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III. Frobenius algebras in monoidal categoies

Outline: Fixa strict monoidal category le: = (4e,80, 1)
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Monadic
setting

*

*

*

Def'n

strings all
laselledby

"A"

(1) An algebra in l is an object Asle with
naps M: AøA?A $ n: 1L? A

Such that

in le

red strings
Labolled by

"A! "

[associativity]M (moid) = MC(doM) unitality.u(iden)

A morphisu of algebras (A,M, u) ? (Á, u',n) ink
Is a mophisuf: A ?Á' EYe such that

=

? Get the categoy Alg (a) EX. Ala (Vec.) = C-Al

Alg (G-mad) = C-module algs

(2) A coalgebra in le is an objeot CEle with
naps 1: C?coc $ E: C?L in le

Strings= "C"

(coassociativity] [connitality ]



redstrings
= "C'"
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A norphism of coalgebras (C, A, E) ? (C,A, E) in Ye
is a morghise fiC ? C'ele suchethat

= E

? Get the categoy Coalg (4))

(3) A Frobenius algebra In le is an objeet At le with Maps in Ye:Wellshowlater
this is equivalent

to she Frobenins

algebras/c from

Lecture I,
When Y= Faveca

Strings:

such that (A,M, n) E Alg(r) & (A,A, E) E Coalg ()

U = [benins]
(idon) (40 rd) = = (Moid)(idos)

Anorphism of Frobenins algebras (A, 4,4, 4, E) ? (A,M, uA, E) in le

is a morphism f: A ? A' in li where fEAt(4) 1 Codg(4).
? Get the categoy FrobAig (te)]

Proposition FrobAig (E) is a groupoid,

P$/ Given El, detine 9 := - Then fg = idA' * gt= idA.

Forinstance,

det funital

=

Connitaiy unitality Frobenius law



Examples
*U* = evy

× ?+ = ?????
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Assume That (le, 8, 1l) is rigid monoidal, $ take XEle.
x/*Ux |**

Fur instance,

x*

E.g. FaVeca
is pirotal rigid a

VoV*= Matn (d)

fu n= dim V.

(3) II X** =X in le (eg. it le is "pivotal rigid"), then
XoX* & FrobAlg (4) with :

m= idx B evx & idx*

4= idx 8 coon,* idy* E = evx*

(0) Boring] 1L E Ag(R), Coalg(E), FrobAlg(te) as

M, U,s, s,E are all identity maps.

Recovers phe same

properties fer

Structures / G
When

4 = Faveca

Properties

(1) Back to (4, 8, 1L),
? (A,M, 4) E Alg(e) is separable if Iø: A ? AGAin e such that

# =

? (C, A, E) E Coalg(t) is casesarable if 78: ABA?Ain le such that



pirotaldimn

= VS. dim'n

When Le= Vecc

establishedby
Abrams, Quinn
(1994) (1995)

:

plays a key role

in Lecture I.
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Ex. Xox*E Alg(E.) is separable when le is pivotal t
X*sX = Codlg(t) s coseperall 10% Xox*=X** x 2x?1

"piv. dini (x) " is invertitue

(2) Take (l,8, 1L, c) to be braided (ar synmetric) monoidal

? (A,M,N) E Alg(e) is commutatine it o
[m? CA,A = m]

? (C, 1, E) E Coalg (E) is cocomuntative it

[Cc,c ? 1 = 4]

(3) ???? (A,?, ?, 1, =) E FrobAlg (Fdvecc), We say that

As syumetric if E(ab) = =(ba). (skippig syu Prob alg in te)

Recall The Brauer- Nakayma- Neskitt Theorem.

[Itearem) Take a rigid, abelian nonsidal cetegoy.

Fix (A,M, u) E Aig (te). Then, the followrig are equivalent.
(1) A ž A* as righit A- modules in Ce Eskipping defá ip modulekere]

(2) A is equipped nith a map V: A? 11
suchyhat kerlr doesn't have a nongeo

right ideal sabobjeet. Eskipping def'n of right ided here].

(3) ? is equipped nith neps p: ASA? 1 * q: 1 ? Ao A in te
Such that

(asociativim)

(4) A is equippedwith maps A: A? ABA $ E: A?1 in t
sach that (A,M,u, A, =) € FrobAlg(4).

(nandegenerasy)
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Note! When l= FaVeca, concutins (1), (z), (3) apper in

BNN'S Theorem That characterizes Frobenins algebras/ C.

Pf/ Will ship (1)E) (2)E) (3)

(4) ? (3) :

If bored,

verity the??????!

Preservation by certain monoidal functos

(1) Take a monoidal finetor (F, F(®), p(o)) : (t, 80, 4) ? (lí, ss', 4)

Then we get a fineter:

UF(A): 1=> F(1L) F(4x) FCA)

(2) A comanoidal fineta (F, F2), Fco)) : (,0, 11) ? (Cí, o', 1!)
is defined likenise with

Fro): F(1L) ? LL!
Then we get a fueter:

Coalg (F) : Coalg (4) ? Coalg (lí)



(3) A Frobenins monoidal tinctar

(F, F(Z), F(°'), F(2), Fra)) : (L, 8, 1L) ? (T', o', 1L)

is detived with (F, F(z),, F(0)) monoidal, (F, Fas, Fo) canonoidal,

F(x)8 F(ys z)

. x,9?
F (2) 2 F(z)

idé Fynt
F(x)óF(y) * F(z) - ? F(x)s F(yoz) F(x)d Fly) $F(E)-

We also get a functa FrobAly (F) : FrobAig (4) ? FrobAlg(eí)

Example Astrong nonoidal finete is Frobenino monoidal.
Her Fra): = (Fl))", Fco): = (Fro)) "

Non-Strong Frobenius nonaidal finetos

Defí, Given AE Alg(r)
(1) a left A-module in l is (M, D: AsM ?M ) in le

tisfyiy assoc, unitality axious. ? categoy A-Mod (e)
(2) Likenise, get category y right A-modo in t: Mod-A (Ti)

(3) Also, get category g A-binodules (M,D, +) in li: A-Binod (z)

Proposition If A:= (A, u, u, A, =) E FobAlg(4), then
(1) Free: ? A-Binod(t), X? (ABXOA, D= MoidXer, x-idAex oM),

(2) Forg: A-Binod(4) ? C, (M,D, +) + M
are both Frobenius monoidal, but neither are strong monoidal."
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The honadic setting

Take a category A & condid The monoidal category (Endck), o, IdA).
monad algebra

A comonad on d is afa Coalgebra in End(A).
Frobenins nonad Frobenins algora

That is, a Frobenius monad on A consists y
? an endo funetar TiA ?A

? natural transfomations:

Sachthat:

Example

?T<(x)
1 ??

2 TX

T(x)

+3(x)

Tux)

T(x)

Te(x)K

If (A,M, 4, 1, E) = FokAlg(2,8,14), then
T:= A8-): 4? Te is a Frobenino monado e

wtth :

Mix: = moidx ,
??: = 1o idx Ex:= 28idx.



Severalstructures con be called "Frobenius" & we nill connect then.

For A FrobAlg(e) :

(As-): 4? e
Frobenins

Algebras

For At FobAg(e)

3 Free: Te ?A-Binod(r)
Forg: A-Binod (e) ? 4

Frobenius

Monads
Frobenins

honoidal Functors

mammarim

Frobenins
Functors"

will define d

Make many more connectims
in Lecture I

Rep: This is covered in Chapter t of symmetries g tigebrao, Vol1

* Chapters 6e, 8 a Symmetries y Algebras, volz (in prep).


