MATH 466 /560 CHEEA WALTN)
SPRING 2024 RICE W.

LASTTIME LECTWRE 2|
o ALL. & (BI)MoD, QPERNATIONG

¢ GEN'D El1LeNBERG-WATTS THM

¢ GEN'D MORITA'S THM

ToP(eS:

e

T. INTERNAL €ND ALGEBRAS (34:%.1)
T. QdTRI\K'S THEOREM (F4%.2)
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= RECALL =
TAKE A MONOIDAL CATEGORY §:= (€, ®,1L,0, ﬂ,r))
HAVE Two THPES OF MODULES :
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= RECALL =

TAKE A MONOIDAL CATEGORY §:= (€, ®,1L,0, ﬂ)r)}

HAVE Two THPES OF MODULES :

IWNTERNALTOE

TR A:= (A)M,\A) € A\Z\ (¢)

Mod—- A (6)

R\GHT A—MoODuLES
M:= (M) (N €
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= RECALL =
TAKE A MONOIDAL CATEGORY §:= (€, ®,1L,0, ﬂ)r)}
HAVE Two THPES OF MODULES :

EXTERNALTO G

ey
e G—Mod

LEFT €—MoDLE
CATE &0&'3.

INTERNALTOE

TR A:= (A)M,\A) € A\:\ (¢)

Mod— A (6)

RIGHT A—MoDULES
M = (M)4) Ud LCL
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= RECALL =
TAKE A MONOIDAL CATEGORY 4= (G, ®,1, a, 2,0),
HAVE Two THPES OF MODULES :

Mod-A(EG) e % —Mod Via
X=(M,q) = (XM , 4=dx®@4)

EXTERNALTO G

Fok A= (A i) € Alg (0) ”W(.-; (”W(j =, 1, p)
MOO\"A(‘G) e €—Mod
RAGHT A—MoODULES LEFT G—ModuLe

M= (M<) (<€ CATEGOR Y
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= RECALL =
TAKE A MONOIDAL CATEGORY 4= (G, ®,1, a, 2,0),
HAVE Two THPES OF MODULES :

Mod-A(EG) e % —Mod Via
X=(M,q) = (XM , 4=dx®@4)

EXTERNALTO G

el
e G—Mod

LEFT €—MoDLE
CATE G\'Oft'a.

TR A:= (A)N\,\A) € A\:\ (¢)

Mod— A (6)

R\GHT A—MoDuLES

We Wil DISCASS
wWied Ti(S 0CCURS
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M etMod 1S REPRESENTED RY Ac Alg(t) |F
Mk:» Mod—-ACE) AS LEFT ¢-MODULE CATEGORIES.

Mod-A(EG) e % —Mod Via
X=(M,q) = (XM , 4=dx®@4)

EXTERNALTO G

ey
e G—Mod

LEFT €—MoDLE
CATE G\'OK'&

TR A:= (A)N\,\A) € A\:\ (¢)

Mod— A (6)

R\GHT A—MoDuLES

We Wil DISCASS
wWied Ti(S 0CCURS
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’w\e Mod~G S REFRESENTED BY AcAlglt) |F
M = A-ModCe) AS RIGHT € -MODALE CATEGORICS.

Mod-A(EG) e % —Mod Via
X=(M,q) = (XM , 4=dx®@4)

INTERNALTOG \~ N/ exTerNALTO G

ey
e G—Mod

LEFT €—MoDnLE
CATEe G\'OK'&

TR A:= (A)N\,\A) € A\:\ (¢)

Mod—- A (6)

R\GHT A—MoDuLES

We Wil DISCASS
wWied Ti(S 0CChRS
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M etMod 1S REPRESENTED RY Ac Alg(t) |F
( ”w\:» Mod— Accl AS @ ¢ -MODRLE CNTEGORIES.

\LV
\1?00’52&‘&6& Mod-A(E) € €—Mod Via
4“\3 XP(M,d) = (X®M)‘='\dx®4)

EXTERNALTO G

ey
e G—Mod

LEFT €—MoDnLE
CATEe G\'Oft'a.

TR A:= (A)N\,\A) € A\:\ (¢)

Mod—- A (6)

R\GHT A—MoDuLES

We Wil DISCASS
wWied Ti(S 0CChRS
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T. INTERNAL END ALGEBRAS = RECALL=

A LEFT %-MODALE CATEGORY

> (@ xTdw) > (AxTdw )
(17 e ey ,«1@«1)

>(Ter)

S UORED IF ...
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T. INTERNAL END ALGEBRAS = RECALL=

A LEFT %-MODALE CATEGORY

>(® "Wm > (AxTdw
Rt wm M"ﬂ)

DQTA,, D)

S Qefep IF (—= M)z‘cg—»’hl HAS A
RIGHT ADTOINT Hom (M, —) M VM.
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T. INTERNAL END ALGEBRAS = RECALL=

A LEFT %-MODALE CATEGORY

>(® "Wm > (AxTdw
(% meM e wﬁ“{n %\l_ux)

S Qefep IF (—= M)z‘cg—»’hl HAS A
RIGHT ADTOINT Hom (M, —) =’hl——%“€a,\IMe‘wl

tom (M,N) €€
End(M) €@ =

1l

INTERNAL HOM oF M/N e
INTERNAL END OF M em1
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T. INTERNAL END ALGEBRAS = RECALL=

A LEFT %-MODALE CATEGORY

>(® "Wm > (AxTdw
(% meM e Mpg_{*gx %\lux)

S Qefep IF (—= M)z‘cﬂ—»’t«l HAS A
RIGHT ADTOINT Hom (M, —) =’h1——%“€a,\/Me‘bvl

tom (M,N) €€

1l

INTERNAL HOM oF M/N e
INTERNAL END oOF M em1

N_WILL GIVE THESE ALGEBRAIC §TRacTurE IN €
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L. INTERNAL END ALGEBRAS

LEFT 4-MODALE CATEGORY. (w,=mp) 8§ COSED IF (= M);&g_wl
HAS A RIGHT ADTOINT Hom (M,—) =ml—e‘c,,,\/Me¢vl.
= T+ oM (ZD M N) =5 Home () omm, )
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L. INTERNAL END ALGEBRAS

LEFT ¢-MODAE CATEGORY. (W=, mp) & CLOBED IF (— M) & —W
HAS A RIGHT ADTOINT Hom (M,—) =4\l—e‘c,,,\/Me¢vl.
= T+ oM (ZD M N) =5 Home () omm, )

/(’\
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L. INTERNAL END ALGEBRAS

LEFT €-MODALE CATEGORY. (w,=mp) 8 COSED IF (= M):k(n,wl
HAS A RIGHT ADTOINT Hom (M,—) =4\l—e‘c,,,\/Me¢vl.
= T+ HMw (ZD M N) =5 Home () omm, )
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L. INTERNAL END ALGEBRAS

LEFT 4-MODAE CATEGORY. (W=, mp) & CLOBED IF (— M) & =W
HAS A RIGHT ADTOINT Hom (M,—) =4\l—a‘c,,,\/Me¢vl.
= T+ HMw (ZD M N) =5 Home () omm, )

3
[0t Hom (0> M —> N | < Wi, 0)
MORPH (M (N ’va
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L. INTERNAL END ALGEBRAS

LEFT €-MODALE CATEGORY. (“*\1,1>)M,\>) 8 UOSED IF (- M);&g_wl
HAS A RIGHT ADTOINT Hom (M,—) :/WL‘%&G’/VMEWT
= T+ HMw (ZD M N) =5 Home () omm, )

3
[0t Hom (0> M —> N | < Wi, 0)
MORPH (M (N ’ht

dEFINE
eV,

(o (N)P) © HOMCMN) ) B M omrenl e P
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L. INTERNAL END ALGEBRAS

LEFT €-MODALE CATEGORY. (“*\1,1>)M,\>) 8 UOSED IF (- M);&g_wl
HAS A RIGHT ADTOINT Hom (M,—) :/WL‘%&G’/VMEWT
= T+ HMw (ZD M N) =5 Home () omm, )

3
[0t Hom (0> M —> N | < Wi, 0)
MORPH (M (N ’ht

dEFINE
eV,

(o (N)P) © HoMCMN) ) B M oot P

M m&”‘?‘)) M(M;N])M L

{fom (?\';?) I ({‘M(M;N)V M)
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L. INTERNAL END ALGEBRAS

LEFT €-MODALE CATEGORY. (“*\1,1>)M,\>) 8 UOSED IF (- M);&g_wl
HAS A RIGHT ADTOINT Hom (M,—) :/WL‘%&G’/VMEWT
= T+ HMw (ZD M N) =5 Home () omm, )

3
[0t Hom (0> M —> N | < Wi, 0)

MORPH(SM (N ™
DEFINE
SRV =
(ton (NP) © (M) B M orrmme e P
Mm(ﬂi\’))@(mﬂ])b& \L
'\o\vevMN

tom (N,®) T (o (MN) > M) S (N, B )N
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L. INTERNAL END ALGEBRAS

LEFT €-MODALE CATEGORY. (“*\1,1>)M,\>) 8 UOSED IF (- M);&g_wl
HAS A RIGHT ADTOINT Hom (M,—) :/WL‘%&G’/VMEWT
= T+ HMw (ZD M N) =5 Home () omm, )

3
[0t Hom (0> M —> N | < Wi, 0)

MORRHEM (N Ty
DEFINE
STV =
(18 ) © ) » M S
M om0, 71, komoand, m \L DEF /(QVNJ’
d> ey ,J
tom (N,®) T (o (MN) > M) tom (N7 ) 1o N
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L. INTERNAL END ALGEBRAS

LEFT €-MODALE CATEGORY. (w,=mp) 8 COSED IF (= M):k(n,wl
HAS A RWGHT ADTOINT Hom (M) —) i =%, VMW,

/‘S:: RETVUE H'DM'wl(%DM,M) — HDMt(%)‘H'DA(M,N))

3
[0t Hom (0> M —> N | < Wi, 0)

MORPH(SM (N ™
NE *
DEF| .
(tom (NP) © (M) B M orrmme e P
M*br_‘\mm,mm,m,p« \L D,E’. /(QVpl?
d> ey
) = tom(N,? ) >N

tom (N P) > (tom(MN) = M
TAKE
Z = {M(NP) @ tom(M)N)

ﬁS(E\/M,d,?) : oM (N, P) @ tomM ) — thm (MP)
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L. INTERNAL END ALGEBRAS

LEFT €-MODALE CATEGORY. (“*\1,1>)M,\>) 8 UOSED IF (- M);&g_wl
HAS A RIGHT ADTOINT Hom (M,—) :/WL‘%&G’/VMEWT
= T+ HMw (ZD M N) =5 Home () omm, )

3
[0t Hom (0> M —> N | < Wi, 0)

MORRHEM (N Ty
DEFINE
STV =
(18 ) © ) » M S
M om0, 71, komoand, m \L DEF /(QVNJ’
d> ey ,J
tom (N,®) T (o (MN) > M) tom (N7 ) 1o N

OBTAN

CQM?M,N,P = “S(e\/MNR) : M(M,’P\ ® thmM V) — {’M_ (M,?)
MORP (M (N €
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L. INTERNAL END ALGEBRAS

LEFT 4-MODAE CATEGORY. (M=, mp) 8 CLOSED |F (—mM) A tom (M)

Si= S o HoM (2D M) 25 tomg (7 tommn) s
eVn v, e c
SNESE s C T PR RCCTL lmmw)) v g«ﬁf% ol
) — M o, e m aAl oy
_ d eV
M(M Q)PM N ew"L E HDM (Nf\)) V(H‘“M(M M)V M)—MN)J(N)?)PH

CoOMP g p = S (e vM,,,)?) tom (N, P) @ thmm i) —> thu (M,P) € €
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L. INTERNAL END ALGEBRAS

LEFT 4-MODAE CATEGORY. (M=, mp) 8 CLOSED |F (—mM) i tom (M)
e HS%/‘*’ : H.DM"‘l(zDM)M) = HDM(,(%)‘H'DA(M,N)) M

v
= (ton (NP © (MM B M B P e
me,ﬂ ) M M l Dﬁ /(evN P

d>eVy
tom (MN)PM —> N GML o (P) w (tm(mN) » M)A> MWN?) N

COMPy g p = S (e vM,,,R) tom (N, P) @ thmm i) —> thu (M,P) € €

S = 8‘\(.“*“14(%&,\))) :

PROP: LET (M, »,M)7) B A CLOSED LEFT C-MODALE CATEGORY.

TheN (@) End(n) e Mg () wirk
VMe
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L. INTERNAL END ALGEBRAS

LEFT 4-MODAE CATEGORY. (M=, mp) 8 CLOSED |F (—mM) A o (M)
e HS%/"’ : H.DM"‘l(zDM)M) = HDMt(%)‘h‘DA(M,N)) M

v
= (ton (NP © (MM B M B P e
me,ﬂ ) M M l DE /(QVN P

d>eVy
tom (MN)PM —> N GML o (P) w (tm(mN) » M)A> MWN?) N

COMPy g p = S (e vM,,,)?) tom (N, P) @ thmm i) —> thu (M,P) € €

S = 8‘\(.“*“14(%&,\))) :

PROP: LeT (J"L)P;M)‘y) BE A QLOSED LEFT G-MIDALE CATEGORY.
TheN (@) End(n) e Mg () wirk

VM [MuLTlPLICATIQ rJ] ?

funir] (44
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L. INTERNAL END ALGEBRAS

LEFT ¢-MODAE CATEGORY. (M=, mp) 8 CLOSED |F (—mM) i o (My-)
e HS%/"’ : H.DM"‘l(zDM)M) = HDMt(%)‘h‘DA(M,N)) M

eV
(1 uP) @ o)) B M B Ees P e 7y
me,ﬂ ) M M l DE /(QVN P

H_‘MCMMPM—%NGML mM(M,?)VKHoM(MN)PM)% MWN?) N

COMPy g p = S (e vM,,,)?) tom (N, P) @ thmm i) —> thu (M,P) € €

S = 8‘\(.“*“14(%&,\))) :

PROP: LET (M, »,M)7) B A CLOSED LEFT C-MODALE CATEGORY.

TheN (@) End(n) e Mg () wirk

VMe! (MuCTPUCATION | COMpnm 2 End(M) ® End(M) —> End(M),

Tl EGul: 44— End(m). fﬁl‘;@
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L. INTERNAL END ALGEBRAS

LEFT ¢-MODAE CATEGORY. (M=, mp) 8 CLOSED |F (—mM) i o (My-)
e HS%/"’ : H.DM"‘[(zDM)M\ = HDMt(%)‘h‘DA(M,N)) M

v
= (ton (NP © (MM B M B P e
me,ﬂ ) M M l D—E—F /(QVN P

d>eVy
tom (MN)PM —> N M e (fom(mN) M)#> MNB) N

COMPy g p = S (e vM,,,)?) tom (N, P) @ thmm i) —> thu (M,P) € €

S = 8‘\(.‘&@(&&))) :

PROP: LET (M, »,M)7) B A CLOSED LEFT C-MODALE CATEGORY.

TheN (@) End(n) e Mg () wirk

VMe [MuLTlPucATmJ] CMpumm s End(M) @ Erd(M) — End(M),

Nl ‘§(\>M\= L—— End(M).

) thm(M,N) € Mod—End (M) (L) wiTk

VMNem [R(G—HT ACTION ) ??.
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L. INTERNAL END ALGEBRAS

LEFT ¢-MODAE CATEGORY. (M=, mp) 8 CLOSED |F (—mM) i o (My-)
e HS%/"’ : H.DM"‘[(zDM)M\ = HDMt(%)‘h‘DA(M,N)) M

v
= (ton (NP © (MM B M B P e
me,ﬂ ) M M l D—E—F /(QVN P

d>eVy
tom (MN)PM —> N M e (fom(mN) M)#> MNB) N

COMPy g p = S (e vM,,,)?) tom (N, P) @ thmm i) —> thu (M,P) € €

S = 8‘\(.‘&@(&&))) :

PROP: LeT (ﬂ,p,m,?) BE A QLOSED LEFT G-MIDALE CATEGORY.
TheN (@) End(n) e Mg () wirk
VMt [MuLTlPucATmrJ] COMPuum : End(M) ® End(M) —> End(M),

Nl ‘§(\>M\= L —— End(M).

() thm(M,N) € Mod—End (M) (L) wiTk

¥MN e RGHTACTIONT  COMPmn + Hom (M) N ) @ End(M) —> Hom (M)
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L. INTERNAL END ALGEBRAS

LEFT ¢-MODAE CATEGORY. (M=, mp) 8 CLOSED |F (—mM) A tom(My-)
e HS%/"’ : H.DM"‘[(zDM)M\ = HDMt(%)‘h‘DA(M,N)) M

v
- (ton (0P © (N B M s P e
M\*_N_Aw,ﬂ PRulICEO YN l D—E—F /(QVN P

d > ey
tom (MN)PM —> N M e (fom(mN) M)#> MNB) N

COMPyy 5 = S (e vM,,,)?) tom (N, P) @ thmm i) —> thm (M,P) € €

= 8‘\(.‘&@(&&))) :

PROP: LET (M, »,M)7) B A CLO3ED LEFT C-MODALE CATEGORY.

TheN (@) End(n) e Ma(e) wirk

v [MuLTlPucATlW] COMPumm : End(M) @ End(M) —> End(M),

(;) funir] ‘5’(\%«\ L ——> End(M),

(©) Hm(N, M) € End )Mok CE) wirs

VMNP ??

[LEFT ACTION ]
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L. INTERNAL END ALGEBRAS

LEFT ¢-MODAE CATEGORY. (M=, mp) 8 CLOSED |F (—mM) A tom(My-)
e HS%/"’ : H.DM"‘[(zDM)M\ = HDMt(%)‘h‘DA(M,N)) M

v
- (ton (0P © (N B M s P e
M\*_N_Aw,ﬂ PRulICEO YN l D—E—F /(QVN P

d > ey
tom (MN)PM —> N M e (fom(mN) M)#> MNB) N

COMPyy 5 = S (e vM,,,)?) tom (N, P) @ thmm i) —> thm (M,P) € €

= 8‘\(.‘&@(&&))) :

PROP: LeT (ﬂ,p,m,?) BE A QLOSED LEFT G-MIDALE CATEGORY.
TheN (@) End(n) e Ma(e) wirk
¥heh [MuLTlPucATmrJ] COMPumm 1 End(M) ® End(M) — Ewo\(M)

(;) funir] ‘5’(\%«\ L ——> End(M),

©) thm(N,M) € Ead (4)-Mod CE) wirs
\JLM)TJQW'L [LEFT A'QTNN} COM?'\HMIM . E.ﬁl_(m) D H;“_F_A_(M)M) —_— M(’Jl M)
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L. INTERNAL END ALGEBRAS

LEFT 4-MODAE CATEGORY. (M1, mp) 8§ CLOBED |F (—mM) A tom(My-)
e HS%/"’ : H.DM"‘[(zDM)M\ = HDMt(%)‘h‘DA(M,N)) M

ev
(1 uR) @ o)) B M B Ees P e 7y
M\*_N_Aw,ﬂ PRulICEO YN l D—E—F /(QVN P

H‘MCMMPM—%NGML mM(M,?)v(kwM(MN)PM)% MWN?) N

COMPyy 5 = S (e vM,,,)?) tom (N, P) @ thmm i) —> thm (M,P) € €

= 8‘\(.‘&@(&&))) :

PROP: LET (M, »,M)7) B A CLO3ED LEFT C-MODALE CATEGORY.

TheN (@) Em\m) € AlaCe) rum/“INTGRMAL END ALKERRA"

¥ Mem [Muc:ﬂ?ucAleTCoM?A.M,»«‘- End(M) @ End(M) —> End(M),
Tl EGul: 4 — End(m).

"INTERNAL HoM MapiLe

/’7 T
(E\ Hom (M, N)e Mod—End (M) (€) wiTh
N < 1‘ [R(&HTAchwl COMPu i * HIM(M)N ) @ End(M) — thom (M)
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L. INTERNAL END ALGEBRAS

LEFT 4-MODAE CATEGORY. (M1, mp) 8§ CLOBED |F (—mM) A tom(My-)
e HS%/"’ : H.DM"‘[(zDM)M\ = HDMt(%)‘h‘DA(M,N)) M

ev
(0 QP) © tom ) 2 M Bt e 7y
me,ﬂ ) M GN), M j/ D—E—F /(QVN P

H‘MCMMPM—%NGML mM(M,?)v(kwM(MN)PM)% MWN?) N

COMPyy 5 = S (e vM,,,)?) tom (N, P) @ thmm i) —> thm (M,P) € €

= JS‘\('“’\M(M,U)) :

PROP: LeT (ﬂ,p,m?) BE A QLOSED LEFT €-MIDIALE CATEGORY | PROYE =

EXER 451
TheN (@) Em\m) e AlaCe) * INTERNAL END ALERRA”

WITH
/
VM

[Muc:ﬂ?ucAleTCoM?A.n,m: End(M) @ End(M) —> End(M),
Tl EGul: 4 — End(m).
"INTERNAL oM MapiE ”

K/ T
(E\ Hom (M, N)e Mod—End (M) (€) wiTh
N < 1‘ [R(&HTAchwl COMPu i * HIM(M)N ) @ End(M) — thom (M)
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L. INTERNAL END ALGEBRAS

TAKE (M=) Mp) e G-Mok  CLoseD EXAMPLE
s Homa @ DM, N) =5 o Hos N | |7

't M (MN)PM—N em
&V 0+ (M, P) © o) | P M— P e
COMPaye° Hom (N;P) ® tom(M)N) —>thmMP) €T

(E_V\_A(M) ) COMPmm -g(\,M)) € A\a(ﬂ)
“ INTERNAL END ALKSBRA”

(Hn__M(M,M) 5 C°M?M,M|M) € Mod—End (M) CE)
*INTERNAL tom mopaie
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L. INTERNAL END ALGEBRAS

TAKG( > M,?)e‘Q—Mool ClLoSed EXA L€
=) EXAMPLE G RIGID =>

L Hom, (ZDM,N) = Hom (Z) tou M, N))
................ Mmlt (\Grta ) D= (Z)) € gC_MQO\ (8 CLOXED .
&V nt om (MN)>M —>N em

- X
Vi (0 ) o) M P € tom (Y, &) == 2oN™,
CoMp gy HOMWP) @ sy —> tin04,7) <G

(E_V\_A(M) ) COMPmm -g(\,M\) € A\a(ﬂ)
“ INTERNAL END ALKSBRA”

(HB___M(M,'J) 5 C°M?M,M|M) € Mod—End (M) CE)
*INTERNAL tom mopaie
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L. INTERNAL END ALGEBRRAS

TAKE (““1, >, M,p) e 6-Mod (LoSED
s Homa @ DM, N) = Hom () om0, N)

NVt tom (MN)PM —N em
&V 0+ (M, P) © o) | P M— P e
COMPaye° Hom (N;P) ® tom(M)N) —>thmMP) €T

(E,V‘_A(M) ) COMPrmm ‘?(\m\) ¢ MaCe)
“ INTERNAL END ALKSBRA”

(Hn__M(M,tJ) 5 C°M?M,M|N) € Mod—End (M) (E)
*INTERNAL tom mopaie

Copyright

AMPLE
CXAMPLE € RIGID =

(‘Grea) 1>-=®> € C—Mod (3 CloSED:
tom (Y, &) := 2oV,
™eed, (oY) Y*), e
fomg (Kay, ) = thme (X, 2eY")
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L. INTERNAL END ALGEBRRAS

TAKE (M=) Mp) e G-Mok  CLoseD EXAMPLE ¥ RIGID =
<: H'om,,l(sz, N) = Hom (F) Hom®,N))
...................................................................................................... (\ema) D=®> (= gc_MQO\ ls CL/OXED-
SVt oM (MN)PM —N em
. %
evM,N,P:(&M(ﬂ,?)@@(ﬁ\,n))vM—e? M {__\-D_.M(Y) %) =T 8\‘ .
Comf ORI )t 04?) <€ | | Tyjpee) RGN, ), e
End(M) | CoMprmmm - 2 (on) ) € AaC -
(—\\“ e S € gl fomg (KoY, T) = thime (X, 26Y7)
INTERNAL END ALKE BRA
(s (0, ), comBmmu ) € Mod—End 4) ) L [Xgo\@coe»/‘{ X®\/®)’*ﬂ %QY*]
“INTERNAL HoM MeDiLE "
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L. INTERNAL END ALGEBRRAS

TAKE (M=) Mp) e G-Mok  CLoseD EXAMPLE ¥ RIGID =
<: mM(z DM, N) =5 Hom () fom M, N))
...................................................................................................... (\Gwa) D=®> (= t—MqA (8 CL/OXED-
SVt oM (MN)PM —N em
L %
evM,N,P:(@(ﬂ,?)@@(n,n))vw\—e? M {__\-D_.M(Y) 7:) =T 8\‘ .
Comf ORI )t 04?) <€ | | Tyjpee) RGN, ), e
End(M) | Compumm , 2 (pn) ) € Alale ~
( ), M, 1630 € Mg fomg (KoY, T) = thime (X, 26Y7)
INTERNAL END ALKE BRA
(s (0, ), comBmmu ) € Mod—End 4) ) L [Xm\@coesl‘{ nggyxﬂ %QY*]
"INTERNAL tom mapae

[X@( ﬂe%@\(*@\(ﬂ el g
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Hom (M, N) € Mod —End{M)ce) FULLY PATHEUL v~ v
....................................................................... WA'NT’ F \s P*F‘ EQU\\, QF LEFTge MOD CA'TB
Fom (M, XoN) 2 X tm(mN) |

Wet; myew || F IS ESSENTIALLY SURIECTIVE TAKE

....... )e 086 tc Moo\_A(‘c) .

EMISIMPL .
™ + INvecompesape => | NOW:
e et |t )(X ek, ZO )
() tom(My—) M — % TATHTUL 525
() vy u: o N)>M — N EPIC

WMES e,
MM | | o
Pe/ - GeT: v
TAKE A= End(M), | @-u(;.y X= kef(’S"{M)
’ \
F:m— Md-ACE) | XeA > Ze A > —>0
CALL THIS &
N — tou(M, N)
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. QSTRIKS TheoREM

(4‘1/ ) eG-Mod (LoSED &

Ho M.,](% DM, N)
2 Hom () tomM,N)

EndMm) € Alq(e)
Hom (M, N) € Mod —End(M)CE)

11*? O SemisimpLe
1 INDECOMPASARLE

() {'M(M)—)'-/W(——?‘Q EXACT
() tom(My—) M — % TATHTUL

() vy u: o N)>M — N EPIC

U E (S ESSENTIALLY SURIECTIVE

Pe/
TAKE A= End(M),

F- 'W\—-—a MQA-—A(‘G) |

N — thm(M, N)

VM*“e”Wt

( € MuLT(Fus(oN 5

THEOREM (0STRIK) ’wk* e G-Mod. TheN
1"\"‘ Mod— é’u\_c}(M)(ﬂ)
AS (EFT G-MIDULE CATEGORIES ¥ M ey,

FW—U& FNTHFML\/ v’
WANT : F I5'M EQUV. oF LEFT - MOD. CATS.

TAKE
Ze Mod-A(6) .

----------------
--------------------

~
S

NOwW : ‘
v
Fou o) X ORI EEM) = oty CFOX M), FG@oM)
g°
G’GT'- ON )
1 (idy X = ker($-'Gide)
R
X@ A — Ze A > 2 >0
CALLTHIS &
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l"'bM.,,l(%DM,M)

2 Hom () tomM,N)
End(m) € Alq(e)
Hom (M, N) € Mo —EndM)ce)

’bvl* O SemisimpLe
1 INDECOMPASARLE

() {'M(M)—)=/|"’(——7‘Q EXACT
() tom(My—) M — % TATHTUL

() vy u: o N)>M — N EPIC

TWANT = F 3

T. QSTRIK'S TREOREM @@}
(4‘]/ >) c¢-Mod CLOSED &

THEOREM (0STRIK) ’wk* e G-Mod. TheN
“V'\"' Mod— é’u\_c_k(M)(ﬂ)

AS (EFT G-MIDULE CATEGORIES ¥ M ey,

FU\LU& FNTHFML\/ v’
A EQUY. OF LEFT €-MOD. CATS.

L F IS esSeNTIALLY SuRdecTive | TAKE

Pe/
TAKE A= End(M),

F- 'W\——% MQA-—A(‘G) |

N — thm(M, N)

VM*“e”Wt

M 2e Mod-A(G) .
NOW :
\V
¢

¢ :‘i H“M%(XVM,%'PM)
GeT: N e (F Fucy Fa r#Fuc|

-1 (idy X" ker (3-'(ido))

AN
X@ A —> 2e A 52 >0
CALLTHIS &
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. QSTRIKS TheoREM

(4‘1/ ) eG-Mod (LoSED &

Ho M.,,l(% DM, N)
2 Hom (T tomM,N)

EndMm) € Alq(e)
oM, N) € Mod—EndMce)

’bvl* O SemisimpLe
1 INDECOMPASARLE

() {'M(M)—)=/|"’(——7‘Q EXACT
() tom(My—) M — % TATHTUL

() vy u: o N)>M — N EPIC

U E (S ESSENTIALLY SURIECTIVE

Pe/
TAKE A= End(M),

F- 'W\—-—a MQA-—A(‘G) |

N — thm(M, N)

VM*“e”Wt

( € MuLT(Fus(oN 5

THEOREM (0STRIK) ’wk* e G-Mod. TheN
1"\"’ Mod— @LX(M)(‘G)
AS (EFT G-MIDULE CATEGORIES ¥ M ey,

FULU& FNTHFML\/ v’
WANT : F I5'M EQUV. oF LEFT - MOD. CATS.

TAKE
Ze Mod-A(6) .

----------------
--------------------

~
S

NOwW : ‘
v
Fou o) X ORI EEM) = oty CFOX M), FG@oM)
& \ HM«WLCXVM e M)
| ———7 CALLTHIS 44
GeT: o, T (F Fucy Fa rmFuL]
1(iay) 5 K= ker(87Gds)
PN
X@A —> ZQA > 2 >0
CALL THIS &

Copyright © 2024 Chelsea Walton



. QSTRIKS TheoREM

(4\1, ) eG-Mod (LoSED &

Ho M.,](% DM, N)
2 Hom () tomM,N))

EndMm) € Alq(e)
Hom (M, N) € Mod —End(M)CE)

11*? O SemisimpLe
1 INDECOMPASARLE

() %M(M)—):’W(——?‘Q EXACT
() tom(My—) M — % TATHTUL

() vy u: o N)>M — N EPIC

Pe/
TAKE A:=End(M),

F‘-'W\—-—a Mod-ACe)
N > oM N).

VM*“e””t

F(coker g7) =

{ €, MuLT(Fus(oN 5

THEOREM (OSTRIK) 'W(Foe G-Mod. THeN
M = Mod— End(1)(8)
AS (EFT G-MIDULE CATEGORIES ¥ M ey,

FuLLY PAITHRFUL v v ,
WANT : F I3°MAN EQWWY. 0F LEFT €G- MoD. CATS.

TAKE
Ze Mod-A(T) .

T IS ESSENTIALLY SURIeCTIVE

NOW :
H“MMO&M)(X@A,?:@M =3 HBMNO\__MU(F(XPMLF(;'(P;‘\)})
¢ = H“M%(XVM,%'PM)
CALLTHIS &7
FINMLYG:

Chker(\:(?gl)) = €.
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. QSTRIK'S THEOREM { € MuCT(FUS(oN 5

§ >) cGMod (LoSED &
N THEOREM COSTRIK) ’wk* e - Mod.. TheN

H-oM.,l(zDM,m
2 Hom () tomM,N) ’V'\ ~ Mod- é’u\_C}(M) e)

....................................................................... RS (L RreR VM&Q“M\,

EndMm) € Alq(e)
Hom (M, N) € Mod —End{M)ce) FULLY PATHEUL v~ v
....................................................................... NA'NT F \s AF‘ EQU\V QF LEFTie MOD CA'TB
ot (M, Xo) 2 X @ Hos (M 1)
Wet, My | [F 1S ESSENTIALLY SARIECTIVE ?';fo\ AE)
....................................................................... e Mod -
€0 SemisimpLe , '
11 1 INDECOMPASARLE = P“W'
() (W) M —% ERACT -f HDMMO ot )(X@k JEBA) 2 H‘bMMM\__Mt’)(F(XPM) JF(2>n)
/
() om(M-) MG FATHTUL |y 525 > o (XPHM %'PM) F(g’)
[ = )
©) vy trNPM— N gPic [ i CALTHIS &7
oy |
& [}
TAKE A= E_V\EK(M)) L FINALL
Fm— Mod-A®) | & p(coker ) = enker (FCE))
N> tom(MN) G S "
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. QSTRIK'S THEOREM { € MuCT(FUS(oN 5

(w, ) eG-Mod (LoSED &
%0

fom @M, ) THEOREM (0STRIK) MK e ¢-Mod. ToeN

2 Hom (T, oM, N) ’W\N Mod— End (1) ()
End(i) € Aly(e) AS (EFT G-MIDULE CATEGORIES ¥M e,
Hom (M, N) € Mod —End(M)CE) Fucy FAITHFUL v~ v
....................................................................... NA'NT’ F \s AF‘ EQU\V QF LEFTQe MOD CA_TB
oMM, XeN) 2 X@ tm(mN) [ —

Wet; myew | [F S ESSENTIALLY SuRdecTive | TAKE

....... )e 086 tc MOO\_A(‘G) .

EMISIMPU :
11 1 INDECOMPASARLE = P“W'
) Hon(M,-) M —% ERACT -.| Hw\ oAt )(X@A ZON) 2= thn Hed=ACE ) (FOX®M), Femm)

- ) — ’ F(¢/)
() tom(M—) M — % TATHTUL ‘: & . HBM%(XPM;%'PM)
) eleH%_\g;A(M,M)DM—%M EPIC ] 0 o CALLTHIS Sz(/
Wumtem (¢ N [ el
B0 o K= kec@1(idal) oemm"TTTTTT

PF/ B ,,' $-'(idy) T 56\ <-1(ide) '.:
TAKE A=Cnd(M), | | FINMLYG: X®A;?Z)?:@A——>t >0 ___.—'
P M) caker ) 2 toker (Feg) =

N oA NY) G S - -~
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. QSTRIK'S THEOREM { € MuCT(FUS(oN 5

(4\1, ) eG-Mod CLOSED &
%0
fom @M, ) THEOREM (0STRIK) M\ e ¢-Mod. ToeN
2 Hom (T, tomM,N)) ’V'\N Mod— @_C}(M)(fn)
Endw) € AlyCe) AS (EFT G-MIDULE CATEGORIES ¥ M ey,
Hom (M, N) € Mod —End(M)CE) Fucy FAITHFUL v~ v
....................................................................... NA'NT’ F \s P*F‘ EQU\V QF LEFTQe MOD CA_TB
tom (M) XoN) 2 X (M) | —
Wet; myew | [F S ESSENTIALLY SuRdecTive | TAKE
....... )e 086 tc MOO\_A(‘G) .
EMISIMPUS .
11 % INDECOMPASARLE = P“W'
@) Hom(My-) M —> € ERACT ol Hw\ d—A(‘t.)(X@A JEOA) = HBMMQO\‘N'G)(F(XPM) )F(;TQI)})
(L) {'M(M)‘):'W(—%‘Q FPATHTUL ‘: ¢ - HbM.‘.l(X'PM, %'PM)
(©) eV tmN>M—NEPIC| 0 0 CALLTHIS Sz(/
N B N P
L X=ker($(de)) .-=""

F Lo e ‘ !
pe/ ~ o g T 55\ $-1(idke) ;
TAKE A=Cnd(M), | | FINMLYG: X@A;?Z)?:@A——’t >0 ___.»'
Fm— MdAC) L pker ) 2 toker (F81)) =

N oA NY) G S - Rl ~. F 18 esseNTIALLY SU\KJGQT\\Ié//
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. QSTRIKS TheoREM

M e %Mok |§ REFRESENTED BY AcAly(e) |F
1"\“—‘ Mod-ACE) AS (EFT €¢-MODULE CNTEGORIES.

Mod-A(G) € € -Mod Via
XP(H,d) 1= (X@M)4='\dx®4)

INTERNALTOE \ /" N/ eXTERNALTO C

’Wtzz (’V"(j = M, F)
e @—Mod

LEFT G—ModunLeE
CATE (‘rOK}

ToR A= (A u) € A\q (6)

Mod—- A (¢)

R\GHT A—MODULES

ss“"‘\\s REPRESENTED
Bg AN (NTERNAL END ALEBRA

WHEN @ MULTIFUSION (08 TRIKT]
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T. QSTRIK'S TREOREM

M e %Mok |§ REFRESENTED BY AcAly(e) |F
1"\“—‘ Mod-ACE) AS (EFT €¢-MODULE CNTEGORIES.

Mod-A(G) € € -Mod Via
XP(H,d) 1= (X@M)4='\dx®4)

o
°

EXTERNAL TO &

O )
e G- Mod

LEFT G—ModuLE
CATE G\’OK}

ETINGOF —GECAKI
-N lksﬂaw — QSTRIK

INTERNALTO G

TR A= (A M n) € A\ (8)

Mod- A ()

RIGHT A—-MoDules

|S REPRESENTED
Bg AN |NTERNAL END ALEBRA
WHEN @ FINITE MULTITENSIR
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T. QSTRIK'S TREOREM

M e %Mok |§ REFRESENTED BY AcAly(e) |F
1"\“—‘ Mod-ACE) AS (EFT €¢-MODULE CNTEGORIES.

Mod-A(G) e € -Mod Via
XP(H,d) 1= (X@M)4='\dx®4)

o
°

EXTERNALTO &

O )
e G- Mod

LEFT G—ModuLE
CATE G\’OK}

ETINGOF —GECAKI
-N lksﬂaw — QSTRIK

INTERNALTOE

TR A= (A M n) € A\ (0)

Mod- A ()

RIGHT A—-MoDules

FURTHER
GENERALIZN:

POWGLAS
— JCHOMMER-PRIEY
-8#3 PER

|S REPRESENTED
Bg AN |NTERNAL END ALEBRA
WHEN @ FINITE MULTITENSIR
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Enjoy this lecture?
You'll enjoy the textbook!

C. Walton’s “Symmetries of Algebras, Volume 1” (2024)

Available for purchase at :

619 Wreath (at a discount)

/ SYMMETRIES \
‘( o F \

ALGEBRAS https://www.619wreath.com/

VOLUME |

Also on Amazon
&
Google Play

CHELSEA WALTON

Lecture #21 keywords: internal End algebra, internal Hom module,

module category represented by an algebra, Ostrik’s Theorem






