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Def'n A nonoidal category consists o:

? acategory l
? a bifuncta&=&×&?·

Enonaidal product]

? an object 1LE t
[nonoidal unit 1

? natural isonophisnis :

[associativity constraint]

Sachthat:

[pentagon axism]

awixy@id awxiyrt

(We (xgy)) 8 z

aw, xy, t aw,xigt

[triangle axion]

(is 4) By axia, X8(454)

?????, ???!Lidory
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Exangles Tonly discussing (4,0, 1) ]

(1) (Vece , Da, C) (2) (Veca, ©, 0) =: Vece
categoy y E-recto spaces

(3) (FaVeca, 8c, C)

category of finite dim'l T-vs

(4) FaVece

(5) (G-Mode, Bc, C)

Categoy y nods over a group G
? (V,=) (V,o):= (V8cV', »)

* defined
later

(6) (H-moda, 8c, C)
twabialgebra (H,M, u, 4, 5)

fir ACh):= 4, 8kz Tsweedler)

? hD2= E(h)2.

? goh: = gh

? 1L : = ex

(8) (A- Binoda, 8A, A)

Categ. Z binods over a C-algA

? 8A = tensor produot overA

? A = regular A-binodule.

(9) (Set, x, 1.9) (10) (Set, IL, 8)

(II) (End(A), °, IdA)
categ. g endofunctors a cot. t

(12) (Aut (A), °, Ids)
careg. y antoequivalenasy A

Def? (4, 8, 4, a,l,r) is strict if lax,y,z; lx; xY are identity naps.
Ex. (7), (11), (12) striot; otters are not strict.

Fact Any nonsidal cat. is monoidally equivalent to a strict one.
[strictificatim Theorem]
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Graphical calculus

nice pictures tar dojeets + maps in strict monoidal cats (l, 8, L)

1: X

idu. idx f: x ? y

xox!

xox faf, yay:= faf
??? ? ??

= fof= for =

?. yay!,

Def'n Take (strict) monoidal categories, (, 80, 1) * (lé, s', 1L).

A monoidal factor tou (e, o, 2) to (e, o', l) consistsy.
? a functor F: l? eí,
? a nat'e transformation F(a) = (FRy: FCX)8/F(y)? F(xy/)xyet,
? a morphisu Fro) : 1'? F(4) Fine!
Sud that:

F (2)

F(x) &/ Flyez) ? F(Xey&z)

De/'n

Sometines

strong is
astumedin
Heliteratore

(F, F(2),, F() : (C, 8, 1) ? (Ví, s, L) is
strict it 2FXyI, F(* are identity maps
Strong it 2FXy], Flo) are isomophisas in lí.



-1L.4-

Exauple The regular action o (C,8, 1l, a, l, r) on itself.

= the strong monoidal fincter;
? End(e)

with: "

pxiy: p(X) op (y) ? p(xay)

Where:
(xy) (z) : ?s (yoz) áxy,z? (Xey) * ?

2 p(a): Ide ? (1L8 -) in End(k)
where

p (z) : ? lt , 18?

Defá! Two monoidal categaries C, l' ae isonophic (resp. equivalent,

as monoidalcategores it I strong monoidal tinetar
(F, F(=), F(o)) : 7? e

Suchethat F is a category isomorphise (rop. equivalnce) .
Write: C = t (resp., 42c)

not nec. monoidal
Example Fur a C-algebra A, we get

(A-Bimodo, 8x, A) (End(A-Mod), o, IdA. Mod)

ViR VIP ? VA-: A-Mod ? A-Mad

with



Note Ironoidalfietors
(F, F(e) Fra))
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GF & Idue

sachthat...

Defí A monoidal natil isono phim (resp transfo ruction)
between (F, FRe), FI)) + (F, F), 7(1) = 4?%! is a

natural isomorphin (resp. transformation) $: F ? F/
Such chat.:

F(o)? F(1L)

???? 1L!

F(1) .

Next rigidity... monoidal categories with "dual" obieets s maps:

Defin Fix a strict monoidal category t: = (4,0, 4)

(1) A left dual of XEle is. (2) A rightanal of XER is
? an object X* € le ? anobleet *X Ele

? with morphisms: ? with morphisms:
evi: Xo*x?1 xU**

coerx: 1?x8x* xx*
[left co/evaluation]

such that:
[right co/evaluation]

Such That

?*1* x 7x
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(3) Ye is rigid it every object XEle has both a left d right dual.

Note: Gret dual morphisms in rigid categories:
For t: X ? y = 4 , detine

y* *y _*y

* : =

*x *x

Examples

Conside (Vec, 8c, C). Take Ve Vec with basis 2biyi.
Assume Fleft dual WEVec o V. So, we get linear maps

evv: WgV ? C

[Notation]

- finite
1c + EibioWi

1=1

Suchethat:

(1)

(4)

Not Rigid

Vec

G-hod
bialgebra

? H-FdMod

A- FdBinod
ingeneral

ij bi wi (bj)

But diMa (inage q,$) < 00 .....

Rigid

FdVec

G-Falmod: (gav*) (w) = v* (girw)
Hopt 12; H-Follod: (hAv*)(w) = v*(SCk)rw)

A-Fd Binool for A finitedim'l
* Senisimple

Ex. A = CTx]/(7-1)
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Rigidity is a property of monoidal categories, not a stractine.
Can ask it nomidal functors presene this property...

Fact Given a strong monoidal fincher (F, FUr, F() : 4??í,
if XEle has left duel (X*, evx: X*s X?L, coerx: 1?x**),
Men F(X)E tí has left dual F(X*) with

eVFox: FIx*)e F(X) X*?X,> F(x*ox Flev*, F(LL -? 1L

F(-2
? F(x*x*) - ? F(X)8' FIX*).

(Similar fer right duals)

Fact If (E, F(2), Fro))

Rigid (F, F (2), 7(0))

is a monsidal transformation,

then & is a monoidal Isomorphism.

? That is, the category Mon Fun (lilí) i a groupoiol
[objects = monoidal functors 7 When le is rigid.
_Morphisms = monoidal nat'l transfe

Now a structure on monoidal categories.

Def'nA (strict) monoidal category (le, 8, 4) is braided.

if it is egnipped with a natural isomorphism:

Cxi
such that

× y yoz X
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Further, (4,8, LL, c) is symmetric it Cyx°Cxy = idxay Vx,y.

Here,

Examples

(1) (Vec, 8c, C, flip acoss 8c) - symmetric.

(2) (G-Mod, 8c, C, flip acoss 8 c) - synuetric
abelian.

(3) H-Mod, 8c, C, xi (xay) - (Ry) g, (R'ox)) - braided
quasitrianguler bialgebra with R-matx R= R'oR=

? Symmetric ? (H, R) triangular.

Dep'n Given braided (resp. symmetric) monoidal cats e, lé',
a braided (resp. symmetric) nonaida fmetor from letoe!

is a strong monoidal tinctor (F, F(e), Fla): 4?e!
such that

F(x)g/ F(y)

( F(x), F (y) F(cx,y)

F(y) g' F(x) - ? F(yEx)

Very important symmetric monoidal fuetors tom

topological symmetric monoidal categories
will be introduced in Lecture TV.

Ref: This is coveredm Chapter 3 of SoArs & Chapter& of SoAvz (in prep)


