge theory of Higgs bundles. The main
result is Theorem below. All of this material is standard and is explicitly or implicitly
described in Hitchin [Hit87] and Donaldson [Don87], and more generally in Corlette [Cor88],
Jost-Yau [JY91], and Labourie [Lab91]. Nevertheless, in order to make the exposition here
self-contained and to get the correct normalizations, we wish to reformulate the general
description to suit the purposes of this paper.

2.3.1. Statement of the result. With a choice of lift pg € X of po € X, the fundamental
group m = m1(X,po) acts by deck transformations on X. Given p:m — SL(2,C), we say
that a map u : X — H? is p-equivariant if u(yz) = p(y)u(z) for all z € X, v € 7. If u
is C?, we say that v is harmonic if dgicdu = 0. Here, we let du € Ql()N(, uw*TH?) denote
the differential of the map u, and V'C the Levi-Civita connection on H3. The key existence
result is stated here.

Theorem 2.13 ([Cor88, Don8&7, LJY91l [Lab9l]). Suppose that the representation p : m —

SL(2,C) is completely reducible. Then there exists a p-equivariant harmonic map u : X —
H3. If p is irreducible, then u is unique.

The Hopf differential of a map u : X — HB3 is defined as the (2,0)-part of the pull-back
of the metric tensor of H?:

(2.30) Hopf (u) = (u*dsfs)*? .

A very important and classical fact is that Hopf(u) is a holomorphic quadratic differential
if w is harmonic.

As before, let £ — X be a hermitian rank 2 vector bundle and recall that g and
v/—1gg denote the bundles of traceless skew-hermitian and hermitian endomorphisms of E,
respectively. A central construction used in this paper is the following.

Theorem 2.14. Let (A, V) be an irreducible solution of the self-duality equations (2.4]).
Choose pg € X and py € X as above and a unitary frame of the fiber E,, of E at po.
Let p: m(X,po) — SL(2,C) be the holonomy representation of the flat connection V =
da + V. Then the unique p-equivariant harmonic map from Theorem satisfies the
following properties.
(i) The pullback w*TH® descends to a bundle on X that is isometrically isomorphic to
V—1gg. Under this identification:
(ii) The orthogonal connection da on /—1gg corresponds to the pull-back of the Levi-Civita
connection V¢ on H3.
(i) The hermitian 1-form —2¥ € QY(X,\/—1gg) corresponds to the differential du €
QN X, uw*TH3).
(iv) The Higgs field U and the harmonic map u determine the same quadratic differential
in the sense that Hopf(u) = 2tr(¥ @ )20,

Remark 2.15. Indeed, while our focus in this paper is on harmonic maps, Theorem [2.14]
holds for general p-equivariant maps u: X — H?, as will become clear from the discussion
below.

The remainder of is devoted to the proof of Theorem [2.14]
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2.3.2. The matriz model of H3. We view the hyperbolic space H? as the homogeneous space
SL(2,C)/SU(2). The latter may in turn be identified with
2 = {h € Matax2(C) | h =h*, deth =1, h > 0},

where the identification maps the coset [g] — gg*. Note that the left action by SL(2,C)
then corresponds to g - h = ghg*, and that 2 has a distinguished point corresponding to
h =id.

The tangent space is given by

(2.31) T,\H? ~ T2 = {H € Matoyo(C) | H= H*, tr(Hh™ ) = 0}.
It will be useful to have another description of the tangent space as
(2.32) TyH? ~ {K € Matyx(C) | (Kh)* = Kh, tr(K) =0}.

The correspondence between the two descriptions is given by H — K = Hh™'. We shall

refer to as the hermitian model and to as the traceless model. From the
traceless model, we see that the complexification TH? ® C = H? x C3 is trivial, and the
fiber is identified with the space of traceless 2 x 2 complex matrices. The real bundle TH?
is recovered as the fixed point set of the complex antilinear map 7 = 7, given by

(2.33) (M) = hM*h~ L.
The invariant constant curvature —1 Riemannian metric on H? is defined by
(2.34) (Hy, Ho)ys , = %tr(th_ngh_l)
for H; € T,H? in the hermitian model. If we define the hermitian structure on TH? ® C by
(2.35) (My, Ma)ss = %tr(MthQ*h_l) ,

then the map H — K between models is a real isometry for the induced metric on the fixed
point set of 7.

Lemma 2.16. In the traceless model the Levi-Civita connection of H? is given by
1
(2.36) VK = dK — 5[dhifl, K] .

Proof. On [Don87, p. 129] it is shown that the connection in the hermitian model is given
by

1
(2.37) VYCH = dH — i(dhh’lH + Hh™tdh) ,
for H € T,H3. Pulling back this connection to the traceless model means computing
VLC(Kh)h™!, and this gives (2.36)). O

2.3.3. Flat bundles on H3. We define a rank 2 hermitian bundle V' — H? using the homoge-
neous space description. More precisely, endow SU(2) with a right action on C%: v-h = h~tv,
for v € C2, h € SU(2), and then define

V = (SL(2,C) x C?) /SU(2) ,
for the diagonal action. Smooth sections of V' then correspond to functions s: SL(2, C) — C?

satisfying: s(gh) = h™'s(g) for h € SU(2). A hermitian structure on V is then derived from

the standard inner product on C2. We define a connection on V as follows: (Vs)(g) =
ds(g) + g 'dg - s(g). One easily verifies that this connection is well defined and flat.
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Now consider the bundle EndgV — H3 of traceless endomorphisms of V, with its flat
connection V induced from the connection on V' described in the previous paragraph. This
is a rank 3 complex vector bundle. Recall from the previous section that the trivial bundle

TH3®C is also a rank 3 complex hermitian bundle. We endow it with the trivial connection:
VEM :=dM.

Proposition 2.17. There is a bundle isometry EndgV =% TH? ® C which intertwines the
flat connections V and VC.

Proof. Endomorphisms T of V are given by functions 7' : SL(2,C) — EndoC? such that
on sections s, (T's)(g) = T'(g)s(g). Equivariance with respect to SU(2) implies, (T's)(gh) =
h=H(Ts)(g), or

h~'T(g)s(g) = T(gh)s(gh) = T(gh)h~'s(g) .

Since the section is arbitrary, it follows that we must have T((gh) = h~'T(g)h. In particular,
(2.38) M(h)=gT(9)g™" , h=gg",

is a well defined traceless 2 x 2-matrix valued function on H?, and so this defines the map
above. This is an isometry, since the hermitian structures are given by:

(T0, Ty) = %tr(TlTQ*) _ %tr(gflMlg(gfle)*) - %tr(Mth;hfl) — (My, M) -
The induced connection on the endomorphism bundle EndgV is:
VT =dT + [¢g'dg, T) .
On the other hand,
VEM = d(gTg™") = gdTg ™" +glg~'dg, T)g " = g(VT)g ",
which via proves that the connections are intertwined. O

The main result of this subsection is now the following.

Proposition 2.18. Recall that VC denotes the trivial connection on TH? @ C. With respect
to its hermitian structure, V© = da + ¥, where U(h) = %[dhh_l, /| is a hermitian endomor-
phism valued 1-form and d4 s unitary. The real structure T is flat with respect to da, and

d induces the Levi-Civita connection VC on the fized point set of T which is isomorphic
to TH3.

Proof. We calculate the hermitian part of the connection W. From (2.35)),

d(My, My)y, = (dMy, Mo)y 4+ (My,dMs)y + ([My, dhh™1], Mo)y,
0 = 2(W, My, Ma)p, + ([My, dhh™1], M)y,

which implies ¥ has the form in the statement above. Hence,

1
(2.39) dy=d— 5[dhh*l, ]
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Next, from (2.33)
(daT)(M) :=da(T(M)) — 7(daM)
1 1 .
= d(hM*h") = S[dhh ™ hM B - h(dM — 5lann", M]) Bl

= hdM*h™' 4 [dhh™Y, hM*h™Y — Z[dhh ™, hM*h ™1

_ !
2
1
— hdM*h™t — 5h[ifldh, M*ht
=0.

Hence, 7 is flat with respect to d4, and so d4 induces an SO(3) connection on TH?. Com-
paring (2.39) with (2.36), we see that this is the Levi-Civita connection. O

2.3.4. Flat connections and equivariant maps. Recall from the previous paragraph the def-
inition of the flat bundle V' — H?>. Sections of the dual bundle V* are functions s* :
SL(2,C) — (C?)* satisfying the condition s*(gh) = s*(g) o h for all h € SU(2). Moreover,
the flat connection on V induces one on V*, which we denote with the same notation V. In
terms of this description of sections, Vs* = ds* — s* o g 'dg. Fix a unitary frame {v1,v2}
for C2, and let {v},v}} be the dual frame. We express the matrix elements of g € SL(2,C)
as gij-

Proposition 2.19. The functions s} (g) = 2521 gijvj gwe global parallel sections of V*.
Moreover, st (g192) = (01)i357(02).

Proof. We have ds}(v;) = dgi. Similarly,

st o g~ dg(vr) = s 0 (71 jmdgmkvj = Gij(97) jmdgmk = dgir -

The second statement is clear. OJ

We now present the general construction. Let E — X be a hermitian vector bundle, and
let V be a flat SL(2,C) connection on E. The pullback of E' and V to the universal cover
X — X will be denoted with the same notation. Choose a base point pg € X, and a lift
po € X. Fix a unitary frame {e1, ez} of the fiber E,; (and therefore also Ej ). We have a
uniquely determined global frame {€}, 2} for £ — X that is parallel with respect to V and
which agrees with {e1,es2} at pg. Let u;; be the hermitian matrix u;;(p) = (€;,€;)(p). Then
u;j is hermitian and positive. We claim that detu = 1. Indeed, write V = d4 + ¥, where
d4 is a unitary connection on E and ¥ a 1-form with values in /—1gg. Let {e1,é2} be a
unitary frame at p, €;(p) = gij€j, V(p)e; = ¥;;€;. Then at the point p,

(240) duij = <dAgi,gj> + <gi7dAgj> = —2<\P(p)gl,gj> = _2(9\1"9*)1']'
At the same time, u;j(p) = (€, €;)(p) = (99%)ij. Hence,
dlogdetu = tr(u™'du) = —2tr ((99") " (g¥g*)) = -2t =0,

since W;; is traceless. Therefore, detu(p) = detu(py) = 1 for all p € X. Hence, u(p) € 2,

and we have therefore defined a map u : X — H3 which sends the point Py to the base point
of 7. We also note for future reference that from (2.40)),

(2.41) duu™' = —290g~1 .
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Let p : mp — SL(2,C) be the holonomy representation of V with respect to the frame
{e1,e2}. Via the choice of base point py we may view 7 as acting on X by deck transfor-
mations. By definition, if p(v) = (gi;), then € (yp) = gi;¢;(p) for any p € H2. Therefore,

uij(vp) = (9ik€k(P); Gjmem(P)) = GikUkm () s

or u(yp) = p(v)u(p)(p(v))*. Thus, u is equivariant with respect to the action of the holo-
nomy representation p on H?.

~

Proposition 2.20. There is a m1-equivariant isometry w*V* = E that intertwines the flat
connections u*V and V.

Proof. Recall the sections of V* from Lemma Then the bundle isomorphism is defined
by identifying [g, s} (g)] — €i(p), where u(p) = gg*. By the second statement of Lemma[2.19]
this identification is equivariant with respect to the action of ;. Since the identification is
between flat sections, the connections are manifestly intertwined. It remains to check that
this is an isometry. But

(si,87)(w(p) = GgikGm (Vi V) = GirGjk = wij(p) = (€, €;)(p) -
This completes the proof. ]

The next proposition is the main consequence of the discussion above.

Proposition 2.21. Let E — X be a hermitian rank 2 vector bundle with a flat SL(2,C)
connection V and holonomy representation p: m; — SL(2,C). Write V. = dg + ¥, where
d4 is a unitary connection on E and U is a 1-form with values in \/—1gg. Let u: X — H3
be the p-equivariant map described above. Then \/—1gr may be isometrically identified with
w*TH3. Under this identification the induced connection da corresponds to the pullback of
the Levi-Civita connection on H3, and the 1-form —2V corresponds to the differential du of
the map u.

Proof. By Proposition [2.20, the connection on FE pulls back from the one on V*. The
induced connection on EndgF is therefore the pullback of the one on EndgV. Since these
bundles are isometric, the subbundle /—1gz identifies with the bundle of traceless hermitian
endomorphisms of V. By Propositions and , the latter is isometric to TH?, and the
induced connection is Levi-Civita. The computation in shows duu™!' = —2gWg~1.
Combined with the identification this yields the claimed relation between ¥ and the
differential of the map w in the traceless model. O

Proof of Theorem [2.1]] The proof of (i-iii) follow from Proposition . For (iv), use (2.41))
and definition of the metric (2.34) to compute:

1
Hopf(u) = 3 tr(duu™ @ duu™ 1?0 = 2tr(¥ @ ©)?°,

This completes the proof of the Proposition. O

Remark 2.22. The construction above is natural with respect to the action of unitary
gauge transformations on pairs (A4, ¥). Namely, modifying (A, ) by ¢*(A, V) where g € §
is a unitary gauge transformation results in conjugating the representation p and the map
u by some element in SU(2).
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2.3.5. The self-duality equations and harmonic maps. Up to this point, the choice of hermit-
ian metric on the bundle E was arbitrary and not related to the holonomy representation
p determined by the flat SL(2,C) connection V. For this reason, the pair (A, V) resulting
from the decomposition of V into its unitary and hermitian part as in Proposition will
in general not satisfy any equation apart from the flatness of V, which is equivalent to the
first two equations of . Likewise, the construction of the p-equivariant map u depends
on the hermitian metric on E and hence this map will in general not enjoy any special
properties. The link to the extra structure is provided by the following.

Proposition 2.23 ([Don87|). Let E — X be a rank 2 vector bundle with hermitian metric
h and a flat SL(2,C) connection V and corresponding holonomy representation p: m —
SL(2,C). Denote by V =da + ¥, the unique decomposition of V into a unitary connection
da on (E,h) and a 1-form ¥ with values in /—1gg. Let moreover u: X — H3 be a p-
equivariant smooth map as in Proposition . Then the pair (A, V) satisfies the self-duality
equations if and only if the map u is harmonic.

Remark 2.24. A hermitian metric h on the bundle E such that the corresponding p-
equivariant map w is harmonic is called a harmonic metric. In [Don87| it is shown that
a harmonic metric exists whenever the representation p : m — SL(2,C) is completely
reducible. It is unique if p is irreducible. In this case, the resulting solution (A, ¥) of the
self-duality equation is also irreducible. In this paper, we consider monodromies associated to
pleated surfaces, and the representations are therefore automatically irreducible (cf. [Bon96,

p. 36]).

2.4. Laminations. In this section, we briefly review some of the topological objects that
will be used in our description of the images of high energy harmonic maps.

2.4.1. Measured foliations and laminations. A measured foliation on a surface ¥ is a par-
tial foliation F of the surface with a finite number of k-pronged singularities, equipped with
a meagure on transverse arcs. The examples we consider in this paper are the horizon-
tal and vertical foliations of a holomorphic quadratic differential ¢ with simple zeroes,
q € QD*(X), which we denote by 3’"3 and 7, respectively. In the notation of these

can be defined as follows. At each point of the spectral curve 5qu7 consider a (real) unit

tangent vector u with Im (Agw(@)) = 0. Then the flow lines of u integrate locally to give
a foliation independent of the choice of sign of u and invariant under the involution o. It
therefore projects to a foliation on X, and this is 3’"3, the horizontal foliation of ¢q. The
vertical foliation of ¢, Fy, is transverse to ff‘"g, and is defined similarly using the real part.
We denote the lifts of the foliations to the universal cover X by f;"g and gtg

A critical leaf of 3"2 is a segment of a horizontal leaf terminating at a zero of q. A
saddle connection of the horizontal (resp. vertical) foliation is a horizontal (resp. vertical)
leaf joining two zeroes. Following [Lev83l §3], when we refer to a path in f;‘"g as a horizontal
leaf, we implicitly mean that it either contains no zeroes of ¢, or when it meets critical points
it either turns consistently to the right or to the left with respect to the cyclic ordering on
the critical leaves terminating at a give zero. Saddle connections will play an important
technical role in this paper, but there is a distinction between vertical and horizontal saddles,
as discussed in the Introduction.
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The foliations ?g and J; come equipped with transverse measures. If k is a C! arc

transverse to Er"g, then we can lift £ to a parametrized arc k in )A(q in such a way tha

Im()\sw(@)) < 0 at all points of k. The measure of k is then the integral of — Im Agw along
k. We will say that a piecewise C! arc k is quasitransverse to I}'g if it is a finite union

of C! arcs in X \ Z(q), and if it admits a piecewise C* lift k in Xq in such a way that

Im(/\gw(@)) < 0 at all points of k. The definition of a path quasitransverse to Fy is defined
similarly using the real part.

A measured geodesic lamination A on a hyperbolic surface S is a partial foliation
of the surface by simple (not necessarily closed) geodesics, together with a measure on
transverse arcs. A measured foliation may be “straightened” to a measured lamination. For
example, given F, each bi-infinite leaf of F C S ~ H2 defines a unique pair of distinct points
in the circle at infinity, and hence a unique geodesic in H2. The collection of geodesics thus
obtained are noninterlacing and form a closed set, and so define a lamination A of H2. The
construction is equivariant with respect to the action of the fundamental group, and so there
is a well defined quotient A C S. The transverse measure on ?g may then be transported to
a measure on arcs transverse to AZ. For more details on this construction see [Lev83|. We

will denote the measured laminations associated to ’J"g and Fy by AZ and Ay, respectively.

The Hubbard-Masur theorem [HMT79| gives a converse to this construction. Given a
measured foliation F (resp. measured lamination A) there is a unique nonzero ¢ € QD(X)
such that J is measure equivalent to 3"2 (resp. A to AZ). We shall denote this differential
by ¢ur(F) (resp. pur(A)). (See [Wol96| for a proof closer to the perspective in this paper.)

For a lamination A C S, the components of H? \ A are called plaques, and we denote the
set of such by P(A). When all the plaques are ideal triangles, we say that A is maximal. If
3"(? has saddle connections, then AZ will not be a maximal lamination, and we describe this
in more detail in §2.4.3] For a distinct pair P,@ € P(A), we say that R € P(A) separates
P and @ if any path from P to Q in H? intersects R.

We end this section with two clarifying remarks. First, while a simple example of a
measured lamination is a multicurve equipped with atomic transverse measures, a more
typical example (obtained as a limit of multicurve examples) will meet any transverse arc
in a Cantor set. Second, while geodesic laminations appear to depend on the hyperbolic
structure of the surface, using the idea of straightening curves, a geodesic lamination A in
any marked hyperbolic structure S on ¥ induces a unique geodesic lamination in any other
marked hyperbolic surface S” on X. See [Bon96, p. 7]. We will often denote these A without
reference to the hyperbolic structure.

2.4.2. Train tracks. An ingenious construction of Thurston provides for a way to organize
nearby measured foliations/laminations as data on a geometric object. A train track on a
surface ¥ is an embedded finite complex 7 of Cl-arcs (called branches) on ¥ meeting at
vertices (called switches) with a well defined common tangency. We can and will assume
the switches are always trivalent. Then one branch at a switch is incoming and two are
outgoing (see [PH92, p. 11]). Let G = R or S' ~ R/277Z. A weight on a train track track
7 is an assignment of an element of GG to each branch that obeys the switch conditions:
the weight on the incoming branch equals the sum of the weights on the outgoing branches.
We denote by H(7, G) the set of G-weights on 7.

5The negativity is dictated in order to agree with Bonahon’s convention; see [Bon96l §2] and 1‘ below.
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R L
L R
long branch right splitting left splitting

Figure 1. Splitting of train tracks.

One way to construct a train track is to consider a small e neighborhood of a measured
geodesic lamination, foliate that neighborhood by leaves transverse to the lamination, and
then collapse the neighborhood to the leaf space of the foliation. If the resulting branches
are weighted by the measure of arcs that cross the neighborhood, a measured train track
that carries the lamination results (c¢f. [PH92, p. 73]).

A useful operation on train tracks is the right and left splitting (see [PH92, p. 119]).
As one chooses an increasingly small parameter € in the construction above the train tracks
obtained are related by splitting. Let us define splitting carefully. Recall that a branch
between two switches is called long if it is incoming at both ends (see [PH92, p. 118]).
The orientation of ¥ then orders the outgoing branches at the switches on each end of a
long branch, and we label them left (L) and right (R) accordingly. A right splitting is then
obtained by modifying the train track locally by replacing the long branch with two branches
joining left and right at each switch, and then adding a third branch between them at whose
switches the branches labeled L are incoming. The left splitting adds a branch so that the
right branches are incoming. See Figure

2.4.3. Mazimalizations. As mentioned above, in the case of horizontal saddle connections
the lamination AZ is not maximal. A maximal lamination can be obtained by adding finitely

many leaves to AZ [CEGS8T, p. 76]. Here we describe this mechanism precisely in terms of
the foliation 9’3. Consider a connected configuration § C 9’2 of saddle connections (along

with their external critical leaves). We can make a train track 75 out of 8 by replacing each
zero with a triangle, each of whose vertices is outgoing.

Definition 2.25. A maximalization of 8 is a choice of left or right splitting 75 of each
branch in 7g corresponding to a saddle connection, in such a way that the resulting train
track Tg contains no long branches (see Figure . A maximalization of 3"2 is a choice of
maximalization of every maximal connected configuration of saddle connections.

Note that maximalizations always exist: for example, one may choose right splittings for
all the saddle connections. The terminology is justified by the following.

Lemma 2.26. A maximalization of ff'“g uniquely determines a mazimal lamination A con-
taining Ag as o sublamination.

Proof. Let § be a maximal connected component of saddle connections, and let ¢ be a saddle
connection. There are two cases: (1) ¢ is part of a closed loop 7 of saddle connections, (2)
there is a zero p of ¢ at one end of ¢, one of whose critical leaves is in the complement of
8 (call this an ezternal zero). In case (1), A contains a closed geodesic 7 homotopic to 7.
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saddle connections train track splitting

Figure 2. Mazimalization.

The splitting now determines a train path from the critical leaf of one end point of ¢ that
is not part of v to 7. This corresponds to a leaf of A that spirals into 7. In case (2), the
splitting of the saddle connection c¢ selects one of the other critical leaves of p; namely, the
one which is incoming with respect to the switches created in the splitting. Denote this leaf
lC "fg. By maximality of the component 8, the lift £ of ¢ determines a geodesic half ray ¢

in H? that is asymptotic to a leaf of KZ‘ on one end. Viewing £ as a train path in 7g, there is
a unique continuation to a path (still denoted by ¢) that crosses the split saddle connection
which ends at p, and then either exits through a branch of another external zero, or spirals
around a closed branch homotopic to a closed loop of saddle connections. Uniqueness follows
because all further switches the path encounters are outgoing by assumption. Thus the lift
of £ determines a bi-infinite geodesic that is asymptotic to different leaves of AZ on either
side. By the condition that there are no long branches in 7g, the geodesics added in this way
are disjoint, and since the interior complementary regions of 7y are triangles, the resulting
lamination is maximal. O

Remark 2.27. Given a maximalization of ’J"g as in Definition with lamination A as in
Lemma 2.26t
(i) The leaves A\ AZ may be represented by paths that are quasi-transverse to Fy, con-
sisting of horizontal leaves coming into and exiting a neighborhood of 8, with a small
vertical arc cutting one saddle connection of ?2‘ (we shall refer to these as additional
leaves of &"g or A);

(ii) there is a 1-1 correspondence between zeroes Z(q) C H? and the plaques of H? \ A.

The lift A to )?q can be oriented. For convenience, we always choose this so that the

oriented leaves of AZ have Re Agw > 0. This then gives an orientation to the homology

classes in Hfdd ()?q, Z) corresponding to the saddle connections. Suppose there is a saddle

connection ¢ from p to ¢. Then we can change ¢ to an arc consisting of a vertical leaf
emanating from p, followed by a horizontal leaf shadowing the saddle connection, and then
another vertical leaf terminating at ¢. Indeed, there are two such ways of constructing such
a path. However, the orientation of A chooses one of these: namely, the one whose lift
intersects A positively. Notice that these paths are not quasitransverse with respect to J.
We shall call such arcs modified saddle connections.

2.5. High energy harmonic maps. This paper focuses on asymptotics of the PSL(2,C)
character variety for 71, especially as reflected in the associated classes of Higgs bundles.
The previous sections related these bundles to equivariant harmonic maps v : X — H?, and
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it will turn out that one leaves all compacta in the character variety (and the associated
moduli spaces of Higgs bundles) exactly when the energy of the associated harmonic maps
grows without bound. In this section, we collect some of the basic analytic estimates on
the geometry of harmonic maps whose energies are tending to infinity. These will be used
throughout the paper.

2.5.1. Minsky’s results. The following result due to Minsky plays a crucial role in the sub-
sequent qualitative estimates involving high energy harmonic maps. It will later also be
needed in

Let u, : X — H3 be a sequence of p,-equivariant harmonic maps with Hopf differentials
t2Gn, gn — q in 8QD*(X). Recall that Z(g,) is the set of zeroes of g, which we assume to
be simple. For a parameter s,, let Qg (p) be a hexagonal domain for each p € Z(g,). The
sn, will be chosen so that these domains are disjoint for distinct zeroes of g,. Set

(2.42) 0,= |J 2.0

PEZ(qn)

We also assume that the boundary of each hexagon €, (p) is formed from alternating
horizontal and vertical edges. We let Z(gy,) denote the preimage of the set Z(g,) under the
projection map 7: X — X.

Proposition 2.28 (cf. [Min92al, Thm. 4.2|). There are constants A, cy, Cy, all independent
of n, and N such that the following hold. For n = N and s, < co, there is a pp-equivariant
map II* from the leaves of ?gn i the complement of Q, to a collection AP of geodesics in

H3 which factors through u,. Moreover, for any p € X \ én,
dygs (un(p), 11" (p)) < Aexp(~t,Co) ,
and the derivative along the horizontal leaf through p (in the |q,| metric) is
11| — 2] < Aexp(—t,Co)

Proposition is proven in [Min92a| in the context of harmonic maps from surfaces to
complete hyperbolic 3-manifolds, but the arguments apply equally well in the equivariant
case. One important simplification in the situation here is that the domain Riemann surface
X is fixed. As a consequence, the technical issues of “thin flat cylinders” that are dealt with
in [Min92al do not play a role here. In particular, the set &g in that reference may be taken
to equal to Q,, defined in (2.42).

The Proposition is a consequence of the following construction. For s, chosen sufficiently
small and n sufficiently large there is a train track 7, € X \ Q, and ¢, > 0, &, — 0 as
n — +o0, satistying the following.

(i) Let 7, C X be the preimage of 7,, and set 7, = uy(7,). Then the branches of 7} have

length O(t,,) and geodesic curvature O(ey,).

(ii) The images by uy, of the leaves of the horizontal foliation F [’1‘” in the complement X\ Q,
can be straightened to give a lamination Al c w3,

(iii) The lamination AL* is C! -carried by 7.

In the case where ffn has saddle connections and we have chosen a maximalization in
the sense of Definition , we can enlarge Al to a lamination A;, as follows. By Remark

the maximalization gives rise to finitely many quasi-transverse paths in X, which we
may assume lie in the complement of Q,,. (A technical point is that Minsky creates his track
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by extending components of @, to “slice” through long rectangles of vertical trajectories:
it is straightforward to check that this slicing can be done in a way to correspond to the
maximalization discussed here.) The image by u,, of the lifts of these can be straightened
to geodesics that are asymptotic on one side to leaves in A" The map II* in Proposition
[2.28] can be extended to a map on these leaves satisfying the same estimates.

We next choose coordinates, which we refer to as (canonical) ¢,-coordinates that are
adapted to ¢, and hence to the map u,,. To this end, note that, away from the zeroes of ¢,
we may choose coordinates z, = x, + iy, in a patch so that, in those coordinates, the qua-
dratic differential g, is expressed as g, = dz2. These are useful because the horizontal lines
in this coordinates are both the leaves of the horizontal foliation of ¢,,, and also integrate the
directions of the maximal stretch (eigendirection) of the tangent map du,. Naturally, both
the domain and the pull-back metric diagonalizes with respect to these coordinates. Fol-
lowing Minsky [Min92al, eq. (3.1)], the pullback metric uflds]%p with respect to the harmonic
map u, as above can be written in terms of g,-coordinates (z,,y,) as

(2.43) uldsgs = 2t2(cosh Gy, + 1)da? + 2t2 (cosh G, — 1)dy2,

where G, = sinh_1(23n) and g, is the Jacobian determinant of the map u,. The factor 2
enters since the harmonic map w,, has Hopf differential t2¢,.

Proposition 2.29. The pullback metric by u, in terms of canonical coordinates for qy
satisfies

(2.44) uidsts = dt2da® + O(exp(—2cty))
in C* for some constant ¢ > 0.

Proof. As shown in [Min92al Lemma 3.4| there is a constant B such the quantity G,, satisfies
the pointwise estimate
B

9n(p) < cosh d

for every point p at t2g,-distance at least d > 0 to the zero set of ¢,. Since we are here
considering points outside some fixed neighborhood of the zero set of ¢,, this distance is
bounded below by ct,, for some constant ¢ > 0. It follows that

Sn(p) < 2Be |
and consequently
cosh G, (p) < 1 +4B%e%¢tn
Inserting this last estimate into (2.43) implies the claim. O
This last estimate says that, away from the zeroes of the Hopf differential, the horizontal
trajectories have image under a high energy map u, that are stretched by the factor t,,, up to
a small and rapidly decaying error; that the image of those trajectories have exponentially

small geodesic curvature; and that the vertical trajectories have exponentially decaying
length.
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2.5.2. High energy harmonic maps near the zeroes of q. We continue with the notation of
the previous section.

Proposition 2.30. For every fized € > 0 there exists a constant N such that the following
holds. There is an ideal hyperbolic triangle A C H? such that for every n > N the distance

between the tangent plane Ty(u, (X)) C H? to A is less than e, for every point p € un(Z(gn))-

An analogous statement for two dimensional targets is the main theorem of [Wol91]. The
present version is a reflection for harmonic maps of aspects of the approximate solutions
constructions in §2.1.4]

Proof. For each fixed n and p € Z(q,), consider a lift Qg (p) of the hexagon €, (p) C X to
X. Let hi, ha, hsy denote the three horizontal edges of €5, (p), which we parametrize in an
orientation-preserving way by a parameter 0 < s < 1. Proposition shows the existence
of geodesics ¢;: [0,1] — H? such that the distance between u,(h;(s)) and c;(s) is less than
Aexp(—t,Cp), for all 0 < s < 1. By Proposition the length of each ¢; is of order
tn. Furthermore, the distance between each consecutive pair of endpoints u,(hi(1)) and
un(hi+1(0)) satisfies an exponentially small bound. It follows from elementary hyperbolic
geometry that there is an ideal hyperbolic triangle A C H? which is at distance at most € to
the lines uy(h;). Since u,(X) is contained in the convex hull of these lines, it follows that A
and un()z ) have at most distance e, for all sufficiently large n. To see that also the tangent
plane Tp(un()? )) lies e-close to A, we compare the harmonic map w,, with the harmonic map
vp, which maps Q, (p) to H? and has boundary values the edges of A. Its image is contained
in A and, since the boundary values of u,, and v,, differ by at most ¢, it follows by standard
estimates on harmonic maps that both are C'-close in the interior of Qs (p). This implies

the assertion. ]
2.6. Harmonic maps to R-trees.

2.6.1. Definitions. An R-tree is a complete length space T such that any two points can be
joined by a unique path parametrized by arc length. This path is called the geodesic between
the points, say p, ¢, and it is denoted pg. We shall be interested in trees admitting isometric
actions of 7, and we will always assume the action is minimal in the sense that there is no
proper mi-invariant subset of T'. In such a situation, we obtain a length function

by :m — Ryo : [y] = inf dr(p,vp) .
peT

Scaling the metric (and hence ¢7) by positive constants defines a projective class of length
functions (cf. [Chi76l).

Examples of R-trees come from the following construction. Let F be a measured foliation
on ¥ with transverse measure p. Define the dual tree T35 to the foliation as follows: if Fis
the lift to the universal cover, define a pseudodistance d by

d(p,q) = inf{v(c) : c a rectifiable path between p, ¢} .

Then the Hausdorffication of (3, d) is an R-tree with an isometric action of 71 (¢f. [Bow98,
Cor. 2.6], and also [MS91), [Ota96]). In the case of a nonzero holomorphic quadratic differ-
ential ¢ on a Riemann surface X, we set T; := T Fu.-

A morphism of R-trees is a continuous map f : T — T” such that given any segment
e C T, then either f is constant on e or e decomposes into a finite union of subsegments
e1 U---Ueg such that f restricted to each e; is an isometry onto its image. It is a fact that
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in the latter case f is either an isometry on e or a folding, meaning that it identifies two
or more subsegments.

Trees are examples of nonpositively curved metric spaces (NPC). Following ideas of Gro-
mov [GS92], Korevaar-Schoen [KS93|, [KS97|, and independently Jost [Jos94], developed a
theory of energy minimizing maps from Riemannian domains to NPC spaces. The last au-
thor studied the case of maps to R-trees (see [Wol95l Wol96]), which is the one relevant to
this paper. We will need only very little from these results, and we package a summary
statement as follows (c¢f. [DWQ7| for more details).

Theorem 2.31. Let q be a nonzero holomorphic quadratic differential on a Riemann surface
X. Then the leaf space projection map u : X — T, is an equz‘varzant harmonic map. In
general, let T be an R-tree with an isometric action of w1, and letv : X — T be an equivariant
harmonic map. Then
(i) the map v is uniformly Lipschitz with constant proportional to E(u)l/2 (the constant
depends on the choice of conformal metric on X);
(ii) the Hopf differential Hopf(v) = 4q is well defined and is a holomorphic quadratic
differential that is nonzero unless v is constant and the action is lrivial;
(iii) v =powu, where u: X — T, is projection as above, and p : Ty — T is a folding.

We shall also need a version of the Korevaar-Schoen strong compactness theorem, stated
here in the limited context that we require. For positive constants t,, — +o00, let H,, denote
the hyperbolic space H?, but where the metric has been rescaled: dsy, = t,, 'dsys. For the
following result, see also [DDW98, Thms. 2.2 and 3.1].

Theorem 2.32 ([KS97, Prop. 3.7 and Thm. 3.9]). Suppose u,, : X — H,, is a sequence of
Pn-€quivariant continuous finite energy maps, and assume that uy, have a uniform modulus
of continuity: for each z there is a monotone function w(z, R) so that limgjow(z, R) = 0
and

max  d(up(z),un(w)) <w(z, R) .
wEBR(2)

Then there is an R-tree T with an isometric action of m such that the convex hulls of the
images of the uy converge in the Gromov-Hausdorff sense to T'. Moreover,
(i) the u, converge to a continuous finite energy map u : X — T that is equivariant for
this action;
(i) if klirr;o E(ug) # 0, then u is nonconstant;
(iii) if the uy are equivariant harmonic maps then so is u; and in this case, if ¢, (resp. q)

is the Hopf differential of u, (resp. u), then t, 2q, — q.

We refer to the limiting tree T' as a Korevaar-Schoen limit. Note that by Theorem
T is a folding of Tj.

2.6.2. The Morgan-Shalen compactification. There is a compactification of R(X) that re-
stricts on the Fricke space to Thurston’s compactification of Teichmiiller space. The ideal
points are given by projective classes of nontrivial isometric actions of m; on R-trees.
Given [p] € R(X), define
ly:m — Reo: [y] — inf dys(z, p(y)x) .
xeH3

Theorem 2.33 (|[MS84]). Consider a sequence [p,] € R(X). Then up to passing to subse-
quences, one of the following occurs:
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(i) there is [p] such that [p,] — [p] € R°(Z);
(i) there is a minimal nontrivial action of w1 by isometries on an R-tree T, and numbers
en 4 0, such that for all v € mq,

Jim el (v) = br(y) -

For the next result we refer to [DDW98, Thm. 3.2], and we note that in the proof of that
result harmonicity is not used.

Theorem 2.34. Suppose that there is a constant C' > 0 such that the rescalings t, in
Theorem satify:

C'E}N? <t, < CE})? |
where E, is the energy of the p,-equivariant harmonic map. Then the length function of the
action of m1 on the Korevaar-Schoen limit appearing in Theorem s in the projective
class of the Morgan-Shalen limit of the sequence [py).

3. BENDING

In this section we introduce a geometric notion of bending along p-equivariant maps
w: X — H3, and of pairs (A, ¥). When (4, V) is a Higgs pair, the connection V = d4 + ¥
has monodromy p, and u is the p-equivariant harmonic map from Theorem [2.14] then we
prove that these notions coincide asymptotically at high energy (see Theorem .

3.1. Bending of maps and connections.
3.1.1. Bending of maps. We begin with a definition.

Definition 3.1. A tent 7 in H? is a pair of totally geodesic compatibly oriented half planes
meeting along a geodesic (see Figure . The geodesic is called the crease and is denoted 7.
By “compatibility of the orientations”, we will mean the induced orientation on 7 from the
two half planes is opposite. The dihedral angle of the two planes is called the angle of the
tent and is denoted Sp. By convention, if the half planes coincide with same orientation,
then S = 0; if equality holds with opposite orientation, then Sy = 7.

We will use the following intrinsic way of measure the angle of a tent. A crossing of a
tent T is a continuous path c: [0, L] — T' C H? satisfying the following conditions.
(i) ¢(0) and ¢(L) lie in different components of T\ yp, say T— and T, respectively;
(ii) there is 0 < Ly < L such that c restricted to the interval [0, L1] is a C! curve in T_
meeting yp at ¢(Ly) transversely;
(iii) there is Ly < Lo < L such that c restricted to the interval [Lo, L] is a C! curve in Ty
meeting yp at ¢(Le) transversely;
(iv) c restricted to [Ly, Lo] is a portion of .
The orientation of the tent gives a choice of tangent N(Lj) to yp at the crease where a
crossing intersects c¢(Lj). More precisely, N(Lj) is oriented to the left with respect to c.
Let N(t) be the parallel translate of N(L1) along c. Let ng and ny, denote the unit normals
to T_ and T, compatible with the orientations. Let n(t) denote the parallel translation of
ng along c¢. Then n(L) and ny, lie in the plane orthogonal to N(L). This plane inherits an
orientation from N (L) and the orientation on H>. Then 37 is the angle from ny to n(L)
with respect to this orientation. N
Let v : X — H? be a continuous p-equivariant map, and fix p,¢ € X. We make the
following
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Figure 3. A tent.

Assumption 1. u is smooth at both p and ¢ and du has maximal rank there.

Definition 3.2. The bending ©,(p,q) € R/27Z of u from p to ¢, is defined as follows.
Let D,z and Dy, denote the oriented totally geodesic planes in H? tangent to the images
of du(p) and du(q).

(i) If Dy and Dy, G meet along a geodesic yr, let Br be the dihedral angle of the tent
constructed from the two half planes in D, \yr and D,,G) \ 7 which contain u(p) and
u(q), respectively, and where the orientation of the tent comes from the orientation on
Dy ). Then set ©4(p,q) equal to Br if the orientation of Dy, is compatible with the
orientation of the tent in the sense of Definition [B.1], and to 7 4+ Sr if the orientation
is incompatible.

(ii) If D,z and DG do not intersect, let ¢ be the geodesic between the planes, oriented
at one endpoint to agree with the normal of D). If this orientation of ¢ agrees with
normal to D, ) at the other end point, set ©,(p,q) = 0. If the orientation is opposite,
set ©y(p,q) = .

(iii) If Dy ) and Dy, coincide, set ©4(p, ¢) = 0 if they have the same orientation, and set
©.(p,q) = m if they have opposite orientations.

We note that by p-equivariance of u we clearly have

for all p, ¢ satisfying Assumption 1, and all g € m;. It is also clear that

3.1.2. Bending of connections. Let d4 be a unitary connection on F, inducing a connection
(also denoted by d4) on the bundle v/—1gg of traceless hermitian endomorphisms of E. Fix
a 1-form ¥ € QY(X,/~1gg). We will suppose that the connection V = d4 + ¥ is flat with
monodromy p. Let k: [0, L] — X be a piecewise C! curve.

Assumption 2. The linear map
V(k(0)): Tho)X = V—18E k(o)
has maximal rank at 0 =0, L.

By analogy to the bending of maps in the previous section, we let N(0) and N(L) be

endomorphisms that are a positive multiple of U(J(k(0)) and ¥(J(k(L)). We define the
bending angle O (A, ¥) of the pair (A, V) along k using parallel translation with respect to
A in place of the Levi-Civita connection. Namely, consider any endomorphism field V(o)
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.

along k that is a positive multiple of the endomorphism field o ~ ¥ (k(c)). If k is C! on
subintervals [o;_1,0;], i = 1,...,m, let %4 denote parallel transport in /—1gg along k
with respect to A. Then for o € [0;-1, 0] let

(3.1) fi(o) = TIEATIEA - 11540 (0)

be the total parallel transport, where n(0) denotes the endomorphism /—1[N(0), V (0)].
Let P(L) C v/—1gg (s be the orthogonal complement to N (L), and use N(L) and the
orientation of \/—1gg (1) to give P(L) an orientation. We now define the bending of the
pair (A, V) along the path k,

@k<A, \I/) S R/QWZ ,

to be the angle from y/—1[N(L),V(L)] to the orthogonal projection of the endomorphism
n(L) to P(L), when the latter is nonzero (otherwise bending is undefined).

It is immediate from this definition that the bending O(A, V) is invariant under the
action of unitary gauge transformations on (A4, ). We may therefore write O([(A, ¥)]) for
the bending of the gauge equivalence class of the pair (A4, V).

3.2. Asymptotic bending of Higgs pairs. In this section we relate the total bending in
connections to periods of Prym differentials on the spectral curve.

3.2.1. Horizontal lifts for limiting connections. Recall the definition of the spectral curve
T : Xg — X associated to ¢ € QD*(X) in (2.14). Our first goal here is to compute the
parallel transport in the bundle v/—1gg of hermitian endomorphisms with respect to the
(singular) flat connection da__ from (2.10). The connection A induces a unitary connection
on the pullback bundle 7*F, which we denote by Ao, After pulling back to the spectral
curve, the calculation of the parallel transport can be carried out in terms of a suitably
chosen oriented frame which we define as follows (cf. (2.23)):

_ 0 —iATH A
Wi = <z’)\|])\||—1 0 )

(3.2) Wy — <AHA0\1 Alowl) 7
W= (1)
with commutation relations
(3.3) (W, W) = 2isgn(ijk) Wi ,
From we have
(3.4) T W = TP + D5 = 2Re(Agw) @ Wa .

Proposition 3.3. The following hold:
(i) The hermitian endomorphism Wy lies in W*Lgm.

(ii) The collection {Wy, Wa, W3} gives an A% -parallel oriented orthonormal frame for the
bundle v/—1g5.
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Proof. The proof is a straightforward calculation. We only check that dz, W1 = 0. For this
we use that one can locally express A as q% so that
_ 174 1 oy gm=_ 1 _e/y_ 1 ya1/a/5, -
d()\ 1H)\H) _ d(q 1/4q1/4) _ Zq 1/4q 3/45'q—1q 5/4q1/45'q _ Zq 1/4q1/4(5'10gq—810gq),
using that dg = 0. On the other hand, recall from (2.9)) that
1 = —1q 1,z -1
A = Ao+ 5 (Tm Dlog ]]) ( 0 O.) = Ao + 5 (9log g — dlogq) ( 0 (1)> :

)

where Ag denotes the Chern connection. Now with d 3 W1 = dW; + [A% A W], the last
two calculations show that the upper right entry of dz, Wi vanishes, and similarly for the
other entries. O

For the following, we make the same assumptions on the path k as in §3.2.2]

Proposition 3.4. Let Ay be the unitary connection associated to a limiting configuration
in H51(q), and write Ao = A% + 1, n =1 @ Wa, for §j a harmonic Prym differential (see
§2.2.3). Define the function 9: [0, L] — R by

(3.5) I(o) = —2i - /A 7.
R((0.0)

Then for j € {1,2,3} the parallel transport of the hermitian endomorphisms Wi(zo) of
W*E@(O) along the path k with respect to the connection dA\oo 15 given by

IEA= T, (R(0)) = Wa(R(o))
(3.6) IEA=11, ((0)) = cos(9(a)) - Wi (k(0)) — sin(9(o) - Wa(k(o))
15 A< 173 (R(0)) = sin(9(0) - Wi (k(0)) + cos(9(a) - W3 k()
for0<o < L.

Proof. The first line of (3.6 is clear, since Wy is parallel and commutes with 7. For the
rest, using (3.3)),

dy Wi= N Wy, Wi = =2in®@ Ws ,
dz Ws = n® Wy, Ws] =2in@ Wi .
Writing
Wl =cost- Wi —sind - W3 ,
Wg =sind - Wi + costt - W3,
we see that d A Wi = 0 if the derivative 9§ = —2i7). The result follows. 0

3.2.2. Quasi-transverse paths with vertical ends. Fix a holomorphic quadratic differential
q € 89D*(X), and consider a piecewise C! path k : [0, L] — X that is quasitransverse to the
horizontal foliation (’; and meets the zeroes of ¢ precisely at its endpoints. In particular, this
means that the parameter interval of £ admits a subdivision 0 =g < o1 < - < o0y, = L
such that k restricted to [0;_1, 05| alternates between vertical and horizontal paths. We say
that k has vertical ends if the followh[lg conditions are satisfied:

(i) the limits limy o l;:(a) and limy4, k(o) are both nonzero;
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(ii) the restrictions k}[o o] and k"[g ) Are both vertical.

We will denote by 0k the section of k:*(K)_(l) induced by the derivative k of k. The
quadratic differential ¢ may be viewed as a section of Sym?(Ky), and so it defines a function
on Sme(K)_(l). We will denote this function applied to 0k ® 0k by q(0k,0k). In local
coordinates where ¢ = q(z)dz?, this is simply ¢(0k,0k)(c) = q(z(0))(2(0))?. With this
understood, if k is parametrized by arc length locally near ¢ = 0, L, condition (ii) above
implies that
q(Ok, Ok) (o) _

lal|(k())

for o in [0, 01] or [o4—1, L]. Recall from §2.4.1|that since k is assumed to be quasitransverse,

we may find a lift & : [0, L] — )/(\'q of the path k to the spectral curve such that Im(Asw (k) <
0. The path K is piecewise C! and meets the zeroes of Agw precisely at its endpoints. Using
condition (ii) above, it is easy to show that the endomorphisms W;(k(o)) in extend
continuously to the closed interval [0, L].

In the following we suppose that t > t( is sufficiently large. Let (A¢, ¥y) be a solution to
the self-duality equations and consider a nearby approximate solution (A;*?, WiPP) such that
the difference between these two pairs is exponentially small in ¢ (cf. . We indicate
with a hat the respective pullbacks of ¥; and Wi to v/—1gz-valued differential forms along

% on the spectral curve, i.e. we let

‘/I\ft = W*\I’t S Ql()?qa\/jlgﬁ) )

(3.7) 1

and similarly for W;PP.

Proposition 3.5. Fiz a piecewise C' path k : [0,L] — X that is quasitransverse to the

horizontal foliation ffg with vertical ends and meets the zeroes of q precisely at its endpoints.
Then for o0 = 0, L we have that

VPP (9k(0)) = Wi(k(o))  and  UPP(J o dk(c)) = Wa(k(o)).
Proof. Recall that near the zeroes of g,

PP — 0 el (llall) Hqu/2
t T \ehelllal |q)|= /2 4 0 .

In terms of the tautological section, 7*¢ = A2, the pullback of PP to the spectral curve
can be written in the form

~ 0 et (IMP) || N A2
app __
(3.8) PP — ( W) A1 A 0 ® Asw
Similarly,
Ao 0 e—he (M%) Al A~ -
(3.9) (B27P) — ( ) -1 . )@ASW.

Now we calculate:
Asw (9k) = A(k) @ 7 (k)
(Asw(9k))? = (n*q) (k) @ 7*(0k)* = 7" (q(Ok, Ok)) .
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Since k is assumed to be quasitransverse with vertical ends, by the condition (3.7)) it follows
that, locally near 0 =0, L,

Msw(OF) )" _ <q(6k,8k)> L
A o & gl o & ’

and so by the choice of lift we have

(3.10) Aswok) _
[All o &

Similarly,

(3.11) Asw(J o Ok) _
[All o &

Inserting Ok into (3.8) and rearranging the resulting terms slightly yields along % the endo-
morphism field

R R 0 et (AP | X221 Asw (9k)
app — i
o (0k) = (e—ht(nﬂ))\ 0 ) Al
and similarly
0 e=he AN | A[2A~1Y Asw (9k)
Japp BTV
(D7) (k) = <eht<||x2u 0 ) Al

By Lemma (iv), exp(he(|[A|?)) ~ [|A[|FY, for ||A|| small. Together with (3.10) this

implies the convergence
Sapp o7 0 —i|[AAT
pp —
as ||\l = 0. In a completely analogous way one obtains that along k
= ~ 0 At
TP (] o OF) — <IIAH‘1A | ”0 ) — Wy
as ||\l = 0. This proves the Proposition. O

3.2.3. Limit of bending for connections. We relate the limit as ¢t — oo of the bending
Ok(As, Uy) defined in §3.1.2| to periods of Prym differentials on the spectral curve. This
is the key result of this section.

Proposition 3.6. Fiz a holomorphic quadratic differential q € 89D*(X). Letk: [0, L] - X
be a piecewise C path, and fiz a lift k: [0, L] — X to the spectral curve such that mo k=k.
Assume that k is quasi-transverse to the homzontal foliation Er"g with verlical ends, and

meets the zeroes of q precisely at its endpoints. Consider a family [(As, t ;)] € S (2 q)
for ¢ € 8QD*(X). Letting t — oo, suppose that ¢ — q and that [(As, t Vy)| converges to
(Ao, Ueo)] € H#51(q) in the sense of Definition [2.8 Write Aoe = AL + 1 with a unique
1-form n € S{I(XqX,Lq) as in Proposition , Then

(3.12) lim O (((Ar, W)]) = ~2i /A 7 mod 277 |
o0 k

where N € }Cédd()?q,iR) is the Prym differential corresponding to n from Proposition .
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Proof. The proof is in seven steps.

Step 1. By Definition (Approximation), there exists a family of 1-forms n; € Q'(X, gg)
as in eq. such that the difference (AP (qr) + mt, UiPP(q1)) — (Ag, Uy) satisfies an
exponentially decaying C* bound in the parameter t. Hence the difference of the holonomies
along the path & in corresponding to the connections A;*P(q;) + n; and A; tends to
zero as t — o0o. We conclude that it suffices to prove the claim with the family (A, ¥y)
replaced by the family (AP (q) 4+ me, Ui (q1)).

Step 2. Recall from that by our assumptions on the path k, the parameter interval
of k admits a subdivision 0 = o9 < 01 < -+ < 0, = L such that k restricted to the
subintervals [o;_1,0;] alternates between vertical and horizontal paths. Since ¢ — ¢ as
t — oo, and hence also the zeroes of ¢; converge to the zeroes of ¢, we may choose a family
ki: [0, L] — X of piecewise C'! paths with the following properties:

(i) k¢ meets the zeroes of ¢; precisely at its endpoints;

(ii) k¢ is quasi-transverse to the horizontal foliation 9’(’; with vertical ends;

(iii) k¢ — k in C! as t — oo on each subinterval [o;_1,0;] for 1 <i < m.
For each t, we then fix a lift Ky [0,L] — )?qt to the spectral curve m; : )A(qt — X such that
Tt O /k? = k.
Step 3. For each fixed parameter ¢ consider the family (ASPP (q;)+n¢, TP () for s > 0. We
recall from the definition of bending, and apply it to the pair (A5 (q:) +ne, TP (1))
and the path k;.

We shall be working on the spectral curve )?qt. Let us denote by (AP (q;) + 7, U2PP(g,))
the pull back of the pair (A5 (q) + ne, UsPP(q¢)) along the projection m; : )?qt — X, and
fix a lift k;: [0, L] — X,, of k; such that o k; = k;. Here 7; € K2, (X,,,iR) is the Prym
differential corresponding to n; as in §2.2.2] Keeping o = 0, L fixed, by Proposition we
may define the endomorphisms

Vi(0) == TP () (0h1() = Wi (Fe(0))
and R R R R
Ni(0) := WP (i) (] 0 Oky(0)) = Wa(ki(0)) -

Note that these do not depend on s. Using the commutation relations from it follows

that
V=1Ni(0), Vi(o)] = V=1[Wa(ki(0)), Wi(ke(0))] = 2 W3 (ke (o)) -

Next we define the endomorphism
71(0) := V=1[N,(0), V;(0)] = 2 W3 (k¢ (0))

and consider its parallel transport

(3.13) Fies(L) = T 0 F0 5, ()
in /—1gg along the path % with respect to the connection E?pp(qt) + ;. Let P(L) C
V—1g, (L) be the orthogonal complement to Ny(L) = Wa(ki(L)). By Proposition , a

frame for this complement is determined by W; (Et(L)) and W3 (Et(L)) We use this ordering
of the frame to define an orientation on the plane P;(L). The bending
)

(3.14) Or(APP(qr) + e, VPP (qr)) € R/27Z
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is then given by the angle from v/—1[Ny(L), Vi(L)] = 2 WS(Et(L)) to the orthogonal projec-
tion of the endomorphism 7 (L) to P;(L) with respect to this orientation.

Step 4. Recall from §2.1.4| that A3"(q;) — A% (q;) as s — co in C™ locally on compact
subsets of X, where AY (g;) is the Fuchsian connection from (2.9). Then clearly we also
have the local C® convergence A5™P(q;) +m — A% (q) + n¢ as s — oo. In preparation for
Step 5, we now prove that there exists tg = to(g) > 0 such that the following holds: For
every € > 0 and ¢ > 0 there exists sg = so(g, ¢, ) = to such that

(3.15) 1% (AZPP (gr) +me) — ki (Ao (ae) + 1) | e o,y < €

for all s > sg and every t > tg. Here kf (A?p P(q) +77t) denotes the pull back of the connection
AZPP(qq) along the path k; : [0, L] — X, and likewise for kj (A% (q¢) + mt).

Locally on each punctured disk D5, endowed with polar coordinates (r, #), the connection
ASPP(q4) takes the form

(3.16) a0 = 1.0 () ao

with a smooth function fs: [0,00) — R as in Hence writing the radial and angular
components of the path o+ ki(o) as k(o) = (r(0),0(0)) it follows that
\ —i 0\,

(3.17) AT @) (@) = 1) (' F) bl
Since by assumption k; has vertical ends and meets the zeroes of ¢; precisely at its endpoints,
we see that 6(c) and hence kf ASPP(q;) vanishes identically outside some proper subinterval
[L1,Lo] C [0,L]. This subinterval may be chosen independently of ¢. Definition (iii)
implies that (after shrinking the disk D,, slightly if necessary, so that k;([L1, L2]) lies outside

D,) the family of functions s + fs o r converges in C*([L1, La]) to the function fs or as
s — 00. This proves the claim.

Step 5. Keep the constant tg = to(g) > 0 from Step 4. We consider the bending in (3.14))
for large s, and prove that for every € > 0 there exists sp = so(g,q) = to such that

(3.18) O (AZPP(qr) + me, VPP (gy)) — (—21‘/A ¢  mod 27TZ> <e

k¢

for all s > sg and every t > tg.

To see this, first note that after passing to the spectral curve X'qt, by Step 3 we have the
estimate

(3.19) %y AZPP (g4) — 7 A% (q0) | o (o.07) < €

for all s > sg and every t > ¢y, where ggo(qt) denotes the pull back of A% (g;) along the
projection 7 : Xy, — X. Let us now compare the parallel transports

ﬁt,s(L) = _9 Hﬁt,AgpP(qt)+ﬁt W3 (Et (0))
from (3.13]) with the parallel transport

~

~ At AO t At
Fitoo(L) 1= —2 I ATy 3 (0)).
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It follows from that there is some constant C' > 0 such that
(3.20) g5 (L) — Ty oo(L)| < Ce
for all s > sg and every t > tg. Now by Proposition we have
Ttoo(L) = sin(9;(L)) - Wi (ke(L)) + cos(9¢(L)) - Wi (ke(L)),

where

ﬁt(L):—Zz’-/A W

k¢

Observe that the endomorphism 74 (L) is contained in the plane ]St(L) defined in Step 2,

and that the angle from /—1[Ny(L), Vi(L)] = 2W3(Et(L)) to Ny00(L) with respect to the
orientation on P;(L) is given by ¥;(L).
The estimate in (3.18) now follows from (3.20) and the definition of bending in Step 2.

Step 6. By assumption and Steps 1 and 2, letting t — oo we have that ¢ — ¢, 7+ — 1 and
ki — k, which immediately implies that

(3.21) tlggofa m:/EW

Step 7. Combining Steps 5 and 6 we infer that in the estimate
00 + ) - (21 [7 mod 20z
k

< ]@kmip%qt) o T () — (—2@’ /

kt

| )= (2 )
ke k

both terms on the right-hand side tend to zero as ¢ — co. The Proposition is proved. U

Remark 3.7. Proposition and eq. (3.12) apply equally well to the modified saddle

connections (which are not quasitransverse).

7 mod 27TZ> ‘

3.3. Comparison of bending. In this section we show that for large energy, the bending
of equivariant harmonic maps defined in nearly coincides with the bending of the
associated Higgs pair along quasitransverse paths. The main result is Theorem below.
First, we need a somewhat standard preliminary result on parallel translation which we
provide in the next subsection.

3.3.1. Parallel translation for C*-close curves. Let c and ¢ be piecewise C! curves [0, L] —
H3. Fix e > 0. We say that ¢ and ¢y are C?-close if
(3.22) fax dys (c(t), co(t)) < e .

Let us view ¢ and cq as curves in the hermitian model 2 of H? (see §2.3.2). Recall the
metric on TH? @ C defined in (2.35) for the trace model. A C%-bound on the distance in H?

between ¢ and ¢ induces one on the pointwise norms of (1 — ccy ') and (1 — coe™!). Using
this fact it is easy to prove the following.
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Lemma 3.8. There are constants C(e) > 1, ling) C(e) = 1, with the following significance.
E—r
If ¢ and co are C0-close, then for all M € TH? ® C, and all t € [0, L],

Ce) M IM ey < 1M leory < CENIM lege) -

Definition 3.9. Let ¢ and ¢ be as above. Fix e > 0. We say that ¢ and ¢y are Cl-close if
they are C%-close, and

e [[ée™ = éocy oy <<

We emphasize that here we view éc™! and ¢ocy ! as sections of the trivial bundle TH?@C ~
H? x C3, and using this trivialization we compare vectors at arbitrary fibers. Note that
because of Lemma the relationship of being C'-close is symmetric (after possibly mul-
tiplying e by a distortion that is nearly 1). The curves are not assumed to be parametrized
by arc length.

Lemma 3.10. Let ¢ and cq be curves in H3. Suppose v(0) € TC(O)H3, vo(0) € TCO(O)HS
are unit vectors, and let v(t) and vo(t) denote parallel translation along c(t) and co(t),
respectively. If ¢ and cy are C-close with 0 < ¢ < 1/4L, then

max [v(t) = vo()lleor) < 2[v(0) = v0(0)][eo(0) + 4Le -

Proof. By (2.36) we have

Write:
v(t) = vo(t) + R(t) , ¢t = oyt +r(t)
for traceless matrix valued functions R(t),r(¢). Hence,
(3.23) 2R(t) = [r(t). vo(t) + R(1)] + [éocy ' R(2)]
Now
d d . ° %
%HR(t)HEO == tr(RegR*cy ') = tr(RegR* ey ) + tr(ReoR cgt)
+tr(RégR*cy ') — tr(Reg R ey teocy ) -
One can see that the last two terms on the right hand side of the equation above are cancelled
by the last term on the right hand side of (3.23)) (and the similar equation for the adjoint).
Thus we are left with
d * —1 1 * —1 1 * * %1 —1
atr(RcoR ¢y ) = §tr ([r,v0 + RleoR*cy ") + §tr (Reo[vg + R, r*]ep ')

Since the norm of r is less than ¢, and vy(t) is a unit vector, we see that

(3.24) %HR@)H?O <2 (RO, + IR®)]leo) -
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Let 0 <t < L be the point at which ||R(¢)[|2 attains it maximum. Then from (3.24) we
have

tm d
IR ()12, — IRO)E, = [ SR e
0

<oe [T (RO + 1RO)) d
(3.25) IR(tm) |12, — IR(0)[12, < 2Le (|R(tm)IIZ, + 1R (tm)leo) -
Since we assume ¢ < 1/4L, it follows from that
[B(Em) o < 2([[R(0)]leo + 2Le) -

This completes the proof. ]

3.3.2. Asymptotic equivalence of bending.

Theorem 3.11. Let K C QD*(X) be a cone on a compact subset of 8QD*(X), and fix
§>0. Letu: X — H3 be a p-equivariant harmonic map, V = da + V¥ Higgs pair. Let
Hopf(u) = —q € K, and p—, p* lifts of zeroes p~, p™ of q. Let k be a quasi-transverse
path (or modified saddle connection) from p~ to p* that lifts to a path k from p~ topT.
Assume k has small vertical ends and meets the zeroes of q only at p~ and p™. Then if ||q|1
is sufficiently large (depending on K, e, k) we have

|0u(p,7T) — OR(A, W) <5 .

Proof. Write 0 = 09 < 01 < -+ < 0, = L, so that k restricted to [o;_1,0;] alternates
between C! vertical and horizontal paths. By assumption, k‘ 0,01] and k}[am,l, 1) are vertical.
Let T' be the tent with crease yp associated to the totally geodesic planes D, 5-) and Dy, G+).
By Proposition , the images by u of sufficiently small hexagonal domains Q- and 5+
are C'-close to the planes Dy -y and Dy z+). By Proposition it follows that the image
of k}[ol,om,l} is Cl-close to yr. By Proposition , for sufficiently small vertical ends, the
normal vector to D, -y is close to the vector n(0) in , and similarly at D,z+). Hence,
by Lemma parallel translation of the normal vector to {2,5-) along yr is close to the
parallel translation 7 along k. The result now follows from Theorem (i) and (ii), and

the discussion in §3.1.1] O

4. PLEATED SURFACES

In this section we review the notion of a transverse cocycle for a lamination. The key
results are: Lemma [.4] where we relate the bending cocycle of a pleated surface to its
geometric bending in the sense of §3.1.T} Theorem where we relate the group of bending
cocycles to the torus of Prym differentials; and Theorem where we show that the limit
of a bending cocycle is determined by the periods of a Prym differential.

4.1. Transverse cocycles.
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4.1.1. Definitions. Let A be a maximal geodesic lamination on a hyperbolic surface S with
underlying smooth surface ¥. Recall from that P(A) denotes the set of plaques in
H2\ A, and note that there is a free action of 7r; on P(A) with finite quotient. Let G denote
an abelian group that is either R or S' ~ R/27Z. A G-valued transverse cocycle for
A is a map a which sends every arc k transverse to A to an element a(k) € G, and which
satisfies the following two properties. First, for k = k1 U ko a decomposition of k into two
subarcs with disjoint interiors, we have a(k) = a(k1) + a(k2). Second, a is invariant under
A-transverse homotopies, in the sense that if k can be taken to &’ by a homotopy of S that
preserves A, then a(k) = a(k’). In particular (see [Bon96l p. 7]), a G-valued transverse
cocycle may be taken to be a function a: P(A) x P(A) — G satisfying:

(i) Equivariance: a(gP, ¢gQ) = a(P,Q) for all g € T';

(ii) Symmetry: a(P,Q) = a(Q, P);

(iii) Additivity: a(P,Q) = a(P, R) + a(R,Q), if R separates P from Q.

We shall henceforth denote transverse cocycles by o for G = R and 3 for G = S*, and in the
latter case we will continue to use additive notation in (3). Denote by H(A, G) the space of
transverse cocycles. For G = R, this is a real vector space of dimension 6g — 6 (see [Bon97,
p. 119]). We refer to elements o € H (A, R) as shearing cocycles. The space 3(A, S!) has
two components, each of which is a (6g — 6)-dimensional torus. We denote by H°(A, S*) the
component containing the identity cocycle: B(P,Q) = 0 for all P,Q. We refer to elements
B € H°(A, S1) as bending cocycles. We will sometimes make reference to a norm || - || on
H(A,R), which is fixed once and for all.

Convergence of transverse cocycles for families of laminations may be defined in a weak
sense as functions on pairs of plaques. More precisely, recall from Remark that there
is a 1-1 correspondence between the lifts of zeroes of ¢ and the plaques P(A) of any max-
imalization A of AZ. If ¢ = ¢ € QD*(X), then Agn converges in the Hausdorff sense to
a lamination with Ag as a sublamination. For maximalizations A,, we define convergence
A, — A again in the Hausdorff sense. In this case, for n sufficiently large we have bijections

rhPA) S5 P(A,) .

Definition 4.1. With the notation above, suppose A, — A. Let a, (resp. a) be either
shearing or bending cocycles for A, (resp. A). We say that a,, converges to a (and write
a, = a) if

lim o, (ry (P),74,(Q) = a(P,Q) ¥ P,Q € P(A) .

n—oo

We note for clarification that rﬁn does not, in general, preserve the separation relations

of plaques, so the pull-back «,, o rj\\n of a cocycle ay, on A, will not necessarily satisfy the
additivity condition on P(A).
We will also need the following elementary properties of cocycles.

Proposition 4.2. Let ¢ € QD*(X) and A a mazimalization of Ag.
(i) There is a finite set P" C P(A) such that if o € H(A, G) vanishes on P’ x P', then a
vanishes identically.

(i) There is a complete train track T carrying AZ, and a bijection: H(1,G) ~ H(A, Q).

Proof. (1) follows by finite dimensionality. More precisely, let 7/ be a train track that snugly
carries A. Then by [Bon97, Thm. 11], H(A,G) ~ H(7',G). The identification assigns
weights to branches of 7/ that are equal to the value of the cocycle on the plaques defined by
the complementary regions. Since there are only finitely many of these, the claim follows.
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For (2), the existence of 7 follows from [PH92|. A train track 7”7 that snugly carries A
can be obtained by splitting 7 along branches corresponding to saddle connections. Hence,
H(A,G) =~ H(7",G) as above. On the other hand, H(7”, G) ~ H(r,G) from properties of
splittings. This completes the proof. ]

4.1.2. Shearing cocycles. Given a marked hyperbolic surface S with maximal geodesic lam-
ination A there is a uniquely defined transverse cocycle o € H(A,R) called the shearing
cocycle of S. For the precise definition see [Bon96l p. 10]. We will need the following
formula for o. B B

Let P,Q € P(A) and choose an arc k from P to @ in S that is transverse to A. For each
component d of k\ A distinct from P and Q, let x;{ and z; be the positive and negative
endpoints of the (oriented) segment d, respectively. We let d_ = PNk and dy = Q N k.
Define a::[_ to be the positive endpoint of d_, and and Ty, the negative endpoint of d.. We

denote the leaves of A passing through xfit by gzlt, and similarly for x4, . For each component
d,dy, let h: gj — R denote the (signed) distance from the footﬂ determined by viewing the
geodesics as boundaries of the ideal triangle corresponding to the component d. With this
understood, we have the following expression for the shearing cocycle of S ([Bon96l, Lemma

7).

(4.1) o(P.Q) = h(x} ) —hag )+ Y (ha}) —hiz) -
d#d d—
We also note the following.

(i) If o is the shearing cocycle of a hyperbolic surface S and a € H(A,R) with |||
sufficiently small, then o+« is the shearing cocycle of some hyperbolic surface [Bon96,
Prop. 13]. This is the generalization of Thurston’s earthquake map.

(ii) The map T(3) — H(A, R) which associates the shearing cocycle to a hyperbolic metric
is injective onto an open convex polyhedral cone C(A) [Bon96, Cor. 21].

4.1.3. Bending cocycles. Recall from the introduction that a pleated surface P = (S, f, A, p)
consists of a marked hyperbolic surface S, a maximal geodesic lamination A C ¥, and a map
f: S — H3 that is totally geodesic on the components of 5\7\, maps leaves of A isometrically
to geodesics, and is p-equivariant for a representation p: m; — PSL(2,C). Such a p, which
in this paper we take to be in R°(X), is necessarily irreducible (see [Bon96l p. 36]). We
sometimes denote pleated surfaces by just f : S — H3 when context provides the other
data.

In addition to the shearing cocycle for the hyperbolic surface S, there a uniquely defined
bending cocycle B3 € HO(A, S'). As in the previous section, we will need a particular formula
for this which we describe below. _

Choose a p-equivariant differentiable vector field v on H? “transverse to the image” f(A)
of A under f. For the existence of such we refer to [Bon97], §11. Asin , let k be an arc
transverse to A from plaque P to . At each endpoint xf we have two vectors: the ambient
vector field v restricted to iL'th, and the vector n which is normal to the plane containing

the plaque R of S \ A which contains d. Here the orientation of n is such that the induced
orientation of f(R) by f followed by n is the orientation of H®. Orient these leaves of A

6The foot of an edge of an ideal triangle is the point of intersection with the orthogonal geodesic from
the opposing vertex.
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(thought of here as a leaf of AcC H3) so that its orientation is from right to left with respect
to k. The final geometric object we need is the normal plane N to the image f (gf), which
inherits an orientation from f (g;lt) and the orientation of H?3.

Set an,v(:z:élt) to be the angle from the projection of v onto the normal plane N to n € V.
Then we have the following expression for the bending cocycle (see [Bon97, Lemma 36]).

(42) /6(P7 Q) = an,v(x;;}i__) — Qnpy (x;+> + Z [an,v (le_) — Qnpy («1’5)} S R/271'Z .
ddy d_

We will use some of the details behind this expression. By [Bon97, Lemmas 4 and 5] there
are constants K, A, and B, depending only on k, such that the number of components d of
k\ A with divergence radius r(d) = r € N is at most K, and the length ¢(d) of any such
component is bounded by Be=47(4) Write the sum in as

o
(4.3) Z [an,v(le_) — ano(zy)] = Z Z [an,v(x:{) — anp(zy)] -
d#dy,d— =0 d#dy ,d_
r(d)=r
Since v is Lipschitz there is a constant c¢g > 0 such that

|ano(@]) = any(z7)] < colld) < coBe A7)

Hence, the tail in the sum (4.3) is estimated by

= - coKB
(4.4) ST lanwla)) - am)(a:d)}' S@KBY e O E e An,
r=Rd#d ,d_ r=R
r(d)=r

Bonahon proves that given a bending cocycle B € H°(A, S') and a hyperbolic surface S,
there is an equivariant map f : S = H3, well defined up to isometries, totally geodesic on
the plaques and pleated along the lamination A, and with bending cocycle 3. The map f
is by construction equivariant with respect to some representation whose conjugacy class
[p] € R°(X) depends only on the isomorphism class of the marked hyperbolic surface S, the
lamination A, and the bending cocycle 8. Indeed, this construction gives a parametrization
of (a portion of) R°(X). Set [p] = Ba(o,3), where o € C(A) is the shearing cocycle of S.
Then we have

Theorem 4.3 ([Bon96, Thm. D|). The map (L.5) is a biholomorphism onto an open subset.

4.1.4. Bending cocycles and geometric bending. The following result will be crucial for the
analysis later on. It provides a relationship between the bending cocycle discussed here and
the geometric bending introduced in §3.1.1}

Lemma 4.4. Fiz 6 > 0 and some posilive integer M. There is £9 > 0 depending only on
8, M, and A, with the following property. Let f : S — H? be a pleated surface with pleating
lamination A. Further, given P,Q € P(A) and a transverse arc k from P to Q, suppose k
can be written as a union k1 U ---Uk,,, where m < M, and for each i the pointed geodesics
bounding the plaques intersecting k; are Cl-close for ¢ < eo at their intersections with k;.
Then there is a finite collection {Pl}fil of plaques separating P and QQ, Py = P, Py = Q,
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such that for any choice of points p; € P; in the interiors of the plaques,

N
(4.5) B(P,Q) =Y O(pi-1,pi)| <6 .
=1

Proof. Recall that B(P,Q) = B(k). By the estimate in (£.4), we may find plaques P; as in
the statement of the Lemma such that if we set d; = kN P;, then

N
40 ‘

Blk) = lanw(x] ) = anv(ay)]| < 5/2 .

=1

We also assume, after a possible further subdivision, the leaves gj_l and g; of A through

1:6271 and z,; are Cl-close for every i = 1,..., N (where ¢ is to be determined). This does

not affect (4.6)). It suffices to show that for e sufficiently small the following holds:

(4.7) an,v(x;it,l) — anw(Ty ) — @f(x:l:il,:c;i)‘ < d0/2N .

Here we have extended the definition of @f(:c:{i_l,xgi) from that of ©¢(p;—1,p;) by using

the tangent planes to the plaques containing x(zil and T, to determine the dihedral angles.
To simplify the notation, set

A; = an,v(m:l:_l) - an,v(a:(;) , 0;:= @f(a::it_l,a:gi) )

and let D; denote the totally geodesic plane containing the plaque F;. Eq. follows from
simple estimates in H3. The idea is that either both A; and ©; are close to 0, close to 7, or
the points a:z,_l and T, are close to the intersection vyp := ;1 ND;. If the latter holds,
then parallel translation of the vector v to the crease of the tent formed by D;_;1 and D; only
changes v by a small amount, and so the difference A; of angles of the parallel translates is
nearly the dihedral angle of the tent.

Step 1. Let y;—1 be the endpoint of the geodesic A from T, to the plane ;1. Define
an,v(yi—1) to be the angle from the projection of v to the normal to D;_1, where the projection

is onto the parallel translation of the normal plane to the leaf gl-tl from le'iil to yi—1. By the

hypothesis that gj_ 1 and g; are C! close at their basepoints 33;_71 and z , we see that :z;f_il
and y;—1 are at most a distance 2e apart; then since v is continuous, we have that a, ,(yi—1)
and amv(x:lll) are equal up to an error comparable to €. Let |A| denote the length of A,

and note that the normal to ID;_; is tangent to the segment A at the point y;_1. Let us
denote the normals to the planes D;_; at y;—; and ID; at Ty by n;—1 and n;, respectively.

Step 2. Let z;_1 € D;_1 be the endpoint of the geodesic segment from I); and D;_1, in the
case where the planes do not intersect, and when they do intersect z;_1 € 7 is the endpoint
of the geodesic from y;_1 to yp. In either case, let B the geodesic from g;_1 to z;—1. The
points {y;_1, Ty, 21} give a geodesic triangle in H3 with sides A, B, and a third geodesic
C from z; to z1 with length [C|. Let «, 3, = m/2 be the corresponding angles of this
right-angled geodesic triangle.

Step 3. Suppose that |©;| > /4N, and |©; — 7| > §/4N. By Definition this means in
particular that ID; and D;_; intersect along a geodesic 7.

Now A is orthogonal to ID;_1, so its parallel translate along B is orthogonal to v at
B N~r. As B is also orthogonal there to vyp, we see that vz meets the triangle ABC
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orthogonally, and hence C' also meets yr orthogonally. Thus, o = ©; — 7, so the assumption
implies || > §/4N. By the hyperbolic law of sines,

sin 3
sin «
which implies that |B| and |C| are of the order of |A| = O(e). Thus, yr is within O(e) of
the points y;—1 and z, . Moreover, since the dihedral angle is bounded away from 0 and

sinh |B| = sinh |A] -

)

7, 47 must be Cl-close to the leaves g;r_l and g; . In particular, the normal planes to all
three are close. The quantity A; can then be computed by parallel translation along B and
C. By Lemma , it follows that A; and ©; are close; in particular, less that 6/2N for €
sufficiently small.

Step 4. Suppose that |A;| > §/4N, and |A; — 7| = §/AN. Then S is bounded away from
/2. For a general right-angled hyperbolic triangle one has the relation

tanh |B| = sinh |[A] - tan 3 .

Since cos 8 is bounded away from zero, one arrives at an estimate of the form: tanh|B| <
cp sinh | A| for some constant ¢y depending on this bound. It again follows that 7 is close to
the points xz__l to x, and therefore arguing as in the previous step, A; and ©; are close.

Step 5. Suppose that neither of the assumptions of Step 3 or 4 hold. If |A; — 7| < §/4N,
for example, then since v is continuous it follows that the orientations of ID;_1 and ID; are
compatible. Since the assumption of Step 3 fails, this forces |©; — 7| < §/4N. A similar
argument holds if |A;| < §/4N, and so in either case |A; — ;| < §/2N.

]

4.2. Cocycles and Prym differentials. In this section we relate the notion of a bending
cocycle to the spectral data parametrization of Higgs bundles discussed in Let q €
QD*(X), and choose any maximal geodesic lamination A containing AZ as a sublamination.

Thus, if the horizontal foliation of ¢ has no saddle connections, then A = AZ. Let )/(\'q — X

be the spectral curve associated to g. Recall that the Prym variety Prym()?q, X) contains
J2(X) as a subgroup. The goal is to prove the following

Theorem 4.5. There is a group isomorphism,
HO(A, SY) ~ Prym(X,, X)/Jo(X) .

This result is essentially contained in [PH92, §3.2] and [Bon96l p. 13|. The idea is to
view a bending cocycle in terms of periods of a Prym differential. The choice of sign is
fixed by a choice of orientation of the lift of the lamination on the spectral curve. Since this
correspondence is so central to the present paper, we present the details below.

As mentioned in the Introduction, there is a nice interpretation of Theorem which
goes as follows: the space Prym()A(q7X)/J2(X) is the fiber over ¢ of the Hitchin fibration
for (a component of) the moduli space of PSL(2, C)-Higgs bundles, whereas H°(A, S!) is a
torus fiber over C(A) in Bonahon’s parametrization of the character variety R(X). Via the
(non)abelian Hodge correspondence, QD(X) ~ C(A), and the moduli space of Higgs bundles
is homeomorphic to R(X).
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ay by as by as

Figure 4. Branched surface.

4.2.1. Homology of branched covers. Here we digress to make precise the construction of a
homology basis for the spectral curve. Consider the general case of a closed, oriented surface
Y. Suppose p : Sl — Y is a connected branched double cover of ¥ with branching set B and
involution o, and let p, denote the induced map Hl(i) — H1(X) on homology. Let g,g be
the genera of X, S Recall by the Hurwitz formula that 2§ = 2¢ + (29 + #B — 2), where we
have split the sum to indicate the dimensions of the even and odd homology of 5 under the
involution o.

Proposition 4.6. There is an exact sequence
(4.8) 0—7Z — Hi(2,B) -5 H(3) 25 Hy () — 0,
where the map ¢ is surjective onto the odd homology of 3.

Proof. A topological model for the branched cover is given by decomposing B into pairs
and introducing branch cuts. In this setting, generators of the homology of S are given as
follows. First, choose generators ci, ..., caq for Hi(X). Let ¢1,...,¢a4 be lifts in Hl(fl), i.e.
p«(Cr) = cr. We set ¢(cy) = ¢ — o(ck). Set N = #B/2. Now choose generators {a;, b;},
i=1,...,N,j5=1,...,N —1, of Hi(X, B) as in the diagram below. Define closed curves
a;, E on 3 as follows: choose lifts a;, B\z of a;, b;, and set a; = a; — o(a;), EZ = B, — 0’(,/3\1').
Then a; = ¢(a;), Zj = ¢(b;). With the orientation indicated, there is a single relation:
Zij\il a; = 0. The collection {ZL\i,Ej,Ek, o(¢)} generate Hi(3). See Figure

Note that with the appropriate choice of orientations we have the following intersection
numbers:

a; ?i]: Z'-bj:O
a;-bj=+1, aiy1-b; =—1, @ -bj = 0 otherwise .

These are compatible with the relation. The intersection numbers of the {c;} and {o(ck)}
are the same as those of {c;} on X, with the additional relations

(4.9) 51"516:33"51@:@'0(54):07
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for all 4, j, k, £.
By construction, p, o ¢ = 0. We show that ¢ is surjective onto the odd homology, which

~

will prove exactness of the second part of the sequence. Indeed, for ¥ € Hy(X), write

N N-1 2g 29
= riai+ > sibj+ > mle+ > o (G .
i=1 j=1 k=1 k=1

If 4 is odd then since a;, /b\j are also odd we have
N N-1 29 29
—F=0@) ==Y _riai— Y sibj+ Y mpo(@)+ Y mlk -
i=1 j=1 k=1 k=1
So ngp = —my, and

N N—-1 2g
(4.10) ﬁ = Z ria; + Z Sjbj + Z mk(Ek - U(/C\k))
i=1 j=1 k=1

N N-1 29
=¢ Z”ai + Z sjbj + kack .
i=1 j=1 k=1

Let us verify that ker ¢ ~ Z. Suppose v € ker ¢. We can write

N N—-1 2g
v = Zriai + Z 55b; +kack ,
i=1 j=1 k=1
N N-1 29
0=2¢(v) = Zﬁaz’ + Z Sj/l;j + ka(’c\k —o(ck)) -
j=1 k=1

=1

Taking intersections with appropriate elements ¢, and o(¢), and using (4.9), it is easy to
see that my = 0 for all k. Now

N-1
qub(’}/)al = ZSjbj-ai = 0=s5;_1—5; R
j=1

which implies s; = 0 for all j. Similarly,

N

0=¢(y) by = ridi-bj=r; —rj41,
i=1
N
which implies 7; is a fixed constant for all j. Hence, 7 is a multiple of the class Z a;. This
i=1
completes the proof of (4.8]). O

Remark 4.7. The map ¢ is not canonically determined but depends rather on the choices
of lifts of the cycles a;, b;, ¢;.
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4.2.2. Periods of Prym differentials. Let us ignore the hyperbolic structure and regard A C
% (recall the discussion at the end of §2.4.1]). Because A is maximal, if we choose a collection
B of points, one in each component of ¥\ A, we may define a double cover $ — ¥ branched
at B. The preimage A is now orientable and we fix such once and for all. Recall the result
of the previous section. In this case, the map ¢ in is actually determined uniquely (see
Remark . Indeed, we may assume representatives for the cycles a;, b;, ¢; are transverse
to A. Then choose the lifts to & to be positively oriented with respect to the orientation of
A. This determines a choice of lifts: the only possible ambiguity would be the existence of
cycles not meeting A, but this is ruled out by maximality.

Notice that we have an identification of the mi-orbits of plaques with the set B; let us
denote this 7i-invariant map p : P(A) — B. Let ¥ be a transverse C' curve from plaques P
and @ in i, and let v be the projection from corresponding points p to ¢ in B. As in the
previous paragraph, there is a unique lift 4 that is positively oriented transverse to ZA\, i.e.
the lamination is oriented to the left at a point of intersection of 7 N A. Now given a closed
1-form @, [a] € H!y(Z,R), define

(4.11) oa(P,Q) = z/a.

5

The factor of 2 is added here for convenience (see Remark 4.9 below).

We first note that oz is well defined. First, it is independent of the choice of 7; for a
relative homotopy of ¥ induces one on 7, and therefore 7, and this does not affect the integral
of the closed form a. Second, it is independent of choice of representative a. Any other
choice can be written as a + df, for an odd R-valued function f, and since the endpoints of
7 lie on the fixed point set of o, this contributes nothing to the integral.

With this understood, we prove the following:

Proposition 4.8. The function og in (4.11)) defines a transverse cocycle depending only on
the class of Q.

Proof. Equivariance is clear, since the path 7 and g7 define the same curve v on X. If the
plaque R separates P and @, let ¥ : [a,b] — H, Y(a) = P, 7(b) = Q. Then there exist
a < t; <ty < bsuch that 5(¢1),75(t2) € OR, and F[a,t1) N R = 7(t2,b) N R = 0. After
a homotopy, we may assume 7(t1,t2) C R, and after a further homotopy we may assume
there is t; < ¢ < tg such that 7(c) is the point in B associated to R. It follows that 7 can
be written as a sum of quasitransverse paths from P to R, and R to ). The additivity then
follows from the additivity of the integral in . It remains to prove symmetry. Let 7
denote the curve v with the reverse orientation. Then we note the following.

— ()

=)

(4.12)

Indeed, o(7) is negatively oriented with respect to IA\, and so both sides of (4.12)) are positively
oriented lifts of 7. Using (4.12)), we have

(4.13) ;aa(Q,P)—/;&—/Uma——/aﬁ)a——/a(f*@—/ﬁ&—;aa(P,Q).

This completes the proof. O
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Remark 4.9. Note that o5(P, Q) is equal to a period of the differential a. Indeed, from
the discussion above, the curve ypg = ;V\U% is a closed oriented curve on X, and by (4.13)),

QQAPQLJMGN®+GJQI’—2/a+2/a:2/

TPQ

Conversely, by Proposition every element of H' fdd(Z, Z) is represented by a linear com-
bination of oriented curves of the form 7pg, for some lifts P, @ of some points p,q € B. It
follows that the periods of @&, and hence [a] itself, are determined by .

We now return to the case where ¥ has a Riemann surface structure X and the lamination
comes from a holomorphic quadratic differential.

Example 4.10. Let ¢ € QD*(X), and let A be a maximalization of AZ in the sense of Lemma
- The Seiberg-Witten differential Asw from is a holomorphic Prym differential

on X We can orient the lift Ah by the condltlon ReAsw > 0. The harmonic Prym

dlfferentlal Re Agw defines a canonlcal transverse cocycle o¢®". By the previous remark,

o™ is determined by the real parts of the periods of ([L.10).

By Proposition [£.8] we have a map
(4.14) T: HlYyy(XR) — H(AR) , [6] — o5 .

We can do a similar construction for bending cocycles. If [1)] € H},, ()?q, iR), set

(4.15) Br(P,Q) = —21’/77 mod 27 .

5
By Remark , B5 only depends on the class of [7j] modulo the lattice

(4.16) L = L(X,) == Hom (H°dd (X, Z), 2m’Z> .
Hence, we have a map
(4.17) B: Hlyy(X,,iR) /L — HO(A,R/21Z) , [7] = By .
Clearly, T is linear. By Remark it is also injective. For if o5 = 0, then the periods
of 7 must all vanish; hence, [] = 0. By [Bon96, Prop. 1], the dimensions of the two sides of

(4.14) agree. In the case of the map B, notice that the lattices on either side are isomorphic
under the map 7'. This proves the following result.

Corollary 4.11. The maps T and B in , are isomorphisms.
We observe the following:
Lemma 4.12. The inclusion induces an exact sequence:
0 — H}yy(Xy, 2miZ) — L — Jo(X) — 0 .
Proof This is most easily seen in terms of the explicit generators in Let a], 337
and 5 be Poincaré duals of aj, b], and c¢j, respectively. Then 6; := m(é — 5, i) € A,

j =1,...,2g, is not 2mi-integral, but 24, € H;dd(Xq,ZMZ) It is easily seen that L is
generated by Hl,, (Xq, 2miZ) and all such elements ¢;. This proves the result. O

Proof of Theorem[{-5 Immediate from Corollary .11} Lemma [£.12] and eq. (2.20). O

Definition 4.13. The complex cocycle T'sw € H°(A,R + iR /27Z) is the one determined as
in Corollary [4.11] by the periods of the real and imaginary parts of Asw.
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4.3. Approximation by pleated surfaces. In this section, we define what it means for
a family of harmonic maps and a family of pleated surfaces to be asymptotic, and we relate
the corresponding notions of bending. The intuition behind the definition below may be
summarized as follows: the image of a pleated surface f : S — H?, for a representation
outside a large compact set, consists of a configuration of plaques sheared far apart from
one another and related by long leaves of the lamination. At the same time, the image
of a harmonic map in a neighborhood of the zeroes of a quadratic differential is nearly
planar, whereas leaves of the horizontal foliation are nearly geodesic. The approximation
requires these planes and approximate geodesics to be close to the plaques and leaves of the
lamination of the pleated surface.

We furthermore assume that we have chosen maximal laminations A,, (resp. A) containing
Agn (resp. Ag), and that A,, — A in the Hausdorff sense.

If there exists a pleated surface P, = (Sy, fn, An, pn), then by the discussion in there is
a bijective correspondence between the zeroes Z (¢) and plaques of /~\n, and each bi-infinite
leaf in S"h determines a leaf in Ag . The ch01ce of maximalization An is determined by a
finite ch01ce of “additional” leaves (see . We also recall from §2.5.2| the definition of

the hexagonal sets Q, and Q With thls understood we make the followmg

Definition 4.14. A sequence of pleated surfaces P, = (Sy, fn, An, pn) is asymptotic to
up, if for any € > 0 there is N so that if n > N the following holds.

(i) The image by u, of the horizontal leaves in X \ Q,, are Cl-close to the corresponding
leaves in Kn;

(i) if p € Z(qn), then wu,(p) is e-close to the image by f, of the corresponding plaque P
in §n Moreover, the parallel translation of the tangent plane to the image of w, at
un(p) along the geodesic to fy,(P) makes an angle less than ¢ with the totally geodesic
subspace containing f,(P).

With this definition we are in a position to compare the notion of bending for sequences
of harmonic maps and of pleated surfaces that are asymptotic to each other.

Proposition 4.15. Let P, = (Sy, fn, An, pn) be a sequence of pleated surfaces that is as-
ymptotic to the sequence u, : X — H3 of pn-equivariant harmonic maps in the sense of
Definition , Denote by B, € H°(A,, S') the bending cocycles of P,,. Fiz 6 > 0. Then
for any P,Q € P(A), there are plaques { P}, between P and Q, Py = P, Py = Q, with
centers p;, such that

lim (B, (r4, (P).r Zeun Pio1,B) <4

n—oo

Proof. We shall use the set up of Lemma [£.4] Note that by the convergence A, — A, the
approximation of the bending cocycle by sums over finitely many plaques is uniform. By a
further subdivision, we may assume that between any two centers piﬁl — pi—1 and f)ﬁn) — D;
there are quasitransverse arcs (or modified saddle connections) ki(n) with small vertical ends
that meet the zeroes of the Hopf differentials ¢, only at foﬁ)l and ﬁﬁn). Then the images by
uy of the horizontal parts of kZW are Cl-close, and therefore by the asymptotic assumption

the same is true for the leaves of A, along kl("). Thus, the hypotheses of Lemma are
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satisfied for sufficiently large n, and we have

(4.18)

Ba(r}, (P) Z@fn B 5| <02

for large enough n. On the other hand, an argument analogous to the one used in the proof
of that lemma shows that

(4.19) 07, (B ™) = O, (B 5| < /2N

for large n. Indeed, suppose that not both ©, (ﬁin)l,ﬁg )) and ©, (ﬁfn)l,ﬁf )) are within
d/4N of m, and neither are they both within §/4N of 0. Then the image by w, of the
(n)

horizontal parts of k; "’ is arbitrarily close to the crease of the tent formed by the totally

geodesic planes associated to the plaques P;_1 and F;. By Definition m (i), these are also
close to the planes tangent to the image of u,, at p;—1 and p;. The angle O, (ﬁin)l,ﬁﬁ )) can
be computed by parallel translation of the normal vectors to the plaques, as discussed after
Definition [3.1] These normal vectors are close to the normal vectors to the planes defined
by u,. By Lemma , the parallel translations along un(krl(")) are also close to the parallel
translations along the crease. Note that in the statement of that lemma, the term Le is

small, since ¢ is exponentially small compared to the length of un(k:fn)) by Proposition m

Combining (4.19) with (4.18]),

5n(7ﬂj\\n( TA,L Z@un )) <9.

Since this holds for fixed N and §, and any sufficiently large n, this completes the proof. [

4.3.1. Bending cocycles and periods. We now combine the considerations above with the
results of §3]

Theorem 4.16. Let P,, = (Sy, fn, An, pn) be a sequence of pleated surfaces with bending
cocycles By. We assume the following two conditions:
(i) The sequence P,, is asymptotic to the sequence u, : X — H? of p,-equivariant harmonic
maps in the sense of Definition [4.14);
(ii) the sequence (A,, V) of Higgs pairs for p, converges to a limiting configuration with
associated Prym differential 7).
Let B5 be defined as in . Then in H°(A, SY): nli_)rgoﬂn =G5 .

Proof. Let 3 be any subsequential limit of 3,,. By Proposition [£.15]it suffices to estimate the
geometric bending ©,, (p;—1,p;). Using the assumption in the proof of that result, we have a
quasitransverse path k; from p;_1 to p; that intersects the zeroes of ¢ only at the endpoints.
By Theorem , it follows that 3, (P, Q) is approximated by the sum of O, (A, ¥,). Since
the latter is additive, B, (P, Q) is approximated by O (A, ¥,), where k is the image of a
path from p to ¢. By Proposition [3.6] this converges as n — oo to the period of 7). ]

5. REALIZATION OF PLEATED SURFACES

The goal of this section is to prove the following result, which is part (i) of the Main
Theorem.
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Theorem 5.1. Let [p,] € R°(X) be a divergent sequence, un : X — H3 the pn-equivariant
harmonic maps, and t2q, the Hopf differentials of u,, where q, € 8QD*(X), t, — +oo.
We assume ¢, — q € 8QD*(X), and in some (hence any) realization of the associated
geodesic laminations, choose mazimal laminations A, (resp. A) containing Agn (resp. AZ),
with A, — A. Then there is N such that for alln > N, the class [py] is in the image of the
map By, in (L5), i.e. there is a pleated surface Py, = (Sy, fn, An, pn)-

5.1. Realizing laminations.

Definition 5.2 (c¢f. [CEGS87, Def. 1.5.3.4]). Suppose A C S is a geodesic lamination and
p:m(S) — PSL(2,C). Then A is realizable if there exists a continuous p-equivariant map
¢ : S — H3 that takes the leaves of A homeomorphically onto geodesics in H?.

The goal of this subsection is to prove the following.

Proposition 5.3. Assume the hypotheses of Theorem [5.1 Then for n sufficiently large,
there is a marked hyperbolic surface Sy, such that the geodesic lamination A, C S, is realiz-
able for p,.

The proof of Proposition will proceed by using the result of Minsky on high energy
harmonic maps into H? that we summarized in §2.5.1l This will lead to a suitable collection
of train tracks carrying the laminations A,,.

5.1.1. The companion surface. By [Wol89, Thm. 3.1] and [Hit87, Thm. 11.2] there is a
marked hyperbolic surface §n such that the harmonic diffeomorphism v, : X — §n has
Hopf differential t2g,. Moreover, the class [S,] € T() is uniquely determined by t2qp.
We let v, : X — H2? denote the lift to the universal cover. Via Up, the laminations A,
are realized as geodesic laminations in §n As previously, we continue to use the notation
A, C §n to simplify the notation. Also, denote the lift by Kn C H2.

Proposition 5.4 ([Min92bl Thm. 7.1]). For A, co,Co as in Proposition and n > N
and s, < cg, there is a m-equivariant map 1L, from the leaves of ?gn in the complement of

Q,, to the leaves of /NX},; C H? which factors through v,. Moreover, for any p € X \ én,
d]HI3 (Un(p)7H*(p)) < AeXP(_tnCO) )
and the derivative along the horizontal leaf through p (in the |q,| metric) is

Hdn*‘ - 2‘ < AeXp<_tnCO) :

We note that in the case of a maximalization A,, of AZ, II, can be extended to the
additional leaves as remarked in §2.5.1}
The train track used in the proof of Proposition may be chosen so that for n suffi-
ciently large the following holds.
(i) Let T« = vp(Tn) C H2. Then the branches of Tn« have length comparable to t,, and
geodesic curvature O(e,) and meet tangentially.
(i) The collection AP is C! -carried by Ty +.
Let &, denote the shearing cocycle of §n with respect to the lamination A,,. We will need
the following result from [Wol89|. (Stronger estimates are implicit in [DW15].)

Lemma 5.5. For any 6 > 0 there is N such that for alln > N,

G0 — tnog"[| < oty -
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Figure 5. Realization of A,,.

5.1.2. Proof of Proposition[5.53 We first choose a constant § > 0 so that there are disjoint
arcs ¢;, one for each branch b; of 7,, so that ¢; intersects only b;, and this only once. The
endpoints of ¢; lie in exactly two components of X \ 7,, (see Figure . Viewed on §n, we
may assume that the endpoints of ¢; are in §n \ Nas, where N, is the r neighborhood of 7, ..
We furthermore assume A,, C Ns. These assumptions are made possible by Proposition

Let g be a legf of INXn C H2. Then u, o Uﬁ_l produces a well-defined geodesic g* C HS.
Namely, if £ C ?gn follows a train path such that the straightening of v,(¢) is g, then g* is
the straightening of u,(¢). For every intersection point p in g N¢;, we map p to the point
©(p) = p* given by the nearest point projection of w,, o {);_l(p) onto g*. Let p; and ps be
consecutive points on g, in the sense that there is no other point in g N¢; in the geodesic
segment gp,p,. Extend the map along the segment

. ~Y *
¥ - Ipip2 7 gpi*p%

as a homothety. Continuing in this way we obtain a continuous map ¢ : Kn — H? mapping
leaves homeomorphically to geodesics. Moreover, it is clearly equivariant. Since A, is a

closed subset, by the Tietze extension theorem we can extend ¢ to a continuous map Ng
with the same Lipschitz constant. Now we use a geodesic homotopy to join uy ov, ! on the
complement of Nos to this extension. This defines the map ¢, and it is equivariant.

5.2. Perturbing the companion surface. For closed 3-manifolds the existence of a real-
ization of a lamination leads to a pleated surface (see [CEG87, Thm. 1.5.3.9]). The goal of
this section is to prove the same in the equivariant case that we consider. The rough idea is
that the companion surfaces §n obey the same asymptotics as the image of the equivariant
harmonic maps u,, so the hyperbolic structure on the putative pleated surface should be
obtained from a small perturbation of that on §n For a similar construction, see [Bon96],
proof of Lemma 30.

5.2.1. The shearing cocycle from the realization. We first describe a shearing cocycle asso-
ciated to the realization of A, obtained in Proposition In order to do this, recall the

notation of §4.1.9)

Let ¢y, : §n — H be a realization of A,,. Let k be a transverse path to A,, from plaque
P to plaque @, and let d be a component of k\ A,,. Then d corresponds to a plaque
R € P(A,), and therefore an ideal triangle (also denoted R) in H?. (Here R depends on n,
but in this passage, the index n will not vary, so we suppress the notational dependence.)
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Recall the lamination A} constructed in Proposition [2.28] We first observe that under the
correspondence between leaves of A, and A}, the geodesics in A} associated to the edges of
R form an ideal triangle R* C H3. This is because first, two geodesics in A% corresponding to
a pair of edges of R must be asymptotic on one end, since the map wu,, is Lipschitz. Second,
if the edges of R do not form a triangle in A, then two such geodesics would collapse, and
this is ruled out (for sufficiently large n) by Proposition m

With this understood, set let’* = @(xdi). For each d, let h,, : gdjE — R denote the signed
distance to the foot of the geodesic, as described in . Similarly, define A}, : géc’* - R
for the corresponding ideal triangles in H?. We then define:

(5.1) on(P,Q) = hy(x") = hi(a )+ Y (hh(xp™) = hi(zg™))
d#d+ d—

Lemma 5.6. Eq. (5.1) defines a transverse cocycle o, € H(Ap, R).
Proof. For each d, the quantity \h;(x:{*) — h(z;")| may be bounded by the distance from

3::{’* to x;" (see [Bon96l proof of Lemma 8|). The map ¢ is Lipschitz with constant M,,
say, SO

(5.2) Wy ™) = by (g ™)| < Mal(d)

where /(d) is the hyperbolic length of d. By the estimate in [Bon96, Lemma 5], the sum in
(5.1) converges, and o, is therefore well defined. The symmetry and additivity conditions

of §4.1.1] are clear. (|

We shall require a more precise relationship between o, and &,.

Lemma 5.7. Fiz a finite set P* C P(A) and § > 0. Then there is N such that for alln > N
and all P,Q € P,
|00 (P, Q) — & (P, Q)| < bty -

Proof. Let A,, be the constant defined in [Bon96, Lemma 3| for the hyperbolic structure Sp
(this depends on P and @), which gives a lower bound on the length of a leaf in A, that
intersects a transverse arc from P to Q multiple times. Since the laminations A,, converge,
and since the S,-length of a leaf of A,, is stretched by a factor of ¢,, (see Proposition ,
it follows that there is a constant Ag > 0 such that A,, > Apt, for all n and all choices of
pairs in P’.
Appealing again to [Bon96, Lemma 5|, we have
(5.3) ((d) < Bexp(—t,Aor(d)) ,

where 7(d) is the divergence radius of d and B is independent of n. Using (5.2) and (5.3),
then as in the proof of Lemma [{.4] there is a sequence of plaques separating P and @,
P=PFy,P,...,Py =Q, such that

N
on(P,Q) =) (hilwy”) = hilwy")) + Ey, .
i=1
where E = O(exp(—Ct,)) for some C' > 0. Similarly, we have
N

on(P,Q) = Z(hn(l’;};_l) — hn(zy,)) + En

i
i=1
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where E,, = O(exp(—Ct,)).

Each component d; is associated with a zero p; € Z(q,). By Proposition applied to
the map v,, near the zero p;, there are curves k" in ?gn such that the intersection i(F, , kn)
is uniformly bounded, and

. - + . +
nh_g)lo {tnlhn(xdi) +i(Jy,, kn)} =0.
From the construction of the map ¢ in §5.1.2] it follows that for the same curves,
lim {t;lh;;(xj;*) i@'(?gn,kg)} ~0.

n—o0
Since the sums in the expressions for o, and &, are finite (independent of n), and P and @
range over a finite set, we can satisfy the desired inequality for any § > 0 if n is sufficiently
large. U

Recall the open convex polyhedral cone C(A,;,) from the end of §4.1.2

Proposition 5.8. For n sufficiently large, o, € C(A,). Hence, there is a marked hyperbolic
surface Sy, with shearing cocycle o, .

Proof. The constant C' defined in [Bon96, Lemma 6] only depends on the combinatorics
of the train track supporting the laminations (cf. [Bon96, p. 26]), and therefore may be
taken independent of n. By Proposition (i), one can choose a sufficiently large finite set
P" C P(A,) so that transverse cocycles are determined by their values on ?'. Then using
Lemma |5.7| with § < A¢/2C, we conclude that

|om — Gnl| < Ap/2C .

for n sufficiently large. The result then follows from [Bon96|, Proposition 13 and the proof
thereof. O

5.2.2. Proof of Theorem [5.1] It remains to prove the existence of a pp-equivariant pleated
surface map S,, — H?. Here we copy a construction in [Bon96]. Let P’ C P(A,,) be a finite

collection of plaques. For each P € P, define f, 9 on P C S, \ Ay, to be the oriented
isometry with the corresponding plaque P* C H3. The complement Sh \ Upeyp P consists
of a union of wedges. For each wedge X, the boundary consists of two geodesics g and
h belonging to plaques in P. Choose (if necessary) a diagonal v in ¥ joining opposite
endpoints of g and h, and map ~ to the corresponding geodesic in H3. The diagonal v
splits X into two wedges, and there is a unique way to extend f, - across these to make a
continuous and totally geodesic map §n — H3, albeit without any equivariance property.
Using Lemma as the finite sets P’ exhaust P(A,), the f, 9 converge locally uniformly
to a map f,. The fact that f, is pp-equivariant and has shearing cocycle o, follows as in
[Bon96l, proof of Lemmas 14 and 16].

6. PROOFS

6.1. Limiting trees. We begin by proving a general result on “factorization” of equivariant
harmonic maps to H? and H3. Let [p,] € R°(X). Suppose we are given a sequence of pleated
surfaces P,, = (S, fn, An, pn), where A,, carries a transverse measure. Let v, : X — H2
denote the lift of the degree one harmonic diffeomorphism X — S, the hyperbolic surface
underlying P,. We also set w, = fpov, : X — H3. Note that w, is pn-€quivariant, and
since f, is totally geodesic on the complement of A,, which has measure zero, w, is an
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L2-map with the same energy as v,. Finally, as usual, we let wu, : X — H3 denote the
pn-equivariant harmonic map.
Let g, = Hopf(uy), ¥, = Hopf(v,). We may assume (after passing to a subsequence)

that

dn Un
gy
llgn1 (K[

Let ¢np(Ay) denote the Hubbard-Masur differential whose horizontal measured foliation is
measure equivalent to the one corresponding to the lamination A,, (see §2.4.1)).

Proposition 6.1. Suppose the following hold:
(i) ¥ € 89D*(X);

|4t — dur(An)l1
lltbn 1

=0.

(W 2%,

Then

lim M:O,

n=oo |1
Lemma 6.2. Under assumption (i) above, there is a constant 0 < ¢ < 1 such that
¢ E(vy) < E(uyp) < E(vy) .

Proof. The inequality E(u,) < E(vy,) is automatic, since u,, is an energy minimizer among
pn-equivariant L?-maps, and E(v,) = E(w,). Choose any conformal metric on X, and
induce a metric on X. By the uniform Lipschitz property of harmonic maps to NPC targets
(cf. [Sch84] Thm. 2.2]), there is a constant B independent of j such that for any points
pqgeX,

dizs (un (p), un(q) < Bdg(p,q) - E*(up) .
In particular, for v € my,

(6.1) 7 (pn (7)) < Blx(7) - BV (uy) -

By (ii), the laminations A, are close to AZ)”. By Poincaré recurrence, we may choose

a nondegenerate leaf of 3"3” and form a closed loop v by adding small segments of the
vertical foliation (see [FLP12| Cor. 5.3]). The image by f,, of the lift of this loop consists
of nearly geodesic segments joined by tiny orthogonal segments, so the length approximates
the translation length of the corresponding element in Iso(H?). The high energy behavior
of v, (c¢f. [Wol89] and Proposition further implies that this length is approximated by
the transverse measure to ?Zzn. From this we deduce the existence of a constant ¢y > 0 such
that

T (P (7)) = co - 607, 5w, VE(va)'/? .

[lbn
We then observe that since 7 may be chosen to be long and nearly along the leaves of F7 |
the X- and %—lengths of v are comparable. The Lemma then follows from (6.1)). O

Let (Cy,dys) be the closed convex hull of the image of w, in H3. We now consider the
rescaled metric spaces H2 := (H? t, 'dy2) and W, := (Cy,t, dys), where t2 = E(v,).
By the uniform Lipschitz property used in the previous proof, v, : X - H2 has uniform
modulus of continuity in the sense of Theorem Since the map f,, : H? — C,, is distance

nonincreasing. it follows that w, : X — W, has uniform modulus of continuity as well.
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Lemma 6.3. After possibly passing to a subsequence, we have the following properties:
(i) H2 with the isometric action of w1 converges in the Gromov-Hausdorff sense to the
R-tree Ty, dual to the quadratic differential 1, up to scale, and the maps v, converge

to a surjective mi-equivariant harmonic map v : X — Ty;

(ii) W,, with the isometric action of m converges in the Gromouv-Hausdorff sense to an
R-tree T with w1-action whose projective length function is equivalent to the Morgan-
Shalen limit of {pn}. In particular, the action is minimal. The maps wy converge to
an equivariant map w : X T of finite energy;

(iii) The maps f, : H2 — W, converge to a morphism of trees f : Ty — T. There is
no folding of edges in Ty corresponding to adjacent critical leaves of the horizontal
foliation of ¢ meeting at a zero. Moreover, w := f owv.

Note that the embedding, into the surface, of the graph of critical leaves of the horizontal
foliation of ¢, induces a natural notion of adjacency of critical leaves.

Proof. The convergence property in item (i) follows from [Bes88|, [Pau88]|, and the harmonic-
ity, surjectivity and convergence to the map is in [Wol95|]. Convergence in (ii) follows by the
construction in Theorem 2.32] Note that the result of Lemma [6.2] guarantees that the length
function has a well defined nonzero limit and that the resulting map v is nonconstant. The
fact that the limiting tree is the Morgan-Shalen (minimal) tree follows from Theorem [2.34]
Item (iii) can be seen by taking the images of leaves of the horizontal foliation of ¢ and
using the fact that the pleated maps f, take leaves of the lamination to geodesics. The last
assertion in (iii) is obvious. O

We shall need some further properties of the map w : X —T.

Lemma 6.4. Fiz zg € X and Q € T. Then on a sufficiently small disk about zg, the function
z +— dp(w(z),Q) is subharmonic. Moreover, the Hopf differential of w is well defined and
equal to .

Proof. We may assume zq is a point such that the map p folds at v(zg), since otherwise f is
a local isometry, and the result follows since v is harmonic with Hopf differential ¢. Choose
the disk U such that the image v(U) consists of geodesic segments eq, e2, e3 in T, meeting
at a vertex. Because f is a folding, we may assume that f maps each e; isometrically onto
corresponding geodesic segments ¢; in T. Note that since folding cannot occur on edges,
hence not on adjacent edges incident to a vertex, and the zero in U is trivalent, we see that
the ¢€; are distinct.

Either the geodesic segment w(z)@ intersects each €; in the point w(zp) (which we call

Case 1); or w(zp)Q intersects some (and hence only one) €; in a nondegenerate segment
(which we call Case 2).

Suppose we have Case 1. Then we claim that for lifts @ of Q to Ty,
v(20)Q Ne; = {v(z0)} .

If this were not the case, let R be a nondegenerate segment in one of the intersections above,
and set R = f(R) CT. Set R~ = {v(20)}, and let R" denote the other endpoint of R. The
geodesic v in Ty, from R™ to @ is disjoint from the interior of R. Hence, its image 5 in T
is a path from R to @ that is disjoint from the interior of R. On the other hand, there is

another path from w(zg) to @ that is disjoint from the interior of R. This contradicts the
fact that T is a tree.
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Since the image of v on U is e; U ey U e3, it follows that

dr, (v(2), Q) = dr, (v(2),v(20)) + dr, (v(20), Q)
= dp(w(z),w(z0)) + dTw (v(20), @)
= dr(w(z2), Q) — dr(w(z0), Q) + dr, (v(20), Q)

Since dr,, (v(2), @) is subharmonic on U, so is dr(w(2), Q).

In Case 2, suppose without loss of generality that w(z9)Q Né; = R is a nondegenerate
segment. Then for small enough U,

dr(w(2),Q) = dr(w(z), ) + dr(R",Q) .
Now because adjacent edges do not fold,
dr(w(z), ") = dr, (v(z), ") ,

and the result follows as above. This proves the first part of the Lemma. Taking @) =
w(20), we see that dr(w(z),w(20)) = dr,(v(2),v(20)). Then the energy densities and Hopf
differentials of w and v must coincide (see [KS93| §1.2 and §2.3]). The Lemma is proved. O

Again appealing to Theorem [2.34] the rescaled convex hulls of the images of the wy,
converge to give an equivariant harmonic map v : X — T to the Morgan-Shalen limit. Let
us emphasize that since the limiting length function is not abelian, there is a unique R-tree
associated to the Morgan-Shalen limit with the given limiting length function.

Proof of Proposition 6.1l Applying assumption (ii) provides for the estimates in Lemma
and hence the existence of the nontrivial map w in Lemma Assumption (i) is used in
proof of Lemma . With this understood, consider D(z) = dp(u(z), w(z)), for z € X.
First, since u and w are equivariant for the same action, D(z) descends to a function on X.
Next, observe that D(z) is continuous, since both u and w are Lipschitz. Let

8:{26X|D(z):m)?xD}.

Then 8 is closed and nonempty. Let zp € S. We may assume D(zp) > 0, since otherwise
u = w and there is nothing to prove. Let Q € T' be the midpoint of the geodesic u(zp)w(zo),
and choose an open disk U about zy sufficiently small so that «w(U) N w(U) = (. Since
T\ {Q} is disconnected and hence u(U), w(U) lie in different components, any path from
one image to the other must pass through @Q. In particular,

D(z) =dp(u(z),Q) + dr(w(2),Q) , forall z € U.

Since distance to a point is a convex function, and harmonic maps pull back convex functions
to subharmonic functions, the first term on the right hand side is subharmonic. For U
sufficiently small, the second term is also subharmonic by Lemma Hence, using the
strong maximum principle this implies that D is constant on U, and so & is open. Hence,
D(z) is a constant function.

We claim that v and w have the same Hopf differentials. Suppose D = D(z) > 0. Then
the claim will follow (as above using the definition in [KS93]) by showing that for any z
there is a small enough neighborhood U about 2y such that

(6.2) dr(u(z),u(z0)) = dp(w(z),w(z)) , for all z € U.
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Let R C T denote the edge from u(zp) to w(zp). Let
Df={zcUlu(z)¢R} , D, ={2€U|u(z)<R}.

Similarly, we define Df. Notice that since D(z) = D is constant, D;f = D; and D, = D;.
Hence, for z € D},

D = dr(u(z), w(z)) = dr(u(z),u(z0)) + d(u(z0), w(2))
(u(2), u(z0)) — dr(w(2), w(zo)) + D ,
whereas for z € D,

D = dr(u(z), w(z)) = dr(w(z), w(zo)) + d(w(z0), u(2))

=d(w(z),w(z0)) — dr(u(z),u(z0)) + D .

In both cases, the equality (6.2]) holds. This proves that ¢ = q.

In fact, since the energy densities of u and w agree, w is also energy minimizing. But
equivariant harmonic maps to nontrivial R-trees are unique (see [Mes02|), so that in fact
w = u. Choose p # p' € H? to lie on a portion of a leaf £ C 3"3 away from the zeroes. We
assume that the map f : T, — T maps the image of ¢ isometrically onto a geodesic segment
in T. By the definition of a folding and the dual tree, such an ¢ can always be found: one

simply takes a preimage in a leaf of an arc in a tree and restricts to a small enough subleaf
that is not folded. By Theorems and [2.32] we have

E‘(wn)_l/QdH3 (wn(p)vwn(p,)) :E(Un)_l/Qd]HI3 (Un(p)vvn(p,)) - Z(&%)
E(up) ™ ?dys (un(p), un(p') — i(4, F7)

and since ¢ = 1, the right hand sides are equal. On the other hand, from Lemma [6.3| and
the fact that w = u,

(6.3)

(64) Tim E(vn) ™72 (digs (wn(p), wi(p)) — digs (un (p), un (p'))) = 0
(recall that t2 = E(v,)). Eqgs. and [6.4] force
E(un
lim (un) =1,

n—00 E(Un)
which implies

. lgnll
6.5 lim =
(65 3% gl

Indeed, this follows because the w, and v, are harmonic, and the energy converges [KS97,
Thm. 3.9]. Alternatively, for v,, we have the inequality

”wnHl - 27['(g - 1) < E(Un) < ||¢n||l + 271'(9 - 1)
(see [EWT6]), and so

E(vn)
im =
n=00 [|thn 1

Similarly, using Theorem [2.14] (iii) and (iv), eq. and the asymptotics in Theorem
we also have

E(uy,
lim (u)_

n=0 [lgnlly
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Hence, The Proposition now follows from the fact that ¢ = q, , and the algebraic
inequality

HQH @Z)nHl ‘ llgn ll1

Tl S [¥n|1

H lanll Hwnlll

1

6.2. Limiting configurations and limits of representations.

6.2.1. Proof of the Main Theorem. Part (i) of the Main Theorem is the content of Theorem
b1l The harmonic map estimates in Propositions [2.2§ and [2.30] show that the pleated
surfaces f : S, — H3 are asymptotic to the images of the harmonic maps uy, : X - H3 in
the sense of Definition [1.14] This is part (ii) of the Theorem. Part (iii) then follows from
Lemmas and . Finally, part (iv) is a consequence of the approximation in Definition
and Theorem [£.16] This completes the proof.

6.2.2. Proof of Corollary[I.1l Let us first recast Theorem (.5 in terms of train tracks. Let
q € QD*(X). Let T be a complete train-track (cf. [PH92, p. 27, 175]) carrying the horizontal
lamination AZ. Let H°(1,S') be the connected component of the identity of the space of

S'-valued cocycles on 7. Then we have the following

Theorem 6.5. There is a group isomorphism
H(7, SY) ~ Prym(X,, X)/J2(X) .

Proof. Choose a maximalization of ?g in the sense of Definition . By Lemma , this

gives a maximalization A of Ag. Now A is carried by the splitting 7/ of 7 corresponding to
the maximalization. Since there is a natural isomorphism

H(, Sl) ~ J{O(T',Sl) ~ J{O(A,Sl) ,

the result follows from Theorem Note that from the construction leading to Corollary
the isomorphism is independent of the choice of maximalization. O

Fix Xy and qp € 8QD*(Xp). The train track 7 may be chosen so that for any X € Uy,
T carries Ag(X ), where ¢ € 8QD*(X) is the Hubbard-Masur differential for the measured
foliation F7, . A maximalization A(X) of A?(X) is carried by a splitting of 7.

We now continue with the proof of the Corollary. Let T be a Morgan-Shalen limit of
[pn]. As we have noted before, by Theorem there is an equivariant harmonic map
u: X — T that factorizes through T,,. Note that since go has simple zeroes, the action
on T is not abelian, and so the tree T is uniquely (up to scale) associated to the projective
length function of the Morgan-Shalen limit.

Consider X € Uy. Then as above, we have an equivariant harmonic map: X - Tq/X 5 T.
We claim that up to an overall scale, Tqu is equivariantly isometric to Tj,. From this, it

follows that ¢’y = gx. To prove the claim, let v : )?0 — Tq/X be the equivariant harmonic

map, and set w = fowv: )~(0 — T'. Then using exactly the same argument as in Lemma
and the proof of Proposition [6.1] we conclude that the Hopf differential of v is also gp.
Since the action on 7, dy is “small”, it follows that the folding 77, — Tq/X induced by v from
Theorem [2.31] (iii) is actually an isometry (see [Sko96, Prop. 3.1]). This proves the first
statement of the Corollary.
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To prove the statement about bending cocyles, let §n(X0) be the companion surfaces as
in . Recall the construction of a pleated surface P, (Xo) = (5,(Xo), ﬁ,xo,An(Xo), Pn)s
where the shearing cocycle of the hyperbolic surface S, (Xp) is obtained as a perturbation
of the one for §n(X0). We may choose the train track 7,. used in that proof to carry
both laminations A"(X) and A"(X(). By a straightforward energy estimate the scaling
factors of the quadratic differentials on X and X are comparable: i.e., there is a constant
C depending only on Uy so that

C™ M, (X0) < tn(X) < Ctn(Xo) .

Perturbing the shearing cocycle of §n(Xo) as in , but now with respect to the lamination
A, (X) instead of A, (Xp), the argument in carries over to show that there is a p,-
equivariant pleated surface with pleating locus A, (X). By [Bon96, Lemma 29|, this must
agree (up to isotopy) with the pleated surface Pp,(X) = (S,(X), fu.x, An(X), pn) constructed
in Theorem with the base point X.

Now the complementary regions of the lift 7, . of the train track to H? give the iden-
tification of the plaques for P, (X) and P,(Xp). Each plaque P is realized in two ways
(say Px and Px,) as an ideal triangle in H?, and where by the asymptotic estimates on
the harmonic maps u, (c¢f. Proposition [2.30)), the triples of leaves in A, (X) and in Ay,(Xo)
bounding P are close over a large hexagonal region of P. For a pair of plaques P, Q, fix
points p € Px, po € Px,, ¢ € Qx, o € Qx,.- Then as in the proof of Lemma the
proximity of the ideal triangles for P, (X) and P,(X() when n is large gives an estimate
on |@fn X(ﬁ, q) — OF o (Po,qo)|. From (f.5), we see that the bending cocycles 3,(X) and

Bn(X) give the same limit as a cocycle in H°(7, S!). By the Main Theorem, this common
limit determines the periods of nx, and nx, and so therefore identifies their cohomology
classes under the Gauss-Manin connection. This concludes the proof of Corollary [I.1]

6.2.3. Proof of Corollary[I.3 Consider the situation of the Main Theorem. Suppose that
the limiting quadratic differential ¢ has a vertical saddle connection between p,p’ € Z(q).
Let py, p), be zeroes of ¢, so that p, — p, pl, — p/. If there is a folding in the Morgan-Shalen
limit, then the following must happen: there is some §y > 0 such that for all 0 < § < Jg
there are points z,, 2/, with

ty s (0, (1)) — 05t s (25, (2,)") — 0

(66) —1 * * —1 / ’:’ / \*
tn dH3(Zn7pn) — 9 ’ tn dH3((zn) 7<pn> ) — 0.

See Figure @ The notation here means that p} = u,(p,), etc. See Theorem and the
definition of folding in . As in the proof of Lemma , the planes Dys and D,y )-
intersect, and the assumption is that the dihedral angle is bounded away from 7. Let A,
denote the geodesic segment between z; and pf, B, the geodesic segment between (z],)*
and p}, and C), between 2} and (z],)*, and let o, By, and v, be the corresponding angles of
the geodesic triangle thus formed. Then the assumption implies v, > ¢ > 0 for some fixed

e and n sufficiently large. From (6.6)), we may assume |B| > dt,,/2. But then
sinh |C| > (sine) sinh(0t,/2) ,

which contradicts the assumption that ¢, |C| — 0. This completes the proof.
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Zn Pn Dy, Z;L folding

Figure 6. Folding

6.3. Complex projective structures. The goal of this section is to prove Corollary
In order to do so, insofar as the pleated surface is already given by Thurston, it is necessary
to in some sense reverse the argument used in §5| For this, we use the result of which
gives criteria to identify the limiting quadratic differential for equivariant harmonic maps
in terms of the lamination of the associated pleated surfaces. In §6.3.1] we review Dumas’
estimates, which show that the criteria just mentioned hold for Thurston’s pleated surfaces
associated to projective structures. In we use facts about opers to derive the limiting
spectral data. Finally, Corollary is proven in the last section.

6.3.1. Dumas’ estimates. We recall the estimates of Dumas in [Dum07h] (see particularly
Theorems 1.1 and 14.2) which relate complex projective structures and Hopf differentials. As
mentioned in the Introduction, given ¢ € QD(X) the projective connection Op(q) produces
a pleated surface P(q) = (S(q), fq, A(q), Z(q)). Moreover, the bending lamination A(q)
carries a transverse measure. Strictly speaking, A(¢) may not be maximal; it will turn out
that the choice of maximalization of A(q) will be immaterial, and so we supress it from the
notation.

The first result compares ¢ with the Hubbard-Masur differential defined by the lamina-

tionm

Theorem 6.6 ([Dum07b, Thm. 1.1]). There is a constant C = C(X) that only depends on
the Riemann surface X so that

(6.7) l4g — dwe(A(@)) i < C(X) (14 lali?)

The second important result is a comparison of the quadratic differentials parametriz-
ing projective structures and those in the harmonic maps parametrization of Teichmiiller
space. More precisely, Dumas proves the following ([Dum07b, Thm. 14.2 and proof]; see
also [Dum06), Dum07al).

Theorem 6.7. Fiz g € 8QD(X), and let ¢ denote the Hopf differential of the harmonic
diffeomorphism X — S(q). Then

(6.8) 4(0) = due(A@)l < CX) (1+ 4l }?)

Recall that #(q) denotes the monodromy of the projective connection (g). Combining
Theorems [6.6] and [6.7] with Proposition we have

"Because Dumas uses the Schwarzian, the quadratic differential he uses to parametrize S (¢) differs from
the one in (1.8) by a factor of —2.
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Corollary 6.8. Let g € SQOD*(X), and let u; : X — H3 be the P (t2q)-equivariant harmonic
map with Hopf differential q.. Then

. -2 _
Hm e = alh =0

6.3.2. Spectral data for opers. Here we determine the possible limiting bending cocycles of
the family Op(¢2¢). The argument we give is based on the identification of limiting config-
urations with limiting spectral data, and the classical fact that the underlying holomorphic
bundle V of a (lift of a) complex projective structure is the unique nonsplit extension

1/2 1/2

0 — K/ —=V—K,""—0

(¢f. |[Gun66l, p. 201]). In terms of Higgs pairs, this means that the J-operator 04 + ®*
must induce the holomorphic structure on V. Moreover, since V has a flat connection, the

holomorphic structure on V can be uniquely characterized by the fact that it contains K)l(/2
as a subsheaf, and this is the criterion we shall use.

Before proceeding, it may clarify to recall once again that by Theorem and the
definition of the Hitchin map , if u is the equivariant harmonic map associated to
a solution (A, ¥) of the self-duality equations, then Hopf(u) = 45¢([A,V]). With this
understood, we have the following.

Proposition 6.9. Let q, ¢; be as in the statement of Corollary. Let [(A;, Uy)] = Op(t3q),
and let ny be the term appearing in the approzimation in Definition and 1 the Prym
differential corresponding to n in Proposition [2.11 Then

[, —itImAsw] — 0 in  Prym(X,, X)/Jo(X) .
Proof. Let q; = t~2q;. Consider the spectral curves 7 : )A(th — X. Denote the Seiberg-

Witten differential (resp. tautological section) on )?th by Asw(t) (resp. A¢). Since by Corol-

lary Gt — q at t — 400, it follows that Agw () — Asw on )A(q, where the convergence is
taken with respect to the Gauss-Manin connection on Prim differentials.

Let f;: )?qg — X4, /4 be as in the proof of Proposition [2.11} Then fAsw = (t/2) Asw (t).
Now, from the discussion at the beginning of this subsection, there is an injective homo-

morphism of smooth bundles, T} : WZK;(/ 2 mf E, such that the image is preserved by the
pullback d-operator 7} (04, + ®}), and the induced J-operator is isomorphic to the canonical

one on ﬂ;‘K)l(/Q, up to possibly twisting by a 2-torsion line bundle. As a smooth bundle, we
have the splitting 7 E ~ wt*K;(l/z @ TrZ‘K)l(/2 (see ([2.1)). Let o be a local trivialization
of ﬁfK)l(ﬂ, and write Ty(o) = (Ut(l),al@), where at(i) = &@0 for a local smooth section

t(l) € F(Tr;"K)_(l) and smooth function ft(z). By a straightforward calculation, one finds the
component entries of 7} (94, + ®;)T; to be (after an overall rescaling):

OOED Ml + @+ Pxsw ()EP A2 = Ru(t)
AEP N2 + @+ IxswE)MED A2 = Ry(t)

Here, the remainder terms R;(t) are linear combinations of )\tfgl) -[[Ae]| 7Y% and Et@)H)\tHl/Q
with coefficients that are exponentially small as t — +oo. To obtain , we use the
expression for the limiting connection in (2.9) to calculate:

06" — @log NI + AT NG )
0e®) + (Dlog | MlV2)E + T A Ae] e

(6.9)

7 (040, (q) + 1) (Te(0)) — Ty(do) = (
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Similarly,

2 Al re] el

Multiplying the first entries by A¢[|\¢||~'/2, and the second entries by ||A||'/2, we obtain the
left hand side of . The error terms come from applying the result in Theorem
Now suppose to the contrary that there is a sequence t, — +o0o and (,, odd harmonic

(0,1) forms with periods in 27iZ, such that
] tny, —
Tim {(f, + §Asw(tn)) = Bn} =,

where the class of « in the Prym variety is nonzero (see §2.2.2)). Choose an arbitrary base
point 29 € X, and redefine

~1 (2)
wz*(mqt)(Tt(a)):USW@(“ Ielle >g

£0(2) = exp(— / B)ED () .

Then becomes
(6.10) O E I I72) + (A + 8 hsw (tn) — B)ER A, 12 = Ru(t)
AED A, IV + @) + B xsw(tn) — Ba) A&V e, |72 = Ra(ty) |

and where the remainder terms El(tn) are exponentially small as ¢,, — +oo and of the order
1 _ 2
of Ao, &8, 712 and &7, /2.
Fix a conformal metric on X, with area form dv. Let us now normalize the sequence of
homomorphisms 7}, so that

o el (801 + P P) av =1
Xq

By applying elliptic regularity to (6.10]), we may assume that /\tngll)H)\th*l/ 2 & f1 and
&Q)H)\MHI/Q — fa, for functions f; satisfying

/A (AP + 1) dv =1,
Xq

and Of1 +afs =0, 0fa+af, = 0. This, of course, implies (O+a)(f1+f2) = 0. If fi+ fo # 0,
then the holomorphic line bundle £ defined by a has a nonzero holomorphic section and is

therefore trivial. If f; + fo = 0, then f; is nonzero, and (0 — «)f; = 0; so L£* is trivial. In
either case, this contradicts the assumption. The Proposition is proved. O

6.3.3. Proof of Corollary . Fix ¢ € SQD*(X). Let S(t2q) — H? be Thurston’s pleated
surface associated to the projective connection Q(t?q) with monodromy £ (t2q), and with
bending lamination A(¢2q). Part (i) of the Corollary follows from Corollary [6.8| and Lemma
(.5l Part (ii) is the content of Proposition We now move on to prove part (iii) of the
Corollary. Let S; denote the companion surface defined by requiring the Hopf differential
for the harmonic diffeomorphism X — S; to be t?q.

By Theorem , A(t?q) converges to Ag. In particular, for ¢ sufficiently large, A(t%q) is
carried by the train track 7. C Sy constructed in By (i) and arguing as in the proof
of Corollary a perturbation of the shearing cocycle of S; as described in results
in a pleated surface for #(t2q) with bending lamination A(¢2¢); as before by the uniqueness
of pleated surfaces for a fixed lamination, the pleated surface constructed in this way must
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coincide with the pleated surface S(t?q). Now, by Theorem and Corollary the
bending laminations for the harmonic map u; and the bending lamination A(t2q) are close
and hence carried by the same track 7, C S;. Thus the plaques for the associated pleated
surfaces are also in proximity, in the sense of the last portion of the proof of Corollary
it then follows that their bending cocycles are also close. Thus, by the Main Theorem,
the bending cocycle of either is approximated by the one given by the Prym differential
associated to the limiting configuration of Op(#2q). The result now follows from Lemma
and Proposition [6.9] Notice that since Im Agw has zero periods on saddle connections of the
horizontal foliation, the choice of a possible maximalization of AZ is irrelevant.

6.3.4. Refined Estimate. In section, we refine the estimate Corollary of the previous
section and so prove an improvement of Corollary We show the proposition.

Proposition 6.10. Let ¢ € S8QD*(X), and let uy : X — H3 be the P(12q)-equivariant
harmonic map with Hopf differential ¢; = Hopf(us). Then

: -2 — O(+-1
Jim [1£2g: gl = O(t™") |

Proof. In outline, the argument begins as previously by using results (Theorems and
of Dumas in [Dum06] , [Dum07a], and [Dum07h] to show that t2q, Hopf(v;) and ¢pp(Ay)
are both of order O(t?) and within an order of O(t) of one another. Then, for a properly
chosen element [y] € m1(X), we estimate hyperbolic translation lengths s (p:(7y)) in two
ways: first as a nearly geodesic path on the bent hyperbolic surface S(t?¢), and next as
a nearly geodesic path on the image in H? of X by the harmonic map u;. In both cases,
for the arcs we will consider, the images of the arcs are controlled well by the intersection
numbers of the arcs with the vertical measured foliations of the Hopf differentials — this is
the content of Propositions and [2.30] - and some hyperbolic geometry then asserts that
the common translation length must then be predicted by the intersection numbers. This
forces that those intersection numbers are close for a large family of curve classes, which
are enough to in turn imply that the Hopf differentials are within a controlled error of each
other.

The first step is to recall the results of Dumas on the L' norms of the differences of some
quadratic differentials.

Theorems [6.6] and together show that

|| Hopf (X, S(t%q)) — t*q|| < O(t).

In particular, we may begin with the relatively weak estimate || Hopf(X,S(t%q))| = 2.
On the other hand, we may use Propositions and to get good control on the
images of a robust set of arcs v C X. For example, represent [y] € m(X) by a curve ~
which is quasitransverse to the vertical foliation of Hopf (X, S(t2q)), as well as (i) piecewise
vertical and horizontal with respect to that differential and also (ii) vertical near the zeroes
of that differential: it is routine that this can be accomplished by simply modifying the
geodesic representative of [y] in the flat singular metric defined by | Hopf(X, S(t2q))|. Then
Propositions and assert that the image of a vertical arc through a zero is nearly a
geodesic arc of some fixed positive (and finite) length, and moreover, that the image of v is
an arc on S(t2q) comprising those geodesics of uniformly bounded length meeting at images
of zeroes of v; and connected by arcs which have geodesic curvature at most O(e‘Ct2) and
have length given by

) —e?
gS(th) (’Ut(’Yhor)) = 1(77 gﬂfjlopf(X,S(ﬁq))) +O(e t )
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Thus, by the Morse Lemma in elementary hyperbolic geometry, because on the hyperbolic
surface, the arc vi(7y) comprises long nearly geodesic arcs connected, at angles bounded
away from zero, by nearly geodesic arcs of uniformly bounded length, the S(t2q)-geodesic
representative of [y] has length given by

Cse2q) (7)) = 107, Fhropr(x,s(229))) T OL),

and moreover, outside neighborhoods of uniform size of the vi-images of the zeroes, lies
exponentially (in #2) close to the horizontal geodesic lamination defined by Hopf(X, S(t2q)).

Of course, this is the length on a surface, so if we want to promote this estimate to an
estimate of the ps-translation length of [v], we need to consider the image wy(7y) after the
isometry f;. We will need to worry about curves v which are poorly positioned with respect
to a fold, so we now restrict to curve classes [y] which may be represented by polygonal
quasi-transverse arcs which also contain no vertical saddle connections; later on, we will see
that these represent is a sufficiently diverse collection of elements of the fundamental group
that suffice to determine the relevant Hopf differentials.

Now, by (6.8), we see that the difference ||¢~2 Hopf(X, S(t%q)) — t ?¢nr(A(t?q))|| of nor-
malized differentials is of order O(t~!). Thus the corresponding laminations make an in-
creasingly shallow angle with one another, or expressed in a way that is better for our
purposes, if 7 is any sufficiently split train track that carries A(t?q)), then both v(y) and
the horizontal geodesic lamination defined by Hopf(X, S(t%q)) meet T at angles comparable
to O(¢t~1). But that train track has an image under f; that carries the pleating lamination
A(t?q)) as the bending lamination for the pleated surface S(t%q)).

Now, suppose we are focusing on a curve v and v contains a subarc k C v that connects
a pair of zeroes of Hopf(X, S(t2¢)): it is possible that that arc k has bending with respect
to the bending cocycle that is not bounded away from m. If such an arc is purely vertical,
then the translation length between the ws-image of its endpoints could be arbitrarily small,
and the geodesic in H? representing the p;-image of [y] might be far away from the f;-image
of v¢(). On the other hand, if all of the subarcs connecting zeroes of Hopf(X,S(t?q))
have horizontal segments, then the fi-image ofthose subarcs, since they have been sheared
by an amount comparable to t? along a lamination nearly parallel to Ay, relative to their
endpoint, will then be mapped to arcs in H? that make only a shallow angle with the bending
lamination A;.

Thus, in that case, the vi-image vy(y) of v will, after composition with f;, may be seen
to comprise some nearly geodesic arcs of uniformly bounded length arising from the vertical
arcs of v near the zeroes of Hopf(X, S(t2q)) together with some very long, nearly geodesic
arcs of length i(y, Iy, ¢ v s(24))) O(e=<t*), with only some shallow breaks of angle O(t™)
at points far removed from their endpoints where they cross the bending lamination A;.

Thus, again by hyperbolic geometry and using that the geodesic arcs make only a shallow
angle with the lamination, the p;-geodesic representative of such an arc [y] has length

(6.11) s ([V]) = 407 Fhopr(x,s(129)) + O(1)-

(This H3-geodesic representative of [y] also closely shadows the wg-images of the Hopf (X, S(t2q))-
horizontal portions of the arc v, but we will not need that in the sequel.)

We now turn to the map wu;. Again, we can find, for a large collection of curve classes
[7], a representative of [y] that is well-positioned with respect to Hopf(uy), i.e. it is vertical
near the zeroes of Hopf(u;), always quasi-transverse to the vertical foliation of Hopf(u;),
comprising arcs that are alternately horizontal and vertical, and containing no vertical saddle
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connections. The image of the lift of this curve is, again by Propositions and 2.30] an
arc in H? comprising images of vertical arcs that are of uniformly bounded length meeting
orthogonally images of horizontal arcs that have exponentially small geodesic curvature and
length given by

s (we (Yhor)) = (7, SF/Iljlopf(ut)) + O(e—cﬁ)‘

Then, again elementary hyperbolic geometry provides that the geodesic representative of
ut([y]) lies close the images of the horizontal segments and has length

(612) gHL‘([V]) = 2(77 9:'Ilropf(u,g)) + 0(1)

We next compare equations and for curves v that meet our conditions for
both Hopf v; and Hopf(u;). We find that the Hopf differentials for v; and u; have intersection
numbers, with the curve classes v that we have considered that meet the conditions for both
holomoprhic differentials, that agree up to O(1).

We next point out that the collection of these curve classes that meet the conditions for
both Hopf v; and Hopf(u)are sufficient for determining the vertical foliations of Hopf(v;)
and Hopf(u;). Indeed, in the case of Hopf(v;), we began the construction of v by consid-
ering geodesics in the metric | Hopf(vy)|, and then adjusting the paths between zeroes. A
subcollection of these initially chosen geodesics provides enough paths between zeroes to
provide a triangulation of the surface 3, from which the intersection numbers with the arcs
suffice to determine the vertical measured foliation of, say, Hopf(v;). When we exclude some
curves that contain vertical saddle connections, we will inevitably lose the immediate means
to find that those arcs have zero intersection number with the vertical foliation. To recover
such information, we begin with such an arc and follow a horizontal leaf on the surface until
it returns to the vertical arc, near its initial point. By either doing surgery on the original
curve by adding this long horizontal segment to vertical arcs that emanate from the original
pair of zeroes or, alternatively, just joining the endpoints of this horizontal arc, we find two
simple curves whose intersection numbers, together with the intersection numbers obtained
from the other curves in our distinguished class, determine the vertical measured foliation
of Hopf(v;). We undertake a similar process for choices of curve classes for Hopf ().

It remains to compare equations and . There is an obvious issue to address
as these equations apparently refer to collections of curves that are defined independently.
On the other hand, it is possible to find curve classes as in the previous paragraph that are
simultaneously in the distinguished classes for both Hopf(v;) and Hopf(u;). The easiest cases
in which to see this are when Hopf(v;) and Hopf(u;) are projectively equal, in which case the
assertion just follows from the construction in the previous paragraph, and when they are
transverse. In that latter case, we note that it is possible to realize both vertical foliations as
horizontal and vertical foliations of a quadratic differential on the same surface. Then on that
surface, we again triangulate the surface using arcs that are saddle connections for neither
foliation, replacing any original choice of arc with a curve as in the previous paragraph,
this time chosen to be at some angle with respect to both foliations. In particular, for a
saddle connection, we remove a small subarc of the saddle connection and replace it with
a long arc from the other foliation: the resulting arc may be replaced by an arc transverse
to both foliations. The result of all these constructions is a collection of arcs which can be
assembled into a collection of curves whose intersection numbers determine both Hopf ()
and Hopf(u). In the case where the vertical foliations agree on some subsurface and are
transverse on another, we apply the two cases just discussed on each subsurface. In that
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case, we also replace any vertical subsurface boundary leaf with pairs of curves with no
vertical saddle connections as described earlier.

Comparing equations (6.11)) and (6.12]) for the common collection of curve classes shows
that

7;(’77 SMIonpf(ut)) = Z(fy’ gﬁopf(X,S(th))) + 0(1)

Thus, since intersection numbers for a quadratic differential are computed as integrals
involving /g, and our relation above holds for a class of curves whose intersection num-
bers may determine the quadratic differential, we see that the normalized Hopf differentials
Hopf(v;) and Hopf(u¢) agree up to O(1). Thus, applying and (6.8]), we see that
| Hopf(ur) — 24| < O(2). O
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