MATH 460 /560 CHEEA WALTN)
SPRING 2024 RICE W.

LAST TiME

—

LECTWURE #2
¢ TNTRO TQ COowRSE

e GROWPS, RINGS, VSPACES

* X, ) ®, tom ) DUAL
oF V§PACES

ToP(cS:

T. TENSSR PRODACT oF VECTTOR SPACES (VIA QUOTIENT) CS1.1.4)
. WNIVERSAL PRQ?GP\T‘Q)‘TEMSQK PROODWCT OF V§ REVWE(TED (ﬂ.l.«(-)

T. MORE onN TENSOR PRODWCT % toM oF VSPACES (I 4)
™. MLGERRAS OVER A Fleld (fL.l.5)

T. EXAMPLES/ TYpeS oF ALGEBRAS ovER A Fietd (§r.2)
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T. TeEVSSR PRODUCT oF VECTIR SPACES (NIA QUOTIENT)

VECTOR SPACE | [ A [R-VS 18 AN ABEUAN GROWP (V)+,0) WiTH AN o3erATIoN

WER A FEWD [k
¥ : RxV—V v U=
ABEUAN GRONP kxV Q)i o=
WITH ANSTHER SUC TUAT ¥\ elk AND §u’eV:

ORERATIIN % )
Cou?k’l'“\BLg WATH + No+a’) = Av+ae!, QEN)S=Are X, QN )r=A), Agv =¥

TENSOR PRoDRCT  GIVEN VSPACES |V wirh Basts §biY;

—

W wiTe BASLS ’1c33-3
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T. TeEVSSR PRODUCT oF VECTIR SPACES (NIA QUOTIENT)

VECTOR SPACE | [ A [R-VS 18 AN ABEUAN GROWP (V)+,0) WiTH AN o3erATIoN

WER A FEWD [k
¥ : RxV—V v U=
ABEUAN GRONP kxV Q)i o=
WITH ANSTHER SUC TUAT ¥\ elk AND §u’eV:

ORERATIIN % )
Cou?k’l'“\BLg WATH + No+a’) = Av+ae!, QEN)S=Are X, QN )r=A), Agv =¥

TENSOR PRoDRCT  GIVEN VspACES |V wirh Basts §biY;

—

INFORMALLY — W it BASLS 1C31'3

THE TENSOR TRODPUCT OF V AND W
V@.kw = \/@V\’

\S THe [R-VecToR SPace (T BAS\S iLLQC:)%(.S
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T. TEVSSR PRODUCT oF VECTIR SPACES (NIA QUOTIENT)

VECTOR SPACE | [ A [R-VS 18 AN ABEUAN GROWP (V)+,0) WiTH AN o3erATIoN

WER A FEWD [k
¥ : RxV—V v U=
ABEUAN GRONP kxV Q)i o=
WITH ANSTHER SUC TUAT ¥\ elk AND §u’eV:

ORERATIIN % )
Cou?k’l'“\BL; WATH + No+a’) = Av+ae!, QEN)S=Are X, QN )r=A), Agv =¥

TENGoR PRovReT  GIWEN VspACES |\ wirH Basts § kil

e

INFORMALLY — W it BASLS i%ls

“THE TENSOR TROUCT oF V A W
« i
\I®lkw =: \[@\,J SKM?ff TeNYoR

\S THe [R-VecToR SPace (T BAS\S ILLLQC»’;BHS
A BBMBOL
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T. TEVSSR PRODUCT oF VECTIR SPACES (NIA QUOTIENT)

VECTOR SPALE
ONER N FELD [k,
ABEUAN GRINP
W\TH ANOTHER

ORERATIDN ¥
COMPATIRBLE WITH +

A [R-VS 1§ AN ABEUIAN GROWP (V)+,0) WiTH AN oYeRATiaN
. RxV—V () = Ao = A\

SWCl TUAT ¥\, Velk AND §u/eV:

Nu+e) = Ac+de!,  QEN)T= A+ N, QX )r=A(XF), Aks =¥

TENSOR PRovRCT  GIVEN VsPACES |V with Basts §biY;

—

INFORWM ALU& —

W wiTh BASLS ’10:33'3

THE TENSOR TRODUCT oF V AN> W

MRLE TeNsor”

\I@.k\ld =:VeW I

\S THe [R-VecToR SPace (T BAS\S ItLL@Q:;}(‘S

ELEMENTS oR VECTORS ARE FEINITE LING AR COoMBINATIONS

finite

OF S(MPLE TENSORS : 21,5 Ny bieg Ny €l
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T. TEVSSR PRODUCT oF VECTIR SPACES (NIA QUOTIENT)

VECTOR SPACE | [ A [R-VS 18 AN ABEUAN GROWP (V)+,0) WiTH AN o3erATIoN

WER A FEWD [k
¥ : RxV—V v U=
ABELAN GRoNP kxV Q)i o= A
WITH ANSTHER SUC TUAT VNV elk AND §u’eV:

OPERNTION * )
Cou?k’l'“\BLg WITH + No+o!)= Ao+, QEN) = No, QX )e=A(Ne), Aks=v¢

—

TENSOR PRODWCT  GIVEN VSPACES (\I wiTH BASIS §bp g
W it BASIS ic.ﬁli\

V@RW = Vew s THE k-vspace with BASIS | biecyloy

(Y’ik‘d'c,
ELEMENTS oR VECTSRS ARE iy Ny bieej, Njek

—

ADDITieN SCALAR MUCTIPLICAT(ON
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T. TEVSSR PRODUCT oF VECTIR SPACES (NIA QUOTIENT)

VECTOR SPACE | [ A [R-VS 18 AN ABEUAN GROWP (V)+,0) WiTH AN o3erATIoN

WER A FEWD [k
¥ : RxV—V v U=
ABELAN GRoNP kxV Q)i o= A
WITH ANSTHER SUC TUAT VNV elk AND §u’eV:

OPERNTION * )
Cou?k’l'“\BLg WITH + No+o!)= Ao+, QEN) = No, QX )e=A(Ne), Aks=v¢

TENSOR PRODWCT  GIVEN VSPACES (\I wiTH BASIS §bp g
W it BASIS ic.ﬁli\

—

VeoRW = VeW s Te k-vspace with BASIS {biocyley
Liwit
ELEMENTS oR VECTORY ARE 2.(,':;' ’}\L,'a L;@Qd} ’)\cﬂeu;,

A "M SCALAR MUCTIPLICAT(oN

}\(L;@sc@ = Abi ® ¢}
= bi® Ac)

Copyright © 2024 Chelsea Walton



T. TeEVSSR PRODUCT oF VECTIR SPACES (NIA QUOTIENT)

VECTOR SPACE | [ A [R-VS 18 AN ABEUAN GROWP (V)+,0) WiTH AN o3erATIoN

WER A FEWD [k
¥ : RxV—V v U=
ABELAN GRoNP kxV Q)i o= A
WITH ANSTHER SUC TUAT VNV elk AND §u’eV:

OPERNTION * )
Cou?k’l'“\BLg WITH + No+o!)= Ao+, QEN) = No, QX )e=A(Ne), Aks=v¢

TENSOR PRODWCT  GIVEN VSPACES (\I wiTH BASIS §bp g
W wire BASIS ic.ﬁli\

—

VorW = VeW s The k-vspace with BASIS {biocyley
Liwit
ELEMENTS oR VECTORY ARE Z‘g,'&& (>‘;"3 L;@Qd} ’)\cﬂeuz,

ADDITioN SCALAR MUCTIPLICAT(ON

W€

A(biecy) = A@m

o= L(@ Aco SR
'ta/\*w
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T. TEVSSR PRODUCT oF VECTIR SPACES (NIA QUOTIENT)

VECTOR SPACE | [ A [R-VS 18 AN ABEUAN GROWP (V)+,0) WiTH AN o3erATIoN

WER A FEWD [k
¥ : RxV—V v U=
ABELAN GRoNP kxV Q)i o= A
WITH ANSTHER SUC TUAT VNV elk AND §u’eV:

OPERNTION * )
Cou?k’l'“\BLg WITH + No+o!)= Ao+, QEN) = No, QX )e=A(Ne), Aks=v¢

TENSOR PRODWCT  GIVEN VSPACES (\I wiTH BASIS §bp g
W wire BASIS ic.ﬁli\

—

VorW = VeW s The k-vspace with BASIS {biocyley
Liwit
ELEMENTS oR VECTORY ARE 2.(,':;' ’}\L,'a L;@Qd} ’)\cﬂeu;,

ADDITioN SCALAR MUCTIPLICAT(ON
/ =
k;@Q3+ L{@ci = (b(-\-\p/()&C@ }\(L(,@QS) = Abi® ¢y
bieci + biecy = bi eley+cy’) = bis Ay

ELSE CMIT ADO
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T. TEVSSR PRODUCT oF VECTIR SPACES (NIA QUOTIENT)

VECTOR SPACE | [ A [R-VS 18 AN ABEUAN GROWP (V)+,0) WiTH AN o3erATIoN

WER A FEWD [k
¥ : RxV—V v U=
ABELAN GRoNP kxV Q)i o= A
WITH ANSTHER SUC TUAT VNV elk AND §u’eV:

OPERNTION * )
Cou?k’l'“\BLg WITH + No+o!)= Ao+, QEN) = No, QX )e=A(Ne), Aks=v¢

TENSOR PRODWCT  GIVEN VSPACES (\I wiTH BASIS §bp g
W wire BASIS ic.ﬁli\

—

VorW = VeW s The k-vspace with BASIS {biocyley
Liwit
ELEMENTS oR VECTORY ARE Z‘g,'&& (>‘;"3 L;@Qd} ’)\cﬂeuz,

ADDITIoN 56 o SCALAR. MUCTIPLICAT(oN
- - —
h;gmv— L{@ci 2= (b(-\-\:/()&C@ }\(L(,@QS) = Abi® CA
bieci + biecy = bi eley+cy’) = bis Ay
ELSE CAN(T ADD W€ tw
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T. TENSSR PRODACT oF VETTOR SPACES (VA QUOTIENT)

VECTOR SPACE
WER A HEWD [k,
ABEUAN GRINP
W\TH ANOTHER

ORERATIDN ¥
COMPATIBLE WITH + 7’

FORMALua)

(
TENSOR ?KODV\CT> GI\VEN VSPACES (\f wiTH BASIS §bp g
W wire BASIS icbl;s

e

VorW = VeW s The k-vspace with BASIS {biocyley
Liwit
ELEMENTS oR VECTORY ARE Z‘g,'; ’)6,3 L(,@Qi\) ’)\g,-}eu;,

ADDITIoN SCALAR MUCTIPLICAT(ON
/ =
L;@Q3+ L{@ci 2= (b(-&-\:/()&C@ }\(Li,@cs) = Abi® CA
bieci + biecy = bi eley+cy’) = bis Ay

ELSE CMIT ADO
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T. TENSSR PRODACT oF VETTOR SPACES (VA QUOTIENT)

VECTOR SPACE PEF S?Aﬂ\\g«\f ,003 \\TGV, Ne\"l>

ONER A FHEWD [k,
@ = Q —
ABEUAN GROAP V \kw N N

WITH ANQTHER (QuoTIENT
OPERATIAN % S?Acf)
COMPATIBLE WITH +

FORMALua)

(
TENSOR ?KOD\&CT> GI\VEN VSPACES (\f wiTH BASIS §bp g
W wire BASIS ic.ﬁli\

e

VorW = VeW s The k-vspace with BASIS {biocyley
Liwit
ELEMENTS oR VECTORY ARE Z‘g,'; ’)6,3 L(,@Qi‘) ’)\g,-}eu;,

ADDITIoN SCALAR MUCTIPLICAT(ON
/ =
L;@Q3+ L{@ci 2= (b(-&-\:/()&C@ }\(Li,@cs) = Abi® CA
bieci + biecy = bi eley+cy’) = bis Ay

ELSE CMIT ADD
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T. TENSSR PRODUACT oF VECTOR SPACES (VIA QUOTIENT)

VECTOR SPACE PEF S?Aﬂ\k<(\r,w) \\TG\', W&\"l>

ONER N FHEWD [k,
@ = Q —
ABEUAN GROAP V lkw v W

WITH ANQTHER (QuoTienT  OPANy
ORERATION * SRACE)
COMPATIBLE WITH +

A w)- (W) W(5w) -(5,xw)

FORMALL‘a)

C
TENSOR ?KODKCT> GIVEN VSPACES ﬁ\/ wiTh BAstS § i
W itk BASLS \c33-3

——

VORW =: VeW |§ THE [R-VspacE WITH BASIS iL;@c-s‘}%
(%ivcd'e_,
ELEMENTS oR VECTORY ARE Z"'.ﬁ ()L';O LL@QG} ’)\g,'}eﬂ:\,

ADDITIoN SCALAR MUCTIPLICAT(oN

/

bioe + bi'ecy - (bi+7) ®¢y Abiecy) = AbL® ¢}

bieci + biecy = bioley+cy’) = bis Ac)
ELIE CANIT ADD
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T. TENSSR PRODUACT oF VECTOR SPACES (VIA QUOTIENT)

VECTOR SPACE PEF S?A“\k<(“')w) \\TGV, Ne\"l>

OER N HEWD [k,
(74 = \|Q —
ABEUAN GRUAP V lkw Vew

W\T ANOTHER (QuoTienT  OPANy , o
ORERATION * SRACE) (v W) = (5,0) = (7 )
COMPATIBLE WITH + (9) W+w’) = ()~ (7))

F°RMALU3)

C
TENSOR PKON\CT> GIVEN VSPACES i\/ wiTh BAstS § i
W Witk BASLS icﬁlﬁ

——

VORW =: VeW |§ THE [R-VspacE WITH BASIS iL;@c-s‘}%
(*Y’ivd\'e_,
ELENENTS oR VECTORY ARE Z"'.ﬁ ()L';\) chgb} N € lhe

ADDI(TIeN SCALAR MUCTIPLICAT(ON
/ =
\)ggm3+ L{@ci = (b(“'\”/i)@’cé A(LL@QS} = Abi ® ¢}
bieci + biecy = bi oley+cy) = bis ey

ELSE CANIT ADO
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T. TENSSR PRODUACT oF VECTOR SPACES (VIA QUOTIENT)

EC PACES
Vw;r:!;eswkk V® W= \’@\l\l D: S?Aﬂ\k<(\f,w3\\re\l,uoe\l~l>
ABELIAMN GRoNP R g, [M)-00) A5 e )

WITH ANSTHER (QuoTienT , o
ORERATION X S¥ACE) (0 w0) = (5, 0) = (5 )
COMPATIBLE WITH + (9) W+w) = () (7))

FoRMAwa)

C
TENSOR ?RO\N\C‘F} GIVEN VSPACES i\/ wiTh BAstS § i
W itk BASIS icbl;s

—

VORW =: VeW \§ THE [R-VSpacE WITH BASIS iL;@c-{SQ‘;\\
({’iw'd'e_,
ELEMENTS oR VECTORY ARE 2""3 ')L,a LL@QG) N € e

A.D,m‘ SCACARN MUCTIPLICAT(ON
biogj+ bi'ecy = (birkd)ecy  A(bieey) = Abiocy
biecy + biecy = bi eleyrey’) = bis ACj

ELSEe CAM(T ADL
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T. TEVSSR PRODUCT oF VECTIR SPACES (NIA QUOTIENT)

VECTOR JPACE PEF S?Aﬂ\\g<(\f,uo3 \\Te\l, NEVJ>

WER A FHEWD [k,
(74 = \|® —
ABEUAN GRUINP V \kw V N

_ ORI
WITH ANOTHER (QuoTienT  SPA (’)(\i’,w) (Zrw) (v, 63) -8, X ))

[ ) - — (!
ORERATION * SRACE) (v w) - (5, W)= (v )
COMRATIRLE WITH + () W+w’) = (5 ) - (7))

’rHERE‘.S A CLEANMER wAa
OF GETTING “TH(S CONFTRUCTION

o KWELPFAL FOR COMPARING Vaw
WiTH AN QSTHER VSPACE
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L. WNIVERSAL PRoFERTY ) TENSOR PRODUCT OF V8 REVIS(TED
GIVEN A aroaET X,
A UWNWERSAL STRUWCTARE ATTACHED To X
1S A STRUCTARE Univ(X)

FORM T FORM TC
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L. WNIVERSAL PRoFERTY ) TENSOR PRODUCT OF V8 REVIS(TED
GIVEN A &rD&ET X,
A UNWERSAL STRUWCTARE ATTACHED To X
1S A STRUCTARE Univ(X)

X— < 5 (AM\I(X)
Uiv (X) =5 X

FORM T FORM TC
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L. WNIVERSAL PRoFERTY ) TENSOR PRODUCT OF V8 REVIS(TED
GIVEN A aroaET X,
A UNWERSAL STRWCTARE ATTACHED To X
1S A STRUCTARE Univ(X)
St TUhAT W ARBITRARY STRACTURES Ark(x) ATTACHED To X

ol i
X——— (niv(X) AcbX) -
m) /
Arb(X) Uiv(X) ==X

FORM T FORM TC
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L. WNIVERSAL PRoFERTY ) TENSOR PRODUCT OF V8 REVIS(TED
GIVEN A aroaET X,
A UNWERSAL STRUCTARE ATTACHED To X
1S A STRUCTARE Univ(X)
Suctt TUAT W A’KB\TRARa STRACTURES Arb(x) ATTACHED To X

3| STRWCTARE ~ PREJERVING MAP MAKING: THE DINGRAM (oMMWTE :

X—="— niv(X) AcbX)
| | i
\ 3 3
P 3 Vj v o
Arb(X) Univ(X) — X

FORM T FORM TC
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L. WNIVERSAL PRoFERTY ) TENSOR PRODUCT OF V8 REVIS(TED
GIVEN A aroaET X,
A UWNWERSAL STRUWCTARE ATTACHED To X
1S A STRUCTARE Univ(X)
Suctt TUAT W A’KB\TRARB STRACTURES Ark(Xx) ATTACHED To X

3| STRWCTARE ~ PREJERVING MAP MAKING: THE DINGRAM COMMWTE

X—=— Uiv (X) AbX) s
2 e v N
NP y VY Y o
Arb(X) Univ(X) — X

FORM T FORM TC
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L. WNIVERSAL PRoFERTY ) TENSOR PRODUCT OF V8 REVIS(TED
GIVEN A aroaET X,
A UNWERSAL STRUCTARE ATTACHED To X
1S A STRUCTARE Univ(X)
Suctt TUAT W A’KB\TRARB STRACTURES Ark(Xx) ATTACHED To X

3 STRWCTARE ~PREJERVING MAP MARING: THE DINGRAM COMMIKTE :

X—— Wniv(X) Acbx) ,
s E i
EN =TRZANNNS)
NP sV ¥ y
Arb(X) Univ(X) — X
L X= artn)] {packon =X
i_“'- Wnwv (X)—)ArE(XY] i“,'-Arl}):;—% Wnav (X)‘]

FORM T FORM TC
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L. WNIVERSAL PRoFERTY ) TENSOR PRODUCT OF V8 REVIS(TED
GIVEN A aroaET X,
A UNWERSAL STRUCTARE ATTACHED To X
1S A STRUCTARE Univ(X)
Suctt TUAT W A’KB\TRARa STRACTURES Arb(x) ATTACHED To X

3 STRWCTARE ~PREJERVING MAP MARING: THE DINGRAM COMMIKTE :

X — N Aniv (X) ArbX) /
q E A
EN =TRZANNNS)
\f% 3 v \ o!
Arb(X) Uiv(X) —X
i‘; Y-% ArL(X)kl i’( Arb(X) '%X 1
N - N -
1¥: Wav(x) = Ak § 145 AL = Uaiv(x) ]

FORM T FORM TC
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. WNIVERSAC ?&a?eﬂm’reuxoi PRODWCT OF VS REVWS(TED

tﬁmo\n

EXERCASE (.2

Univ(X) NEED MOT EXIST, BUT 15 WNIQUE (F DoES EXST.

=

NIVERSAL STRWCTURE

CNS(DER FRM T & Siwprose Jnivix) “ ATTACHED To X

Sthw  Rav(X) 2 Keaiv(X).

X—=— Ui (X)
2 g
NP VY
Arb(X)
i‘; X= ArE(X)l

=1

1¥: Wniv(x) = AL §

FORM T

Copyright

ArE(X)
3 x’ 0

\V4
Univ(X) =5 X
’us’- Arb(X) -a){l

N

1 %5 AL = Univx)

FORM TC
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. WNIVERSAC ?&a?eﬂm’reuxoi PRODWCT OF VS REVWS(TED

lﬁgu oW EXeRC\SE (.2

Univ(X) NEED MOT EXIST, BUT 15 WNIQUE (F DoES EXST.

e
: WNIWVERSAL STRWCTURE
CNSIDER FoRM T & Swerose JhaivOx) MRS TEAT

Sthw  Rav(X) 2 Keaiv(X).

K— X 5 Wiy (X) C A€ NNWERSAL prbeRTY
s 418 To GET MAPS
V’F 3 \‘/ fé: lLM\I(X) — M\\/()()
Arb(X) — |
UAX-—) Arh(X)l C.P: le\I(X) — iviX)
i‘& : lkni\l‘(-xl) — Ack(X) ]

FORM T
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. WNIVERSAC ?&a?emm’reuxoi PRODWCT OF VS REVWS(TED

tﬁmo\n

Univ(X) NEED MOT EXIST, BUT 15 WNIQUE (F DoES EXST.

CSIDER FRM T & Swerose JiivOx) AMeEme TR

Sthw  Rav(X) 2 Keaiv(X).

CEXerRCASE (.2

=

NIVERSAL STRWCTURE

X—=— Ui (X)
2 g
NP VY
Arb(X)
i‘; X= Arh(X)l

=1

1¥: Wniv(x) = AL §

FORM T

Copyright

\

A€ (AM\\IGRSALPMFERT{)
To GET MAPS

B: haiv<) — Kivix)
P : kaivOc) — Wivix)
NS WN(IQUENESS To GeT

“P?S = 1A pnivx) ng“”' ik T
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T. WNIVERSALC ?&6?6?:(*3 ) TENSOR PRoDWCT OF V§ REV\S(TED

X—%5 (aiv(X)| TAKE |R-VECTOR 3PACES vV, W

NP ’ \E:E/a"~6 Vo W:=\ew ol 39A“\\x<(v,w)\\1'e\l,me\hl>
N " o
Arb(X) (‘g‘mﬁn Sty AN w) - (W) X0) -0, Xw)
= (w4 v’y w) = (§,0)= () »)
uSETTO C“AEACTEZJ-E sec) (1) B+w’) = (50) = (7))
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T. WNIVERSACL PRaYE P\Tl:\ ) TENSOR PRoDWCT OF V§ REV\S(TED

X—%—5 (kaiv(X)| TAKE |R-VECTOR 3tACES vV, W

2 i3y
: 3 PEF SVMJ\K<(\T ub) \\Te\l NG\'J>
VF N\ v \,®\R\M °= VQN - ) )

Arb(X) Aw) - (w)  Nwe) (5, )

ARACTCRIPE (QMT(?)T OPAN (w4 v’y w) - (6, 0)= (7 »)

useJ T ¢ ARAtTERRS Bhe (s, 09+0/) = ()~ (5,

od
HAVE MAP  \xW > VorW
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T. WNIVERSALC ?&6?6?:(*3 ) TENSOR PRoDWCT OF V§ REV\S(TED

X—%5 (aiv(X)| TAKE |R-VECTOR 3PACES vV, W

2 i3y
P 9° ver  SPAN L w) \\T eV voE\hl>
TN, Vo W:= VoW = b
Arb(X) M)~ (new) A5 =6, Aw)
s cteriec (Q“Q“E;)T e (T vy w) = (5, W)= (v w)
useJ T ¢ ARAtTERRS Bhe (s, 09+0/) = ()~ (5,
MB\UNGAK Were—
HAVE MAP NV xW > VorW Xy W\, W
(v, w) \ 2 VOW N S e,

ol N N oW
'\T\—)O((\T'U)

ARE LINEAR MAPS
V\Te\l, we\h‘
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T. WNIVERSALC ?&e?emg\ ) TENSOR PRoDWCT OF V§ REV\S(TED

XJ—P (AM\((X)
2 i3
3 Y

Arb(X)

UsE To CHARACTER)

M

TAKE |R-VECTOR JfACES V,W

PEF S?Aﬁ“‘<(\y’) w) \\r e\l) NQ\'J>
Vo W= Vew = ( o
SPAN (7‘ o) -(ww)  A(we) -0 )

(Q;f:fe? (v vy w) - (6, w) = (T )

(5 W+w/) = () -(F,w)

€€
—7

SWCH THAT

\/ BILINEAR. MATS B

HeErRE—

R\ ()

\jx\I\’

(v, w)

o \I'a\’@)“l\f\)
'\T\_)O(('\r"k))

ARE LINEAR MAPS
V\Te\l, we\h‘

> E s
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T. WNIVERSALC ?&6?6?:(*3 ) TENSOR PRoDWCT OF V§ REV\S(TED

X %S niv (X) TAKE |R-VECTOR JPAaceEs V,W
2 g c
VP . Vo W= Yol ver SPN\K«\)',M\\re\I,me\hl)
Arb(X) Ik W w)-(wnw) W) -0, xw)
(Quotient Ol | = (w4 v’y w) - (v oo)-'(\r’;w)
uSETTO C“AFCTEZJ-E bwee) (9 W+w’) = (5 - (7))
J BIUWERR Were—
NV xW K \I®«<W Ky WV, W
\ > VoW ! R (W)
JLUNEAR 1 [ow: N DN oW
SUCH THAT ) MAP v o v w)
L
o ARE LINEAR MAPS
AR IATS ’
'/ BILINEAR MATS B ¥ Vool e
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T. WNIVERSALC ?&e?emg\ ) TENSOR PRoDWCT OF V§ REV\S(TED

\IT’ ’ jI:'zla"76 Vo W:= oW jodd AN (v, w) \\re\l, me\hb
> Arb(X) Ik M) - () A6~ x)
c (th&ed)‘( LT (e - o oo)-'(\r’ »)
C J ] )
uSETTO C“AEA TGZJ%J; st (1) B+w’) = (5 0) = (7))
o BILINEAR Were—
\I Xw 2 V@‘kw 0(-\]"- W—%\I%\k\d
\ > vOw A ele)
‘a\. LINEAR .: ol N ™\ oW
SWCH THAT 2 MAP Vo)
L4
’ ARE LINEAR MAPS
AR MATS '
\ BILINE TS B A VreV, wew

Copyright © 2024 Chelsea Walton



T. WNIVERSALC ?&e?emg\ ) TENSOR PRoDWCT OF V§ REV\S(TED

TAKE |R-VECTOR JfACES V,W

(QuoTIENT
$RACE)

Vo W:= Vew =

3P MJ“‘ (}\(\l’, "-‘) - (')\rl "D)

DEF 3?Aﬁ\h<(\r’ ub) \\T e\l, NQ\'J>

(v v/, w) - (6, W)= (7 »)
(5 W+w/) = () -(F,w)

u(v,m-(w,m)

WHY THE SAME ¢

BILINEAR.
N xW > VOrW
(v, 0) = VoW 3!
LINEAR
\ BILINEAR "é"“’
MAT P \/4

Copyright © 2024 Chelsea Walton




T. WNIVERSACL PRaYE P\Tl:\ ) TENSOR PRoDWCT OF V§ REV\S(TED

TAKE A?\%\TRM{?
BILINES AR MAP

Ssz\lxw—éi

TAKE |R-VECTOR JfACES V,W

Vo

1RACE)

W Vo = *AN (5,0 |7 eV, woeW D

(v v/, w) - (6, W)= (7 »)

(5 W+w/) = () -(F,w)

(QuoTiedT  OPAN (N""“)‘(Wm’) &(\r,ob)-(\r,)m))

Copyright

WHY THE SAME ¢

> BILINEAR
N x W >V @(k\l\’
LINEAR
V BILINEAR "é"“’
AT v

© 2024 Chelsea Walton




T. WNIVERSACL PRaYE P\Tla ) TENSOR PRoDWCT OF V3 ReVIS(TED

TAKE |R-VECTOR JfACES V,W

TAKE A?\%\TKM{‘Q

BILINEAR MAP Vo W= Yol ver BN L(my00) |r eV, wew)
?:VXW—B ¢ (‘km o A AN w)-(0w) W) -5, Xw)
st:fe)T (v w) = (8, 0) = (0 w)
(9 W+/) = (&) —(F)w')

GET UNEAR MAD

B A lo0) [we v, mew> — 2 Nl—% THE SAMEC

240 (s,0) ZAp o, )

\.J > BILINEAR.
GeT RELATIIN STACE oF Ve \ x W >\ ®(kw
< WC‘%) (v, 0) = VoW 3!
LINEAR
\ BILINEAR '%‘A?
MAT P \/4

Copyright © 2024 Chelsea Walton




T. WNIVERSACL PRaYE P\Tl3 ) TENSOR PRoDWCT OF V3 ReVIS(TED

TAKE |R-VECTOR JfACES V,W

TAKE AK%\TKM{‘Q
RBILINESAR MAP
’?:\I'X W—; %

(QU\QT(C'JT
$RACE)

Vo W:= Vew =

SPA‘J (}\(\l’, h)) (')‘Vl"))

per 3VN\\<<(\)’,w)\\1’e\l weW D

(+ v/, W) - (§,w)— (v )
(5 W+w/) = () -(F,w)

(%) (mw))

GET UNEAR MAD

‘§p SPAR (o) | we Vv, wewD> — 2

2 (s 01) 2 B, )
>

GET RELATION SPACE oF Ve, W
= k@)

DS UNEAR RA?
N W —> ¢
ve — plvw)

ARGIE WNIQWENESS OF §...

WHY THE SAME ¢

BILINEAR.

N x W

V BILINEAR
MAT B

>V ®(k\l\’
(\T, N) — \F@N 31
LINEAR
MAP
\/‘

Copyright © 2024 Chelsea Walton




T. WNIVERSALC ?&e?emg\ ) TENSOR PRoDWCT OF V§ REV\S(TED

TAKE |R-VECTOR JfACES V,W

(QuoTIENT
$RACE)

Vo W:= Vew =

SPAN (’

DEF 3?Aﬁ\h<(\r’ ub) \\T e\l, NQ\'J>

(v w) -\, "3)

(v v/, w) - (6, W)= (7 »)
(5 W+w/) = () -(F,w)

u(v,m-(w,m)

E/'x.

VoW = We,V

N x W

BILINEAR

V BILINEAR

MAT B

> VrW

(v, 0) = VoW

3!
LINEAR
MAP

Copyright © 2024 Chelsea Walton




T. WNIVERSACL PRaYE P\Tl:\ ) TENSOR PRoDWCT OF V3 ReVIS(TED

Con)d eSTABUGS t
D\KGQTUa VA 25

TR\QK‘A WARKAN G W\ TH-
QWOTIENTS ...
oW MAPS ARE WELL-DEF(NEY

TAKE |R-VECTOR JfACES V,W

(QUOTIENT
$RACE)

Vo W:= Vew =

SPAN (’

DEF 3?Aﬂ\h<(\r’ ub) \\T e\l, NQ\'J>

(v;w) ~ (W)

(v v/, w) - (6, W)= (7 »)
() W+w’) = (W) - (7))

u(v,m-(w,m)

E/'x.

VoW = We,V

N x W

BILINEAR.

V BILINEAR

MAT B

> VrW

(v, 0) = VoW

3!
LINEAR
MAP

Copyright © 2024 Chelsea Walton




T. WNIVERSACL PRaYE P\Tla ) TENSOR PRoDWCT OF V3 ReVIS(TED

TAKE |R-VECTOR JfACES V,W

(QUOTIENT
$RACE)

Vo W:= Vew =

SPAN (’

DEF 3?Aﬂ\h<(\r’ ub) \\T e\l, NQ\'J>

(v v/, w) - (6, W)= (7 »)

(v 03) - () u(v,m-(w,m))

(5 W+w/) = () -(F,w)

PETTER WSIN (& (ANWN. ?m\%z’rta.-
SRS
HAVE RILINEAR MAP

13 VxW — WagV

(v, oo) — Wev
@ET UNC AR WAP

V:iVe W — Wap\
TR — WY

Ex. VO W = We,V
BILINEAR.
N xW > VOrW
(\T, N) > v w 31
LINEAR
\ BILINEAR "é‘M’
MAT B v

Copyright © 2024 Chelsea Walton




T. WNIVERSACL PRaYE P\Tl:\ ) TENSOR PRoDWCT OF V3 ReVIS(TED

TAKE |R-VECTOR JfACES V,W

WSIN (x AN IN. ?R%?ERT‘a :

HAVE BILINEAR MAP
(QuoTIENT

NXW — W eV STACE)
(7)) —— wevr

Vo W:= Vew =

3P AYJ“‘ (}\(\l’, 'k‘) - (')‘\rl "3)

DEF 3?Aﬂ\h<(\r’ ub) \\T e\l, NQ\'J>

(v v/, w) - (6, W)= (7 »)
(5 W+w/) = () -(F,w)

u(v,m-(w,m)

GET L:Vo W — WapV (INEAR
TRR +— WY AP

Ex VgW = We,V

BILINEAR.

N xW > VOrW
(\T, N) > v w a(
LINEAR
\ BILINEAR '%‘A?
MAT P \/4

Copyright © 2024 Chelsea Walton




T. WNIVERSACL PRaYE P\Tla ) TENSOR PRoDWCT OF V3 ReVIS(TED

TAKE |R-VECTOR JfACES V,W

WSIN (x AN IN. ?RWERT‘a :

DEF 3?Aﬂ\h<(\r’ ub) \\T e\l, NQ\'J>

Vo W:= Vew =

HAVE BILINEAR MAP x
(QuoTienT SPMJ\R(

NXW —— N8RV SYACE)
(7)) —— wevr

(v w) - (W w)

(v v/, w) - (6, W)= (7 »)
(5 W+w/) = () -(F,w)

x(v,m—(w,m))

&ET Y\ :Ve W —m WapV NeAR E/'X \I@“KW T WeV

TRAN — WKW WM AP

BILINEAR.
UKEWISE WNIV. PRoP oF W@ V N x W > \I@(RW
NELDS  LINEAR MAP a}de;\&
$: We, \| — VW V BILINEAR "é‘M’
* MAT P NY

WRIVT — T W

vt 6 Axe MATUALLY INVERSE

Copyright © 2024 Chelsea Walton




T. MORE onN TENSOR PRODWCT ¢ tfoM oF VSPACES
OPERATIONS oN LINESAR MAPS
TAKE UNEAR MAPS +:V—W aAan §': YW/

GeT S x4V rY/ — Wx W/
LNEAR ) oopn/iye\/— WawW/  AS EXPECTED

MATS f@ §/: Ve V/ — We W/

Copyright © 2024 Chelsea Walton



T. MORE onN TENSOR PRODWCT ¢ tfoM oF VSPACES
OPERATIONS oN LINESAR MAPS
TAKE UNEAR MAPS +:V—W aAan §': YW/

GeT Sx&/ N xV/ — WxwW/
LINEAK S84 :V+\/ — W+wW/ A eEXPECTED

MAZS 1 50472 Vo 1/ — We W/

Ao kAE  Lall: VoV —— WawW/’
LINEAR MAPS / /
VOV +— Xv) o §F(v/)

Copyright © 2024 Chelsea Walton



T. MORE onN TENSOR PRODWCT ¢ tfoM oF VSPACES
OPERATIONS oN LINESAR MAPS
TAKE UNEAR MAPS +:V—W aAan §': YW/

GeT Sx8/ VW rY — Wxw/
LINEAK S84 :V+\/ — W+wW/ A eEXPECTED

MAZS 1 50472 Vo 1/ — We W/

Ao kAE  Lall: VoV —— WawW/’
LINEAR MAPS / /
VOV +— Xv) o §F(v/)

'H'DV\“,\(%)\A): H“Muzkwlu) — H’“V\\\l(\,\u)
9\ > [VEsw25ul= of

tor VECToR SPACE W

Copyright © 2024 Chelsea Walton



T. MORE onN TENSOR PRODWCT ¢ tfoM oF VSPACES
OPERATIONS oN LINESAR MAPS
TAKE UNEAR MAPS +:V—W aAan §': YW/

GeT Sx8/ VW rY — Wxw/
LINEAK S84 :V+\/ — W+wW/ A eEXPECTED

MAZS 1 50472 Vo 1/ — We W/

Ao kAE  Lall: VoV —— WawW/’
LINEAR MAPS / /
VOV +— Xv) o §F(v/)

'H'DV\“K(%)\A) : H“Muzkwlu) — H’“V\\\l(\,\u)

9\ > [VEsw25ul= of
'H'DMlk(u\“/): H“M“{(u)\l/) — H’BM\\z(‘MW/)

9+ > v wl= £y

tor VECToR SPACE W

Copyright © 2024 Chelsea Walton



T. MORE onN TENSOR PRODWCT ¢ tfoM oF VSPACES
OPERATIONS oN LINSAR MAPS

TAKE UNEAR MAPS +:V—W A §: Yy W/

GeT ) §x4/:VrV/ — Wxw/ Ve—| |-V’
LINEAK “‘*"Y’/'- V+ \/ — w + W/ “OMIK(")V\) HW\\\&(“F')
MAPS , / TAKES Vs TS VS
fe §/: VoV — We W £ UNEAR- T, LINEA
MAP MK,

Ao kAE  Lall: VoV —— WawW/’
LINEAR MAPS / /
TRV — f(v)o F(v/)

'H'DM“,\(%)\A) : H“Mlkkwlu) — H’“M“z(\,\u)
9\ > [VEsw25ul= of
hMlk(u‘y)’ oM (W V) — Homp (W) |
9+ > v wl= £y

tor VECToR SPACE W

Copyright © 2024 Chelsea Walton



T. MORE onN TENSOR PRODWCT 4 tfoM oF VSPACES
OPERATIONS oN LINESAR MAPS

TAKE UNEAR MARS T:V—W Aan §: yl—swW/
Ve —| |-V’
H\’Mw\(‘)“‘) fome (U -)

TAKS V8 ™ VS

MAP MAP.

Ao BAWE  Ra Ll VoV —— WewW/ Vo- -eov/

LINEAR MAPS f \
\ " v v/ +— ‘Y’(\Y) Q %/(“,/) COVARANT
DIREC TN oF

‘H.DM“’\(%‘“): H“Mlk(wl“) — l-by\“{(\[\u) Ma STAYS IAME
CONTRAVAR\ANT 9 | > TV 25w 05%0\1_—-:&&—

tom (W H) = ome (W) V) — Home (W)
COVAR\ANT 3 s y) [uievfii Wl—’-" {llg
tor VECToR SPACE W

GeT Sx8/ VW rY — Wxw/
LNEAR ) 5o t/: v J/ — W+ W/
MATS fe §/: Vo V' — We W/

Copyright © 2024 Chelsea Walton



T. MORKRE onN TENSOR PRODWCT ¢ tfoM oF VSPACES

GVES How
TENJIR- HOM AD TUNCTIQN) ® 4 tom
,)/ ASSIGNMENTS

ARE RSCATED

Ve—| |-V’
HQM“KK\X ‘-) ALL CQVAR\ANT

TAKS V8 T8 VS

£ UNEAR T, LINEAR
WA MK

Copyright © 2024 Chelsea Walton



T. MORKRE onN TENSOR PRODWCT ¢ tfoM oF VSPACES

GVES How

TENSOR- oM AD TUNCTIQN) ® £ tom
r)/ ASSIGNMENTS
Ak ReCATED

{‘\W\“,\(\MZN)W) = o (W) Hom (v W \)

Ve—| -9V’
HQM“KK\X ‘-) ALL CQVAR\ANT

TAKS V8 T8 VS

£ UNEAR T, LINEAR
VAP MK

Copyright © 2024 Chelsea Walton



T. MORKRE onN TENSOR PRODWCT ¢ tfoM oF VSPACES

HVES How
TENSOR- oM AD IJWNCTIQN) ’l @ £ tom

ASSIGNMENTS
ArRS RSCATED

Ve—| -9V’
Hw\\kw ,—-) ALL COVARIANT

TAKS V8 T8 VS

£ UNEAR T, LINEAR
VAP MK

H‘Mw\(“@\’)w) 2 o (U, “W\“a\\/)\“”)
@ +—> A > frompe (V)W)

Copyright © 2024 Chelsea Walton



T. MORKRE onN TENSOR PRODWCT ¢ tfoM oF VSPACES

HVES How
TENSOR- oM AD IJWNCTIQN) ,)/ @ £ tom

ASSIGNMENTS
ArRS RSCATED

Ve—| -9V’
HW\\kN ,—-) ALL COVARIANT

TAKS V8 T8 VS

£ UNEAR T, LINEAR
VAP MK

*hMtk(\X@\I)W) = HDM(‘KQM) H'“M“;\\/)w \)
g > | W > o (V)W) |

w7 gher))

Copyright © 2024 Chelsea Walton



T. MORE onN TENSOR PRODWCT 4 tfoM oF VSPACES

HVES How
TENSOR- oM AD IJWNCTIQN) ’)/ @ £ tom

ASSIGNMENTS
ArRS RSCATED

g > | W > o (V)W) |

w7 gher))

Ve—| -9V’
H“V\\kw ,—-) ALL COVARIANT

TAKS V8 T8 VS

£ UNEAR T, LINEAR
VAP MK

[\A@\I——aw | < 1Y

Copyright © 2024 Chelsea Walton



T. MORKRE onN TENSOR PRODWCT ¢ tfoM oF VSPACES

HVES How
TENSOR- oM AD IJWNCTIQN) ’)/ @ £ tom

ASSIGNMENTS
ArRS RSCATED

g > | W > oy (V)W) |

w7 gher))

Ve—| -9V’
HW\\kN ,—-) ALL COVARIANT

TAKS V8 T8 VS

£ UNEAR T, LINEAR
VAP MK

[\L@\’——bw/ < 1Y

U ¥ —> P () Check THeSS MAPS
- ARE Mu*ruALua \WWVERSE

Copyright © 2024 Chelsea Walton



T. MORKRE onN TENSOR PRODWCT ¢ tfoM oF VSPACES

HVES How
TENSOR- oM AD IJWNCTIQN) ’)/ @ £ tom

ASSIGNMENTS

ARS RECATED

g > | W > oy (V)W) |

we—— v & (2@ )

Ve—| [—eV/’
Fom g (U =) | AL CovmRiaNT

TAKS V8 T8 VS

£ UNEAR- T, LINEAR-
AP MK

R T > () (v)

[\L@V——bw/ < 1 Y

ASo GeT:
%\nMw\(\X@\l)W) = H’W\w\&\/) ’*“*’\“JU\)"‘”)

Copyright © 2024 Chelsea Walton



T. MORKRE onN TENSOR PRODWCT ¢ tfoM oF VSPACES

HVES How
TENSOR- oM AD IJWNCTIQN) ’l @ £ tom

ASSIGNMENTS

Are R<CATED

g > | W > oy (V)W) |

w7 gher))

Ve—| -9V’
Hw\\kw ,—-) ALL COVARIANT

TAKS V8 T8 VS

£ UNEAR T, LINEAR
VAP MK

R T > () (v)

[\L@\’——bw/ e 1 <Y

Ao GeT:

Copyright © 2024 Chelsea Walton



T. MORKRE onN TENSOR PRODWCT ¢ tfoM oF VSPACES

GVES How

TENSOR- oM AD TWNCTIQN) ® £ tom
/v/ ASSIGNMENTS
Ak ReCATED

Ve—| -9V’
HW\\kN ,—-) AL (QVAR\ANT

TAKS V8 T8 VS

£ UNEAR T, LINEAR
VAP MK

- LATER (CHAPTER2)
[\N&\’ —> W < 1Y - USPACES 4 LINEAR MAPS

W& ¥ — L) (v) = “QP«TGG\’DK‘a f

g > | W > oy (V)W) |

w7 gher))

C ®, oM ASSIGNMENTS
= “FWNCTORS”

Ao GeT: |
- RECATIvN pETWSEN

\'\“Mk(\k@)\’)W) = HDM(KQ\/) oM, (W)W \) ) tk\&l(hJMGMTJ |
=“ADIUICTIdN

Copyright © 2024 Chelsea Walton



T. ALGEBRAS OVER A FlEWD

ALGEBRAIC STRUWCTWRES —

SET |—| SEMIGROWP |—> | MONOID |—> | GROWP

SET, ASIOCIATWE  SET, +,NewTRALELT 0/ 3€T,+0, =
OPERATION + )

INVERSES

¢ | ABELIAN GROWP |<

RIN G Witk GROWP WITH
A COMMTATIVE
ABELIAN GRoWP OPERATION +-
W\Tk ANQTHER ORERNTIAN o V)

COMPATIRBLE wW\TH + VECTOR SPAcE
/ OVER A FIELD
/\_>) ELT ABEUAN GRUNP
FIELD WITH ANSTHER ORERNTIIN X

RINCr WITH COMMUTATIVE ¢, COMPATIBLE W\TH +
\DENTITY LT L) &

vV VW

ALGEBRAS
OVER A FleLd

Copyright © 2024 Chelsea Walton



T. ALGEBRAS OVER A FlEWD

ALGEBRAS
OVER A Fle CD

ABEUAN GROWP
WITH OPERATIONY ¢ AND %
COMPATIBLE WI(TH CpACK oTHER
Wit +

Copyright © 2024 Chelsea Walton



. ALGEBRAS OVER A FlEWD

ALGEBRAS |= WNITALRWG MADE INTo A [R-VECTOR SPACE

OVER A FleLd
ABEUAN GRUAP

A WIWTACRW G (A)+,0,+)4) (3 A [R-ALGERRA

WITH ORERNTISNG * AdD X IF T CoreS WITk A W\TAL RWG MA®P
COMPATIBLE WI(TH CACk oTHER
fanth @B kR— A Sk TUAT im(g) = AN)

Copyright © 2024 Chelsea Walton



. ALGEBRAS OVER A FlEWD

ALGEBRAS |= WNITALRWG MADE INTo A [R-VECTOR SPACE

OVER A FleLd
ABEUAN GRUAP

A WIWTACRW G (A)+,0,+,4) (3 A [R-ALGERRA

WITH ORERNTISNG * AdD X IF T CoreS WITk A W\TAL RWG MA®P
COMPATIBLE WI(TH CACH OTHER
£wWiTh + ?{'- kR— A Sack THAT im(g) = (N)

ceT % lk X A > A SCALAR MWLTIP.

USNGr AULTIP

Q) o) — Nxa:= A(No

Copyright © 2024 Chelsea Walton



. ALGEBRAS OVER A FlEWD

ALGEBRAS |= WNITALRWG MADE INTo A [R-VECTOR SPACE
OVER A FlELD
ABEUAN GROAP A WITACRW G (A +,0,°,4) (S A [R-ALGERRA
WITH ORERNTIONS © AwD X IE IT CoMES WITK A W\TAL RWG MA®
COMPATIBLE WI(TH CACH OTHER
£ WTH ?{'- k— A Snck TUAT im(g) = &N)

{1
A |[R-VEPACE MADE
(NTO A WNITAL RING-

Copyright © 2024 Chelsea Walton



. ALGEBRAS OVER A FlEWD

ALGEBRAS |= WNITALRWG MADE INTo A [R-VECTOR SPACE
OVER A FlELD
ABEUAN GROAP A WITACRW G (A +,0,°,4) (S A [R-ALGERRA
WITH ORERNTIONS © AwD X IE IT CoMES WITK A W\TAL RWG MA®
COMPATIBLE WI(TH gACH OTHER
fWiTh + ?{'- R — A Snck TUAT im(g) = &N)

{1
A |[R-VEPACE MADE
(NTO A WNITAL RING-

A [R-V3PACE (A +,0,%) 15 A (R-ALGEBRA (F \T (OMES WITH

LINEAR MAPS M A@A‘A A (MMLT\PL\QATIO;Q) £ Wk—DOA (\mrr)
ad b > ab L An

SWCH THAT THE FoLlowWWG DIAGRAMS COMMMTE :

Copyright © 2024 Chelsea Walton



. ALGEBRAS OVER A FlEWD

ALGEBRAS |= WNITALRWG MADE INTo A [R-VECTOR SPACE
OVER A FlELD
ABEUAN GROAP A WITACRW G (A +,0,°,4) (S A [R-ALGERRA
WITH OPERATISNG © AwD X IE IT CoMES WITK A W\TAL RWG MA®
COMPATIBLE WI(TH CpCK oTHER
fWiTh + ?{’- R — A Snck TUAT im(g) = &N)

{1
A |[R-VEPACE MADE
(NTO A WNITAL RING-

A [R-V3PACE (A +,0,%) 15 A (R-ALGEBRA (F \T (OMES WITH

LINEAR MAPS M A@A‘A A (MN,T\PL\QATINQ) £ Wk—DOA (\mrr)
ad b > ab L An

SWCH THAT THE FoLlowWWG DIAGRAMS COMMMTE :

ABA @A #2145 AgA ABR = A = [Ro A 222 5 Aan
io\%Ml (D’ \\/M LABW 9 -\ 2 "
M v/ N ¥
ABA — - A A®A A > A

Copyright © 2024 Chelsea Walton



. ALGEBRAS OVER A FlEWD

ALGEBRAS |= WNITALRWG MADE INTo A [R-VECTOR SPACE
OVER A FlELD
ABEUAN GROAP A WITACRW G (A +,0,°,4) (S A [R-ALGERRA
WITH ORERNTIONS © AwD X IE IT CoMES WITK A W\TAL RWG MA®
COMPATIBLE WI(TH gACH OTHER
fWiTh + ?{'- R — A Snck TUAT im(g) = &N)

{1
A |[R-VEPACE MADE
(NTO A WNITAL RING-

A [R-V3PACE (A +,0,%) 15 A (R-ALGEBRA (F \T (OMES WITH

LINEAR MAPS M A@A‘A A (MMLT\PL\QATIO;Q) £ Wk—DOA (\mrr)
ad b > ab L An

SWCH THAT THE FoLlowWWG DIAGRAMS COMMMTE :

EXERC\SG\.3>
(ST

ASA @A 2145 AgA ABR = A = ke A 228 5 Aga
io\%Ml (D’ \\/M LABW 9 -\ 2 "
M ~/ N ¥
ABA — - A A®A A - A

Copyright © 2024 Chelsea Walton



. ALGEBRAS OVER A FlEWD

ALGEBRAS |= WNITALRWG MADE INTo A [R-VECTOR SPACE
OVER A FlELD
ABEUAN GROAP A WITACRW G (A +,0,°,4) (S A [R-ALGERRA
WITH OPERATISNG © AwD X IE IT CoMES WITK A W\TAL RWG MA®
COMPATIBLE WI(TH CpCK oTHER
fWiTh + ?{’- R — A Snck TUAT im(g) = &N)

{1
A |[R-VEPACE MADE
(NTO A WNITAL RING-

A [R-V3PACE (A +,0,%) 15 A (R-ALGEBRA (F \T (OMES WITH

LINEAR MAPS M A@A‘A A (MN,T\PL\QATINQ) £ Wk—DOA (\mrr)
ad b > ab L An

SWCH THAT THE FoLlowWWG DIAGRAMS COMMMTE :

ABA @A #2145 AgA ABR = A = [Ro A 222 5 Aan
io\%Ml (D’ \\/M LABW 9 -\ 2 "
M \4 > Y.
ABA — - A A®A A > A

Copyright © 2024 Chelsea Walton



™. NLGEBRAS OVER A FleLD

ALGEBRAS |= WNITALRWG MADE INTo A [R-VECTOR SPACE
OVER A FleLd
ABEUAN GROAP A WITAC RN G (A +,0,°,4) (S A [R-ALGERRA
WITH ORERATIONG ¢ AR X IE T CoMeS WITk A WILTAL RWG MAP
COMPATIBLE WI(TH CACH OTHER
£wiTh B lk— A ok THAT m(g) = N)

{1
A [R-VEPACE MADE
(NTO A WNITAL RING-

A |R-v3pnce (A)+,0,%) (5 A k-ALGEBRA (F \T (oMES WITH

LINEAR UAPS Mt Ao Ak— A (wuwucmam) f Wk—oOA (wniT)
ald bt ab L An

SWCH THAT THE FoLlowWWG DIAGRAMMS COMMKTE:

ASA@ A 245 A A a@beoc — (ablec

oM l P2 X/M I :\;
- A

ABA — A r& (be) — alke) =(@b)c

Copyright © 2024 Chelsea Walton



™. NLGEBRAS OVER A FleLD

ALGEBRAS |= WNITALRWG MADE INTo A [R-VECTOR SPACE
OVER A FleLd
ABELIAN GROAP A WITAC RN G (A +,0,°,4) (S A [R-ALGERRA
WITH ORERATIONG ¢ AR X IE T CoMeS WITk A WILTAL RWG MAP
COMPATIBLE WI(TH CACH OTHER
£wiTh B lk— A ok THAT m(g) = N)

{1
A |[k-VEPACE MADE
(NTO A WNITAL RING-

A [R-v3pnce (A)+,0,%) (5 A k-ALGEBRA (F \T oMeS WITH

LIWEAR NAPS M- A@ A—A (wuwucmam) f wWk—DOA (wniT)
a®d b 5 ab LA

SWCH THAT THE FoLlowWWG DIAGRAMMS COMMWTE:

a8 lk=* = 1lr@n o Lro ABR = A = ke A 220 5 Aga
X/ \ X 10BN \2
~ >
a8int — alp=a=Apo ASA S A

Copyright © 2024 Chelsea Walton



. ALGEBRAS OVER A FlEWD

ALGEBRAS |= WNITALRWG MADE INTo A [R-VECTOR SPACE
OVER A FlELD
ABEUAN GROAP A WITACRW G (A +,0,°,4) (S A [R-ALGERRA
WITH OPERATISNG © AwD X IE IT CoMES WITK A W\TAL RWG MA®
COMPATIBLE WI(TH CpCK oTHER
fWiTh + ?{’- R — A Snck TUAT im(g) = &N)

{1
A |[R-VEPACE MADE
(NTO A WNITAL RING-

A [R-V3PACE (A +,0,%) 15 A (R-ALGEBRA (F \T (OMES WITH

LINEAR MAPS M A@A‘A A (MN,T\PL\QATINQ) £ Wk—DOA (\mrr)
ad b > ab L An

SWCH THAT THE FoLlowWWG DIAGRAMS COMMMTE :

ABA @A #2145 AgA ABR = A = [Ro A 222 5 Aan
io\%Ml (D’ \\/M LABW 9 -\ 2 "
M \4 > Y.
ABA — - A A®A A > A

Copyright © 2024 Chelsea Walton



. ALGEBRAS OVER A FlEWD

ALGEBRAS |= WNITALRWG MADE INTo A [R-VECTOR SPACE
OVER A FlELD
ABEUAN GROAP A WITACRW G (A +,0,°,4) (S A [R-ALGERRA
WITH ORERNTIONS © AwD X IE IT CoMES WITK A W\TAL RWG MA®
COMPATIBLE WI(TH gACH OTHER
fWiTh + ?{'- R — A Snck TUAT im(g) = &N)

{1
A |[R-VEPACE MADE
(NTO A WNITAL RING-

A [R-V3PACE (A +,0,%) 15 A (R-ALGEBRA (F \T (OMES WITH

LINEAR MAPS M A@ A—A (MMLT\PL\QATIO;Q) £ Wk—DOA (\mrr)
ad b > ab L An

SWCH THAT THE FoLlowWWG DIAGRAMS COMMMTE :

ASASA 2285 A A Assocwnv\—r% ABR = A= [RoA 2294 5 Aga

(AR M l P \\/M uxsm \2>
J

A — R uxm—rAuTg ASA

ﬁl

Copyright © 2024 Chelsea Walton



. ALGEBRAS OVER A FlEWD

ALGEBRAS |= WNITALRWG MADE INTo A [R-VECTOR SPACE
OVER A FlEeLd
ABEUAN GROAP A WITACRW G (A +,0,°,4) (S A [R-ALGERRA
WITH ORERNTIONS © AwD X IE IT CoMES WITK A W\TAL RWG MA®
Qﬁﬂ?k’r (BLE WI(Tk GAQ& oTHER
£ WTH ?{'- k— A Snck TUAT im(g) = &N)
{1
A [R-V3PACE MADE EXERCBE LS Sfrow EQuiV. oF Demns
(NTO A WNLITAC RING- —

A R-VSPACE (A)+,0,%) 15 A [R-ALGEBRA (F \T Comes wWiTh |[ie

WSE
LIWNEAR NAPS M- Aok— A (wuwucmmo) f wWk—DOA (wner)
ad b > ab L An

SWCH THAT THE FoLlowWWG DIAGRAMS COMMMTE :

AoA© A 215 AgA ABR = A= [RoA 2294 5 Aga
io\%Ml (D' \\/M LABW 9 -\ 2 "
M hg > Y
ABA — - A AA ad > A

Copyright © 2024 Chelsea Walton



™. ALGEBRAS OVER A FIELD
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Enjoy this lecture?
You'll enjoy the textbook!

C. Walton’s “Symmetries of Algebras, Volume 1” (2024)

Available for purchase at :

619 Wreath (at a discount)

/ SYMMETRIES \
‘( o F \

ALGEBRAS https://www.619wreath.com/

VOLUME |

Also on Amazon
&
Google Play

CHELSEA WALTON

Lecture #2 keywords: algebra over a field, exterior algebra, free algebra, matrix algebra, symmetric algebra,
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