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A Century of Frobenins Algebras:
V. Connections between Frobenivo structures

Picking up tom the end lecture III:

For Ae FrobAlg (E):

(Ao -): 4?7

A, B ordinay categores
LC, o monoidal categores

(*)

Frobenius
Algebras

(?, ?, ?, ?, =)
et V9hd

For Ae FrobAng(r):

Free: C? A -Binod(k)
(Forg A-Binod(r) ? 4.

Have 1L% € Frobag(e.)

? H(119) E FObAL(D)
Frobenins

WAnn

(?, ?, ?, ?, ?)

€ FrobAlg (End(t))

**)

Frobenius
Monoidal Functors

(H, H (2)

Frobenius

Finetors

that has a letts right adjirint F.

(***)

(* ) TE Frob Monad(7)
*equipped with
"Strenath" nat'e isom

0-,=: T-)8=? T(-8=)

? T= T(L°) 8 - via Ou-
* T(1L*) E FrobAlg(E)

skipping
details
here

Outline: Will introduce Frobenius functors; cover (*), (**), (**+);
* discuss sone arplicatims.
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Frobenino Finctors (terminology coired by Cacnepeel (1997))

Defú A fincar A:B?A is Fobenius it Ifineter Fist ? B that is
both a left and right adjoint of G. That is, I natural transforations:

For F+G: n: Id+? GF, E: FG? IdB,
For G+F: 1': Ids? FG, E': GF ? IdA,

such that the identities below hold, fe XEA, yE B:
EF(x) ? F(7x) = idFox), G(Ey) ?yay? = id Ga),

AEFrobAIg(E)

Free

le IT A-Mod(4)

Forg

Propositim Fur (A,M, u, A, E) E FrobAlg(E), we get That
G:= Forg: A-Mod(E) ? 4, (M,D: AoM?u) + M

is Frobenius, with left rigut adjoint:
F:= Free: 4 ? A-Mod(e), XI? (AX, D: = Maiax).

Pf/ Define the components of the arjunctive nat'l transto mations as

far XE% (=: "A") * (M,D) = A-Mod(e) (=: "B"),

For instance, AgAsX
F(nx)

ide noid
F(x) = AoX

E F(x) = DASX

A&X = F(X)

ia



Towards
(**)
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Nam-up result
Given A,M, 4) = Alg(E), a lft A module in & = (M, D: AoM ?M 4)

such that 4 = 4 + 4=1

Given (C, 1, E) = Coalg(k), a left A-comodule in 4 = (M, M M?AoM d)
such that at - It + 5 - 1:

*----
Propositio IF A FobAg(E), then A-Mod(e) = A-Conod (E).

Here, To FreeMad = FreeGoud * Forgoid, T= Forghad

also called
"EM-algebras"

"EM-coalgebras"

(Co) Eilendeg Moure categories
Defin (1) Given (T, M: T?T, n: Id ? T) € Monad(A), au EM-objeet

= (y, ]: Ty) ?y) Int satisfying assoc, mutelity conditions.
(like a "nodule" over T) ? Categoy

(2) Given (T, 5: T=T, E: T? Id) = Camonad(e), au coEMobject
= (y, v: y ? Ty)) inst satisfying coassoc., comitality conditin.

(like a "comedal overT) ? categoy (4aT

Exauple (1) CAB- = A-Mod(e) for AeA1g(4).
(2) Y CB) = C-Camad(e) fur Ce Coalg(1) .

PropositinIf Te Frob monad (A), then A S A COT
Here, To Free = FreeCT * ForgoT. T = Furg

??(??)?) ?? (?, ?) (???? ????? ..



(**)

TEFoDMonad(A)

ForgT

(converse
holds
as well

_T.t-

Theaven [street, 2004] IF (T, ,4, ?, E) & Frob manad(A), then
Forgi: AT ? A is a Frobenino functor, with eeft/right adjoret
FreeT: A ? +T

P$/ Take F:= Free, Gi=Furg, F':= FreeT, Cr:= FugCT.
Have FIG * K'F' from theoy f monads & cononads, resp.
To get G+F, define

Now adjmation triangle identities hold. For stance, for yEs:

***

* LT B

G

HoM (G, F) :

End(*) ? End(B

Fros. Monoidal.

triangle ident. fur Gé +F

= idy. 111.
EACT

Next, we turn our attentin to Frobenius moroidel tinctes-.

Propositim [Flake-Languitz-Pasm, 2025] IF G: B? A is a Fob. functor,
with left / rigut adjoint FiA ? B, ther

H: = Ho (G, F) : End (A) ? End(3), L? FLG,
is Frobenius nonoidal. Here:

He, : H(G) HT) = FLGFÚG.
FLERIFLE

? FLUG = H(LL),
? FG = H (Idx) = H(LEnd(4),

: HILL) = FLLG FLAFRUG
Ho) : H (1L End(41) = H (Id,) = FG.

? FLGFL'G= H(L)HL),
? Ids = 11End(8)



(t)
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This completes the diagram in page Il. Now applicaticns...

52D- TQFTs 3 Tect V]

Frobenins Monads

Frobenins Algebras

(t)3
Frobenius Functors

·

Frobenins Monoidal Finctors

Frobenius Monads inche Semantics of Programming Languages

Ref: Hennen - Karonen's "Reversible Monadic Computing"t
Electronic Notes in Theoretical Conputer science, 2015.

Monads (T, um, are used todescribe computatimal effects:
? ju: T'? T: combines two back-to-back efpects into me
?n: Id ? T: introduces a trivial effect.

When T:=(T, J, n, ?, E) is Frobenius, these moves con se undone:
??: T ? Tr: separates an effect into stages
? E: T ? Id: removes the trivic effect.

In patienler, the Frobenino law is a crucial coherence conditon
needed to groperly model reversible computig.

Reversible Computing

Frobenins honads



(F)

Frobenius Functors (twisted resim, ter Dualities in Geometry

Rep: Hayois' "The six operatins in equivaiant rottic honotopy theory"
Advancis in Mathematics, 2017

Her, a functer seing Frobenins tus having an ambidestons" adjinctia.
Take a nice geometric nap fiX?y, * consider its pullback f*

? Left adjoint f# q f* = "homological pushtoward"
? Right adjout ten f* = "cahonologial prokforward"

Ide to get that f# = tx mp to a twist by a "dualizing object"
This fomalion captures:

? Poincaré duality
? Finte etale transters
? Base-cage formlas ... and unch nore.

Six functe formalin

Frobenino Finctors

Frobenius Monoidal Funetors in Ratimal Conforal Field Theory

Ref: Kong-Runkel's "Cardy Algebras and dewing constreints, I"
Communications in Mathenatical Physics, 2009.

Take a modular fusion category le [page TV.6]
Then, the "Deligne product" functor (lac) EV (2,0) ? k

has a right adjoint R: 4 ? 4 BE
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It is shron that Ris not strong monoidal, but it is Frobenins monoidal
* passes Frotenino algebars in le to those in CEsT. This is useful

because Frbenino djebras morel "sectes" inthe physicil theory 7, faring
world-sheets".. The assignment A? RCA) is used to model sering conditions..

Ratonal Confirl Feld Thcom
Frobenius Monoidel Fructors

1A Century / Frobenius Argebras

The origins
in

Linear Algebr

Categorical
Chareterizins,

Abstract
Theorg
solidified

1103

Rep/ Module Connectissto
Theoretic Topology/

characterizations. Physics
- 19305-19403 - - - 1950s-1970s -- 19805-19905

hore Applicatios
toother tields
utum

A Favonte Stractre
for many!

-- 2000s to now

Rel: C. Waltons "Synuetries Algebras" textbook series
? Volume 1: Algs/c, Cats, Mon. Cats, Algs in Mon. Cats

[free cy ont now, citatins + libray requests appuciated]

? Volume 2: Coalga/a, Coalgsin Mon Cats,
FrobAlgs/a, FrobAlasin hon Cats

Texpected: frrsthalfy 20277.


