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A Century of Frobenius Algebras:

I. Frobenius Algebras over a Field.
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* called

"hypercomplex
nambers"

Let's start at the beginning! ... A 1903- style Gane
due to F.G. Frobenino (1849- 1917)

Goal: To understand finite-dimll C-algebrão A via matrias

- Fix a E-rs basis 35i .., ün9 o A If the Cvs structure AT

- For aEA, collect scars Bing, dig ECsuch that 8,
Via = (=1 i = 1Dji Vj Lfurghe

- Fore C-lineer mags 3: A ? MataCK) * 8: A? Matn CC

Question When does JPE GLnCK) such that

Pp(a) = 8la)P VaGA?

* Supplies A with an interesting ayumetry when this happens.
* Frobenius noticed that this happens fa finite group algs.
* Ju modern language, this is ashing:

When are the left d right regular representations of A
equivalut?

no Regresentatin Theory in 1903

' just Linear Algebra...
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Towards an answer:

- collect scalars ming & C such hat vil = E Mig vu

Defin For 2= (ay-, n)E C", the garastrophic matrix of A at 2
DA
+ 1

Answer yes ? I2EC" suchthat På is invertible.

Def'n| A is Frobeninse?n when

Example: Tale A = CIX/(x)
C-VS: {1A, xY * untsip. table

(2-dim'l C-algebra) :
1A

1A 1A

Here, Ms,1 = 4], = M x1 = 1 $ ME,* = O othernise.

+ invertible for 7x70.

:. A is Frobenin
~

Example: It you're bored, shew that the 3-dim'e C-alg:
A = C[xID/ (x, xy, y°) is not Frobenius.

And tenchis game was put away for about 3 decades.
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Fast-forward to the mid- 1930s: Tools of Abstract Ag. Were dereloged
... Let's aust offhat Frobenius game...

Theorem [Braver-Nesbitt, Nakayama, 1937-1942]

(1) A is Frobenins [IZEddinA

(2) pL: A ? EndE(A)

left regular reing A
= are equivalent =

PRT: A ? Enda (A*)
a? [ft fo pre (a) ]

fir PR: A ? Enda (A), a ? [6?ba]

(3) J Isomorphin of right A-modules 8: A ? A*
Here, b+a= ba + fra)(b) = f(ab)

(4) 3 C-linear map v: A?& Sucthat ker (k) does not
contain a nonses rigntided g A. [v= "Frobenius foru" g AJ

(5) Inondegenerate, associative O-liner unp p: AgA ? C
Ep = "Frobenins fairing " mA, with "copairig" q: C? 10 A]

Remark: There are other choracterizatino if a similar flavor,
including replacing "right" with "left" in (3) + (4).

Pf sketoh: (1) <? (2): Pa is Mabix hat makes pe ~pet.

(2) = (3): follers from the comespondence between

modules * representatins
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(3) ? (4) : Define W:= $ (1A) EA*.
(4) ? (5) : Define p: AgA M?A-C
(5) ? (3) : Define *: A ? A*, at? p(- oca). H.

Examples

? Finite group algebras CG, | Gl 60e Evia (1) / (2)/ (3) ]

? Matrix Algebras Matu (C) [via (4) with v= trace]

? Colomology Algebras H* (X) [via (5) with Raincaré duality]
for X= finite dimil ept oriented ufld

- Fact: finite (Frob algs) is Frobenius

? Finite dim'l semisinple E-algo are Frobenius
? fod. separable) [via the Artin-Wedderburn Theorem

Popularty thronghout the yers
#o Google Scholar hets fur "Frobenius algebora" '' fur "separable algeba"
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To explain what happened, we'll reed to

- nove tothe setting of monoidal categories [ectweI]
- discuss algeraic structures there

[lecture til
induding Frosenino algeorao

- Maketies to topological Quantum Field Thys [lecture TV]

Then, we'll delie into other games far
Frobenius Algebras in mono dal categories [lecture I]

Finishing off with Frobenins Algebrao ove a tield,
let's discuss some important generalizaticas.

Hierarchy of Brite-simensinal C-algebras

Self-Injective ? Quasi- Frobenins
Algubras Algebras

Frobenino Algebras
Ex. CTx /(x4) nonss, Frob.

Semisiuple E Separable
Algebras Algebras

? Definitions

? Examples

? Why Care?

? When Frobenins?...
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Detin A C-algebra A is selt-inective, it AEA-nod us injective.

Fact: When A is finite din'e, A is selt-injective > AE Mod-A is injective.

Towards "quasi-Frobenino"... Take a finite dimle C-algebra A.

- idempotents ei, ej E A ve orthogonal it ciej = ejei = dij ei
- idumpatent et°A is primitive it et citej tur ei, ej orthogonal

? CAE hod-A is indecongorable

- idempotents zey-en) s A are complete it fairnise orthogonel
*printre + 1A = Eliz, ei [exists becanse A finite dine]

- idempotents egem]s A are basic if painise orthogonal
* primitive * eiA * ejA in Mod-A Vitj

4 A is basic it 1A = Eüei for Zeitz basic iden
? - can cut this down, removing ej when ejAžeiA, to make basic;

call 2eij -, emy "comp-basic" inthis case
A = Di (eiA) ri in Mad-A, tu riEZ+

(*) unique by decomposition into a diceet sum of indecomposables
Krall-Schmidt Thu. [ri= 1 fi it A is basic]

Defin Take he set-up (*) ter a finite din'l Golgebra A.
We say that A is quasi-Frobenius it:

Oi, (eiA) Si in Mod-A, for some siEk+.

Propasitin A finite-dim'l G-algebra A is self-injeetive
A is quasi-Fribeins.
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PF/ (<) Ae A-Modis projective ? A* E tod-A is injective.
A* = Diz? (eiA) Bsi injective ? eiAe lod-A isin bi
:. A z Dii (eiA)øri w injective v

?) Fact: Far a comp-basic set n idugatents {ei]iz? o. A,
have lindecomp. grojeetive rigut A-mods ] = reiATi

? l indecomp. injective eft A-mods] = 2 (ciA)*T 51
So, A = ?iti (ciA)* ) Sti in A-Mod, tur some tiEzx,

othe inieetinty y A & the Krall-Schuidt Theorem.
row, A* z Oü? (CiA)oti in Mod-A. :. A is quasi-Frob./).

Versus Frobenins

Propasitim : (1) Frobemins ? sell -injeetive

(2) tiritedim'l self-ijeetive, basic ? Frobenins.

Pt/ (.) A Frobenina ? A = A* ia Mod-A ? A is anesi-Frosemins.
(2) A bao?c ? A= (e,A) ?--ø (emA) in mod-A for ?eiy basic

A self-injectire /qF ? A* = (G,A) EtIO-o (emA) Otu MULA

Bnt dinaA = dincÁ. So, ti=l ti. :. A= A* in Mod-AHt.

Lo, get :

basic

self-ingalg ? quasi Frod arg

Tirb. Mg
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Main Examples] ENakayamals originel examples tron 1939]

B= CQ/(ab, ba) far Q: iC (t-dimensimal)
= Frobenius =

CQ

A = ab, ba, ab', b'á, ab, áb.for Q.

ca-e,, dc-er
cá-a, da -á
be-b', b'd-b

= Is not Frobenius, Is self-iyjective =

AlgebraicDeft Propity P is Monta-invanaut if A-had = Ar-tod
C-algr

The paint y generaliziy Frobenins algebras..

(9-dimensimal)

A-hod = B-Mod!!

A, & Az bothsat P

bath-don't.

Good fur Refin Theory

self-iyective & quasi - Frosenins - harita-invariant

Frobenius - NOT
monta invariant

Semisimple & separable" - Morita- invariant

Hierarchy of finite-dim'l C-algebras

Ref: This is covered in Chapter 7 y "Syumeties Algebras, Vol 2" (infrep)


