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Story setting : Quantum Algebral Quantum Topology

Outline: O-B an using algebraic strictures to get top invariants.
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O Algebraic Structures

The algebraic structures of interest here, to start, are
"Frobenius algebras" over lle : @:= 81k

(A, m: ABA ?A, WiR-A, DiA?ABA, 8:A ? /2)

IR-vs Ik-linear ways
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u) is a lk-algebra, that is, we have
4 = 4 4 = = 9

A associativity unitality

e) is a le-coalgebra, that is, we have

coassociatinity connitality

+ Where  Froben ins  law ho lds  :

Example Take G a finite group.
I t  wi th bat is  = e l ts  qG
m (gon) = gh
n (1(k) := €

1 (g ) :=  Energh  oh

e x t e n d e d

l i n e a r l y . . .

E (g) : = ??, e 1112

forus a Frob. alf/ik

I k G

Ret:
ew booles

"syumetries

Algebras".

* Categoricalstractures
We transport Stw AlgebraLand & Tapology Land by packaging
data into certair types of Icategories el then maing

Icertaistypes gI functors as the vehicle.

A "ons ida l  ca tegory"  is  (6 ,  8 ,  1L)  Trode led on mons ies

+ axions...
category bitmoter object in le

7 x 4 ? 4  7 1 0 X 9 7 7 X 8 1 1
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(4,8, 4) is "syuuetic" it Inat'l ison..
c= 3cxy: Xoy ? y* XY + axions.

examples a syunetic sonoidal categories:
(1) (Vece, Ole, le, frip)
(2) (FrobAlgle, Sole, Ik, Hip) & full subcat. of, can. Frob. alg/Ik.

(3) Far a syruetic nonoidal category (4, 8, 1, 6)

(ConFrobAg (4), 0, 11, c)

objects are tuples (A, M, 41, 4, 6). defined like
objectinte Morphismoint ConFrobAlSl

3 Topological structures

One syunetic nonoidal category of interest here is
2 - c o b
objects : oriented closed 1- uanfolds

nophins: orientatin preserving cobordismo (2-uf (11)
@ :  d is jor t  un im
1  :  ?

C :  F l i p .

: Generators o 2-Cob: 5' €

Relatins y 2-Cob: = + other Froberins
diagrans.
+ cornutatinty
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It we want invarints of 2-uples is a syn. non. cat. tov
(linear algebraic) (Vecin)

Build (2-TQFT) = "sy Muetric Monoidal functur" letined later)
Z :  2 - C o b  ?  "

Here, - d ' + ? Z(S') € CoMFrobAg(E).

R e b i

Kock's

LETPFT book

* Classical Bridge.

LTAFTs for a synnetic nonsidel categiry t

2-TaFTe = Cou Frob Ag (4)

do, consuntative Frobenino algebras in le

yield 2-TaFTS, which in turn, contdadal
yield invariants of 2-uflds renoretop.

could aupup dimension conditions.

I This is a small part a longe story an i Ther
The "toy'" example is this programme!

TRep: 16 Extended Bridge
Turaer * stick with n=2, t remove "oriented" above
-Turner

(2006) ?  W o r k  m i t h  2 - n C a b  @ + 0

? can detine syugture:2-UTAFTa object. Z: 2-nCob ? 7e

in  p ick up more data in l . . .
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2-UTAFTS- Cou Ext FrobAlg (2)
? Z(S! )

Au "extended Frobenius algebra" m 4 is a tuple in (4, 8, 11,0)

C A ,  M ,  4 ,  ? ,  E ,  $ :  A  ?  A ,  0 :  1 1  ?  A )
I satisfies

E CoMFrobAlg(e) Involutines
. Frob alg in le

Here, needed to handle
reversing urientatin

needed to handle
swing  w i th  a  moeb ius  band

=

We refer to (8, 0) as the "extended structure f, (4, 4, 4, 1, 6)
& call it "o-trivial" it &=idA

"O trivial" it 0=0 Cit 3eo norphisms exist)

We study, cassity, and construct extended Frob Agela...

0 Results over a field le
Theorm ICKQWT The extended stracties on the folloing

well-kuson Frobenius algebras are classified.
( a )  l k  [ 8 - t r i v ]
(6) I/IR [$- trivor O-tv]

(0) kIx/(x) It-triv it nodd, not extendableit woven]
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( d )  H e C a  C d - t i v  a r  O - t r i v l

( e )  I R C 3  I s  n o t  n e c .  t h i r ]
( t )  I k C H  [  "
(g) He C2 xC2 [ " - -  ]

( h )  T a ( - 1 )  S w e e d l e r  a l f  [ $ - t r i v ]

Have confecture
L f u r l e e n

Note: Most of the Frobenius algebras above one
fir. din. Hopt algebras (with ditterent comultip'n, connit)
Indeed fod Hopt algebras always Frobenius.

@ Results in (l, B; 1, c)
Likewise Hopt dyebres in synuetric monoidal cats ,

equipped with a normelized integral,
are Frobenino algebras in 4

Cknownfact, but we give a careful graphical
argument in Appendix A]

14: Int Hop fAlg(G) ? FrobAlg (%)) is a well-defined
(H,M, u, 1, 5, 8*, | ? CH, M, u, functer

i n tegra l  1 :1?H, A: = (MoS) (ido 1) : H ? HaH
cointegae 2:H?1) E:  =  1  :  H  ?  2 )

Definitim- Progwitin ICKQWI
(a) We introduce the notin of an extended theff algebra" in t

(H,M, 1, 1, 5, S*1, 1, 2, 8:H ?H, 0: 1 ? H)
E IntHopt Alg(E) Certain norphins in t
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such that I farget fal functer
U: Ext Hop tAg (4) ? Int Hopt Mg (E)

(6) If (H, 8, 0) & ExtHopt Alg14), then
FUCH) E FrobAlg (K) *
(FUCH), 8, 0) € EXtFrobAlg(4) .

Extend then us to gield extended Frob Alg

certair  Hopt Ays us FrobAgs

Example: The converse is not tooe:

Fextended stretire (8, 0) on Frobenius ltel,
that is not an extended stractue in Hopt leG.

Nanely ,  take &(g)  =  -g  and o  =0.
I not camultiplicative with resp. to 1(g) = gaig.

R e f

Chameless
plug

EW's book

"syn.of Algs"

@ Functorial Results

Back to "syuuetrio nonoidal functors"...

This is a functar F: (4, 8, 1) ? (4, 0, 1') btwron.cats

equipped with a natural transporation d a morphise intel
DO (TXT)

(F(2) F°): 1' ? F(1)
Fog

I Axicis.

? It preserves algebras, Given (A, M, U) € Alg(2),
(FCA), MACA) = F(MA) FAAJA, NF(A) = FiLA) F'°), EAlg(Le).

? composition of monsidel functus is wonoided as wel.
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? Get higher cat.  structures:

MoN obj = nonsidal categories

1-nogh= monoldel  functes

2-mopw= nonoidal  nat 'etransts.

Also have "Frobenius nanoidal functers"

(F, F(e), F(a), Fees, Fro,) : (C, 8,12) ? (E', s, 1L')

? inducing functer FrobAlg(4) ? FrobAlg (R)
? preserved under compositio
? yiddig 2-category (FROBMON

Definitin -Theorem ICKOWT

(e) We introduce the notin of an "extended Frob. monoidel fine."

E FROBMIN Matiltrans hophom int tations.
(6) It induces a Functur ExtFrobAlg(E) ? EXtrobAlg()
? (e) preserved undr competin
(a) yielding 2-category (EXTEROBHON

'f/involves lengthy cousutative diagram arguments
Creserved to preprint vesion only.

Extended)

Frobenins

s t ruc tu res

: Alg.

(Unoriented) 2-TAFTS

X X X

Hope you

jouney!
- - - -


