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TQFTS - fomulated by Atiyah, segal, Witten in the late 19808...
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Recall: Synctric monoidal category = (4, 0, 1L, c) :

? Ce category
? 0: 2x4 ? 4 bitunate
? 1LE le

monoidal cateyay

(behaves like a monoid

? c= iCxy: xoy=yoxIxyak natural somornism, Such that
tw Q , get = l° ;

Example
(algebraic)

(Veco, 8c, C, flip: V8. W ? WoaV)
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Example

(topological)

nEN>1

Bordu:= Bordu, n-1

objects: Closed, oriented (4-1) - nim'e mflas

Ex. Bordz

disjoint mino oriented airdes

EX

Morphiams: n-din'l bordisms M?N

with sounday disteomorphicto - M UN

Comitting orrentation in
morphismpictues]

Ex

identity naphis : productufid

composition: gluing

Ex..

Ex.

i disjoint mim .

1I: empty ufld &

C: Swap..
Ex.

Defin Given a symmetric nonoidal category (4, 8, 4, c),
a valued n- dimensional Topological Quantum Field Theog (n-TQFT a)

is a symmetric monoidal functer:
7: Bordn ? 4

* Traditionally Veer-valued.
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TQFTs produce topological invaients with data from le

Ex. Z: Bordz Vecc

* = 1/Bordz 1 Veco = C

[*? ?] I [c? c]

So,
hore later..

TOFTs firm a category grompoid

objects: n-TQFTs 7: Bordn ?4

morphisms: monoidal natural transformatins $: 7. 7

But observe: Bordu is rigid: erm: - MUM?* satisfy
Coev: 4? MI-M rigidity axioms

Recall Any manoidal nat'e transt > 4/
rigid

is a monoidal

natle isomorphism

? n-TQFTe is a groupoid!

Let's now examine 2- TQFTe in detail...
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Bordz in detail

I generating

objeuts

S'
???

* ? ??
-S' O

@generating

nophisms
morphism relations

=

associativity

m: ABA ?A) unitality
20= 00= 20

coassociativity

=

Camitalin)

1= 00 =

EA?)
D

CAVA TEA

Frobenino lae

comuntativit
=

Valready in te

* addedstracture
[Note: Q + ?]

Now fur a 2-TQFTy: 7: Bordz ? le rigid monoidal

E (S') =: A E Com FrobAlz(le) .
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teorem [Abrans, Quinn, wid 19905] We get an equivalence of cats:

2-TQFT4 -~? ConFrobAlg (l)

? Z(8')

Note:

Botlu categories

are groupoids

Example] Take A:= Cx (x2) E ComFrobsg (Favece).

Here, 1(1) = 1A8x +x8LA 1(x) = xox
E (LA) = 0 Elx) = 10.

? 2-TQFTE: 7: Bordz - ? Favecc

- difterent

C", A ??ABA M > A_E?C

2To tellapart,

try anothe

Frob.alg.

like
«"> A-42 ? ABA?A -

+ Kg 1A8x
+ xexeLA

don't geta complete invariant

1tt O check!



- V..-

Altering: 2- TQFT = ConFrob Alg(e)

Change the dimensin need to change the structwal eevel..

Ex.1- TQFT ~ Acertain alteration
FaVece + not a growboid

3-TQFTa Ams "Modular Fusim Categories/ a"

= Braided, Rigid monoidal categorys

Thatare abelion, A-linea, finite, semisimple,

subject to a nondegeneracy' + 'ribbonality' condition

Change the flavor y borisms need to change the flavor n, Frobalgebra

Theorm [Turaev - Tuner, 2004] Fequivalencey categories:

snoriented _ "'extended Frobeninsal"

2- TQFTe = CoM ExtFobAlg (4)

[Z: Bord"? ? 7(S') =: A, 4, u, 1, E, with

reversing
has two additional @gen. mays two add'e structure naps

orientation ? ?: ? -A

gling withMaebino band + : 1 ?A

Subieet to relations ØE FrobAlg(e) with Ø= idA $

= 1
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ExtendedFobenins Algebras herit their own study:

Work of A. Czenhy-J. Kesten -A. Quinone-W (2026)

Defí) For an extended Frobenins algebra (A,M, M, 1, E, $, O) in le,

were to (8, o) as the extended structure f At FrobAlg(e).

Theonem The extended struct mes below ae dossited

? C/c ? CC4
? C(C, xC2) ? C[x]/(xx) (#) fur nodd

(* = all "trinal" )

???? Do mare! Especially wth the help GPT Pro/ ULMS,
one could probably get a mice result fur Cn in guerd,
... * perhaps Go finiteasetionin general
.. t make a start fur matrix aljibrao Matn(C)...

Fact Finite-dimensionel Hoptalgebras a are Frobenins,

* Fa nonaidal versim guis fact involving irtegrabs.

Defin- Prop'n We introduce the noting an extended Hopt algin le,
* Show that it is extended Frobenius, fincterially to.

Defin- Theorem We introduce the notin of an extended Frobenius

monoidal futes; * sha that they form a caterery (eg uns)
and they preserve extended Frobenins afibras.
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Introduce "extended Frobenins monado" + "extended Frob. fincter"

* make connectims with extended Frosenins algebras o

extended Frobenins monoidal fietas, as started in lestme III
and coupleted in Lecture I intre ordinay case.

Not to be con used with extended TOFTs?

(d<n)
= Symmetric monoidal (n-d) - fuetors between n-d) - categories

? I: Bordu, n-1,.,d - ?? C

objects: d-uflas
(n-k) - naps: k-flas kE[d?n] ...forms a categon

having preserving orientatin

Objects = C-algs
considerthe 2-caty Bin maps = binodules/aigs in forms a sym 8 2-categ.

2- maps = binodulemaps

Theorem | [schome-Pries's thesis, 2009] E2-eqnivalence:

- Separable, syumetric Frobenia albro (e

(2,1,0) - QFT Bim = (Sepyu FrobAlg c) mar
-C upto monita equiv.

? Z (point)
neededfor
extensimtopoints 5 Separability

trivializing orientatio< symuctric

This story goos on, sut I'M stop here.

Ref: This is covered in Chapter 8 of Symmetries Algebras, vol 2
(in preparation)


