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I Background on Hopf stuff
I Background on quiver stuff
III Results in explicit form
I Results in tensor categorical form



Fittittaatteristico
is an

Deats's at.netiKIakgba H with
additional structure
A H HOH
e H Ik

Comultiplication
count

satisfying some axioms which
are not important in this talk

Intuition
For a noncommutative

R and M N ER Mod
there is no canonical way toform MON in R Mod
The extra structure of a Hopf
algebra fixes this

M We H Mod MORNEH Mod

I IkeH Mod



G G group H lkG group algebra

Slg gong eight Ages
Then M N Elka Mod MON Elka Mod
via g man g no Ign
G folks acts on Ik trivially Viggen taekg a Ecg 2 2

Ey of lie algebra H UCog envel
algebra

Acn lax toe I ECU D

free of

Then M NeU of Mod MAN euloy Mod
via x man mo x n x m n

of or Utoy acts on Ik trivially via
2 2 ECK 2 0 Uktoy



Symmetries of an algebra
can be formalized by having
a
group

act on that algebra

Ey Symmetric group Sn acts
on poly ring 1kGeiser pen

This generalizes nicely to
Hopf algebras

Def let A be an assoc lk alg
An action of a Hopf algebra
H on A is an

H Module structure on A
the action how h a EA then a A

which respects multiplication
ABA A is H Mod homom

acts trivially on scalars
Ik 7A 1kt 1a is H Modhow



Main takeaway of this section
Extra structure on a lk algebra
A can often be formalized
as a Hopfalgebsaactic

Ey Action of group G on A by automorphisms
II equiv data

Hopf Action of KG on A

Ex Action of lie algebra of on

A by derivations
I equiv data

Hopf action of U og on A

Ey Grading of A by finite group G
II equiv data

Hopf action of KG on A

One can take fancier Hopfalgebras like
quantum groups Ugly
Quantum of an algebra in this

talkwillmeananactionofattalgetm



IQuivestult

Def A quiver Q is a finite directed

graph allowing loops parallel edges etc

ÉS ex

They are interesting in algebra rep theory because

Def The pathalgebalkQ of a quiver Q is

vector space with basis pl p a path in Q
of length o

associative multiplication

p g pg if It is path inQ
O otherwise lengthO

E dmka
egyggj.FIa b ab b c o a b c

a ez a a e o e e



These are more than toy examples
In fact universal in following sense

theorem Gabriel 60s Let A be any
Ik algebra of finite 1k dimension assume

IK II Then I quiver Q 2 sided ideal
ICIKQ Sit A Mode IKOYI Mod

Intuition Quiver path algebras play
a role in thenoncommutative tin dim
world analogous to what
polynomial rings play in affine alg geom

Reformulation of HQ without graphs
For a ring S S S bimodule E form
tensoralgebra Ts E Soto EEE East0 E to

Given Q with n vertices let Selk aka be
the subalgebra of length O paths
let E c Ika be the Ik span of the arrows



I.Resultsinexplicitform
Many Hopf algebras are generated by
subalgebras isomorphic to the following

Refight 9
Elk 1,011 define

subject to
generated by g g

gg g g 1 greg ga
It is a Hopf algebra via

Slg gag AG 10kt nog
g L Else O

If g is primitive rt rootof 1 n EZ.ir the

generalizedTaftalgbra is

Tenn Ugh g l xD
a fin dim Hopf algebra
Tcu Tenn is a Iaf taleba

Ug se its quotient ua.be
are generated by subalgebra
isomorphic to Ughh ten



The study of Hopf algebraactions on quivers
was initiated in CK Walton 16
for actions of Tn and uglslz on

quivers without loops nor parallel arrows goof

Extended to arbitrary quivers forth in Ph D
thesis of Ana Berrizbeitia 2018
Extended to actions of Uq b Tarin
as well as Malala ughh in
K Oswald 21 53

Here's what describing Hopf actions
in explicit form means

CK o let Q be a quiver with vertex
set Q and arrow set Qi Then the
following data determines an action of Mach
on HQ every filtered action is of this form

E A permutation action of 2g on the set Q
A collection of scalars yo Elk ie a s t

Yg i g Yi Yi eQo

iii A linear representation of g5ÉÉ Ika
which preserves sources targets



Civ A lk linen map r IKQ.tokQ IkQoelkQ
sit r lkQo 0 6cg a g g o la HaeQi

and for any a EQ 0 a is a linear combination

of arrows from source a to g target a
source a g source a

at Ig a

targeted g targetla
The action from this data is explicitly

x ei yiei yiqteg.ie
2 a Target A Ysowaca É g a to a

tie Qu and HaeQi extending uniquely to
the rest of HQ

We give explicit criteria for when an action
descends to thequotient TCrin
analogous results for Halse walsh
Summary explicit descriptions are satisfying

useful for creating analyzing examples
But they don't give global insight

In Given algebras A A with
actions of Hopf algebra H does there exist ATA

asalgebasAWDHm.dk
ListofSuchIsoclassen



I.Resultsinocategoricaltorm
More abstract view gives approach to the last question

Def A tensorcategory C is formed by
taking a category of reps of a fin dim
algebra endowing it abstractly with
an additional operation Ox Exe E

E E rep H for a Hopf algebra H

Etingof K Walton 21 reframed the study
of actions of Hopf algebras on path algebras via

IKQ IT E where Silk E an S S bimod
It works more generally for
S semisimple productof matrix algebras over Ik

In this language a grated action of H on ICE
is equivalent data to the pair

C S an algebra in rep H

a ab ab
and Ik s

151
Are morphisms

in E.IT
i E is an S S binod in rep H
i e action map SO EOS E is morphism

in E rip



What do we get from this new perspective
Every such S E have unique decompositions inC
5 5,0 Sm E E to Er

into indecomposable essentially KrullSchmidtthin
Indecomposable algebras indecomposable bimodules

in C are the buildingblocks which uniquely
construct an arbitrary Ts E in E rep H
Classify these first

There are a few general results related to this
in Ekw but overall few explicit answers
A brief survey of works where these building
blocks are described or classified
probably incomplete

Etingof Ostrik exactalgebras S for H Tn

Costrik Natale s s algebras S in E Vec
Morales Miller Plavnik RosCamacho Tabiri Walton
s s algebras in C a group theoretical
fusion category
CEKW s s algebras for H Hy Kac Paljutkinalg



CK Oswald bimodules over algebras of the
form S K for H Ug Is TCr.nl Halsey uglsed
translation of earlier theorem implies classification

of indecomposable is wild intractable problem
except for H Term gives solution there

Lastpoint All these results only help understand
badingblocks Understanding when ICE Ts El
in hep H or E in general requires more research

in a broader framework involving directedgraph isomorphisms

conjugacy of bimodules A helpful start is
A Recent theorem of Oswald decomposes

E Os F as S Sz bimodule when

E is S so bimod F is Sz Sz bimod
Will help with the conjugacy part

A final summary

flassifytopfactions

diff


