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T. DIReCT PRODCT, SUM, DIRECT SUM OF ALGEBRAS 4 MoDWLES
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T. DIReCT PRODCT, SUM, DIRECT SUM OF ALGEBRAS 4 MoDWLES
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T. DIReCT PRODCT, SUM, DIRECT SUM OF ALGEBRAS 4 MoDWLES

ALGEBRA

A Vs
MrARAO A

n: RaA—>A
£ COMP. AX(OMS

GIVEN (EFT A-MODWLES
(\'I/ Vl)) (\'z/ V:.)) *e* ) (\"'/ "\')

LETT A-MaDWLE

Vs
P:A’Y 5V
g LAMP. AX(OM S

RIGHT A-MADWLE

Vs
4: VAV
£ COMP. AX(OMS

THEIR DIREST SWM IS V,OV,6 .6V,
WI(TH

b A® (V\G\Iz@ O Vr) 2V, 6V0 .0V

P (wroirave): = W)+ @ 5)+,. 1 (@ v7)

(81,8)-BlmoDUALE
Vs
>:beV—oV
4:VeB,— V
£ COMP. AX(OMS

( WSED To GET BAILI\NG: BLOCKS
\N MRDIALE TI HEQWA

40
(\’)‘D) IS DECOMPOSABLE (F h"‘(__j\v\@ll AS MaDS

NONZERS SINBMADULES oF V

£ S (VDECOMPOSARLE OTHERW\SE.

Copyright © 2024 Chelsea Walton



T. DIReCT PRODCT, SUM, DIRECT SUM OF ALGEBRAS 4 MoDWLES
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T. DIReCT PRODCT, SUM, DIRECT SUM OF ALGEBRAS 4 MoDWLES
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T. DIReCT PRODCT, SUM, DIRECT SUM OF ALGEBRAS 4 MoDWLES
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T. DIReCT PRODCT, SUM, DIRECT SUM OF ALGEBRAS 4 MoDWLES
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T. DIReCT PRODCT, SUM, DIRECT SUM OF ALGEBRAS 4 MoDWLES
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T. DIReCT PRODCT, SUM, DIRECT SUM OF ALGEBRAS 4 MoDWLES
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T. DIReCT PRODCT, SUM, DIRECT SUM OF ALGEBRAS 4 MoDWLES

ALGEBRA

A Vs
MrAAO A

n: RaA—DA
£ COMP. AX(OMS

GIVEN ALGEBRAS WITH AL SWBIPALE OE-A
(A\)M\)“\)) (A‘L)ML,“'Z_)) ) @r,Mr,\M))\ \

LETT A-MIDWLE

V vs
P:A’N >V
g LAMP. AX(OM S

RIGHT A-MSDNLE

Vs
d: VA DV
% LAMP. AX(OMS

THEIR DIRECT TROADUCT S A X AgX-- X Ar
W(TH

Mgy ac)@ (et e, b)) 1= (1 (@) ) iaclar)
Lycoone = Gy Aae)

Vs

>:beV >V

d:Veg,—»V

£ COMP. AX(OMS

(81,8)-BlmoDUALE

(Al; My ui) 5 A NONWIITAL §RBALGEBRA
OF AX .o X AiX o x A =),

Copyright © 2024 Chelsea Walton



T. DIReCT PRODCT, SUM, DIRECT SUM OF ALGEBRAS 4 MoDWLES
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L. TENSORPRODUCT OQF ALGEBRAS & ModDWLES
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L. TENSORPRODUCT OQF ALGEBRAS & ModDWLES
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L. TENSORPRODUCT OQF ALGEBRAS & ModDWLES
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L. TENSORPRODUCT OQF ALGEBRAS & ModDWLES
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T. TENSORPRODUCT OF ALGEBRAS & ModWLES R =
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L. TENSORPRODUCT OQF ALGEBRAS & ModDWLES
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T. TENSORPRODIUCT OF ALGEBRAS & ModWLES R =
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L. TENSORPRODUCT OQF ALGEBRAS & ModDWLES
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g LAMP. AX(OM S

RIGHT A-MSDNLE

Vs

4: VoAV
£ COMP. AX(OMS
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> :baV—V

d:VeBg,—V
£ COMP. AX(OMS
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S
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V X w g VQ W To Vx W
g VIA BIUNGAR &
v A 3l
BILUNGAR 4 UNEAR
MAP S WA
U4
P Vi %
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L. TENSORPRODUCT OQF ALGEBRAS & ModDWLES

ALGEBRA

A Vs
MrAAO A

n: RaA—DA
£ COMP. AX(OMS

@":@ul

Vo W=V, e,W = VECToR SPACE

LETT A-MIDWLE

V vs
DA’ >V
g LAMP. AX(OM S

RIGHT A-MSDLE

Vs
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£ COMP. AX(OMS
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d:VeBg,—V
£ COMP. AX(OMS
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RECALL: VAN DeFNSD BY
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T. TENSORPRODUCT OF ALGEBRAS & ModWLES P =Qr

ALGEBRA

A Vs
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n: RaA—DA
£ COMP. AX(OMS

LETT A-MadDWLE
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DA’ >V
£ COMP. AX(OMS
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£ COMP. AX(OMS
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> :BeV—V

d:VeB,—V
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/Q DETINT D Ba IANAWERSAL ?LQPELTQ
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v 2 o3l N
BIUN‘GA\ #  LNEAR - HﬁMlk(VG\N) %)

MAP B Zv:: MAP B
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L. TENSORTPRODACT OF ALGEBRAS & MoDWLES

ALGEBRA

A Vs
MrAQAS A

n: RaA—DA
£ COMP. AX(OMS

LETT A-MIDWLE

Vs
DA’V >V
£ COMP. AX(OMS

RIGHT A-MADWLE

V vs

4: VoAV
£ COMP. AX(OMS

LBUB?.)-BUKQD(M—B/

> :baV—V

d:VeB,—V
£ COMP. AX(OMS
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S TTACHED
V X \N f VQAW To Vx W

VIA A-BALANCED oL
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L. TENSORTPRODACT OF ALGEBRAS & MoDWLES

ALGEBRA

A Vs
MrAQAS A

n: RaA—DA
£ COMP. AX(OMS

LETT A-MIDWLE

Vs
DA’ >V
g LAMP. AX(OM S

RIGHT A-MADWLE

V vs

4: VAV
£ COMP. AX(OMS

LBUB?.)-BUKQD(M—B/

> :baV—V

d:VeB,—V
£ COMP. AX(OMS

@"@ug

Vo W=V, e,N = VECToR SPACE
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(((
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L. TENSORPRODUCT OQF ALGEBRAS & ModDWLES

ALGEBRA

A Vs
MrAQAS A

n: RaA—DA
£ COMP. AX(OMS

LETT A-MIDWLE

V vs
DA’V >V
g LAMP. AX(OM S

RIGHT A-MADWLE

V vs

4: VoAV
£ COMP. AX(OMS

LBUB?.)-BUKQD(M—B/

> :baV—V

d:VeBg,—V
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MA? B MAP B

Bilin (VxW, 2)
> tom, (Vew, )

2
The (wniane)
A-pAcANCED  VSPALE
— ATTACHED
V X V‘I f VQAW To Vx W
J VIA A-DALANCED
L
A-DBALANCED o BlLINEAR

MA? £

‘S a(waa)w§= oL (v, avw)

Vaek, seV, wewW

s

Copyright © 2024 Chelsea Walton



L. TENSORPRODUCT OQF ALGEBRAS & ModDWLES

ALGEBRA

A Vs
Mm:AA A

n: RaA—DA
£ COMP. AX(OMS

LETT A-MIDWLE

V vs
DAV >V
g AMP. AX(OMS

RIGHT A-MSDLE

V vs

d: VoA >V
£ COMP. AX(OMS

(81,82)-BImoDALE

| 4 '-B‘@N—a\/

d4:Vep,—V
£ COMP. AX(OMS

@:=Qr

V& W =V, ®,N = VECToR SPACE
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L. TENSORPRODUCT OQF ALGEBRAS & ModDWLES

ALGEBRA

A Vs
m:AAS A

n: RaA—>A
£ COMP. AX(OMS

LETT A-MIDWLE

Vs
DAY >V
g LAMP. AX(OM S

RIGHT A-MSDNLE

V vs

d: VAV
£ COMP. AX(OMS

(81,82)-BimoDALE

> :baV—V

d:VeBg,—V
£ COMP. AX(OMS

®::®‘k

Vo W=V, e,N = VECToR SPACE
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s
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L. TENSORTPRODACT OF ALGEBRAS & MoDWLES

ALGEBRA

A Vs
M:AA— A

n: RaA—DA
£ COMP. AX(OMS

@"@ug

Vo W=V, ®,N = VECToR SPACE

/Q (S ReAaLizeD AS A QUOTIENT JPACE

LETT A-MIDWLE

Vs
DA’ >V
£ COMP. AX(OMS

dhlun CAR

VW —— VeaW

L4
M O
= 4
BlUNGAR L0 Lwea
MAP B [ MAP 6

RIGHT A-MADWLE

V vs

d:VeA >V
£ COMP. AX(OMS

@\;Bp_)-BIMGD(ALB/

> :b eV

d:VeB,—V
£ COMP. AX(OMS

Z\Is
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! Y
A-DALANCEY 2 S UNEAR
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P Y %

2\/5

o BIUNEAR &
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T. TENSORPRODIUCT OF ALGEBRAS & ModWLES R =

AR VoW =V, e,N = VECToR SPACE

Mt ABAS A

w: ReA— A /Q (S REAL\ZED AS A QUOTIENT JPACE
£ COMP. AX(OMS x s o _— % (\T;"*\>\rev,mw
LEFT A-MoDWLE y p VRW :=

Vs sluueh\ L "/u.?e!m (v v/ ) — (5] - (v 7o)
> AV -V wE Ngy wre | el | e e
£ CAMP. AX(OMS ek (s 0) = 5y 00)

RIGHT A-MADWLE
\’ V3 ‘ A-DACANCED
m \/ X \N ol

d: VA DV ? \/@AW
% COMP. AX(OMS J ey
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@\/Bz)-BIMQD(ALB M{;P FARr
| 4 '-B‘Q\l—’)\/ Vs
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£ COMP. AX(OMS

s(raa,w) = L(¥, avw)
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L. TENSORTPRODACT OF ALGEBRAS & MoDWLES

ALGEBRA

A Vs
MrAQAS A

n: RaA—DA
£ COMP. AX(OMS

®::®‘k

Vo W=V, e,N = VECToR SPACE

/Q (S ReaLizeD AS A QUOTIENT JPACE

LETT A-MIDWLE

Vs
DA’ >V
£ COMP. AX(OMS

DLBIUN CAR.

RIGHT A-MADWLE

V vs

4: VAV
£ COMP. AX(OMS

LBUBz)-B“k“D(M—g
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d:VeBg,—V
£ COMP. AX(OMS
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4

v 2 3l

MAP B ka: MAP 6
S
" A-BACANCED
VxW — Ve, W
4
v !
A-DALANCEY 2 ," UNEAR

MA?P 7 MAP

P u" 13

Zs

o RILINEAR ¢
(ran,0) = Ly, avw)

Copyright

S"N\‘ {k<(\r) N\>\)'e\l ,Rew

VoW := ,
(w57, @) - (50)-Cv )
v’ eV [ (5 et 0) = (5)w) (&)
\A)V“,EN
Ye (R ()d)’)ub) - (\T,/'\M\
S?A’*“k<(“—) N\>\)’e\l ,ReW
QW =
\, A (v 97/, ) —(5j00)- (v0)
e eV [ (5 ete’) - (§)w)-(5)0)
ww'eW
Ye (e () 00) = (5 )

a<A (\T«L, ('3\ = (\!" Q'PN)
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L. TENSORTPRODACT OF ALGEBRAS & MoDWLES

ALGEBRA

A Vs
MrAQAS A

n: RaA—DA
£ COMP. AX(OMS

@"@ug

Vo W=V, e,N = VECToR SPACE

/Q (S ReaLizeD AS A QUOTIENT JPACE

LETT A-MIDWLE

Vs
DA’ >V
g LAMP. AX(OM S

Déﬁlun CAR.

VW —— VeW

L
v 2 3l
= 4
BIUNGAR 7 e
MAT P e upr B

RIGHT A-MADWLE

V vs

4: VAV
£ COMP. AX(OMS

LBUB?.)-BUKQD(M—B/

> :baV—V

d:VeB,—V
£ COMP. AX(OMS

SIMPLE TENSORS......

| Aphenee
Vx W — Ve, W
(5;63) TRW
Sl
A-BALANCEY 2 S et
MAP / MAP
'I
P % %
Zys

o BILUNEAR o
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SeAN \k<(\r) W) ey e
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w)w e
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. SVA’JK<(\T) "“\>\)-e\[)@ew
Q® N =
: v A (4§ ) ~C50) - (5)
e eV [ (5 ete’) - (§)w)-(5)0)
w,» < W
e ke (s 0) = (5 Aw)
acA (Va0 ) = (v apw)
L SAT ISFYy -

4@, = ve, (avy)
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T. TENSORPRODIUCT OF ALGEBRAS & ModWLES R =

ALGEBRA

A Vs
MrAAO A

n: RaA—>A
£ COMP. AX(OMS

V& W=V, e,WN = VECToR SPACE

LETT A-MadDWLE

Vs
DA’ >V
g LAMP. AX(OM S

RIGHT A-MADWLE

V vs

4: VAV
£ COMP. AX(OMS

(81,82)-BimoDALE

> :BeV—V

d:VeB,—V
£ COMP. AX(OMS

ReISe I.1F
Exe Ge
<
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VIA ABEUAN GRAWPS M)N, .. GRoW?P
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V X V\l ol — V@Aw S?Ah‘k<(\r)"“\>\)-e\[)@ew
',' \,QAN = )
v /3l (v v/, ) —(5j00) - (v0)
A-BACANCED UV UEARR | eV [ (et = ()e0)=0))
MA? ',' MAP Wy ew
P A L el | ()= (o) Ae)
Z\Js a<A (qu,w\ - (\r, avw)

o BIUNEAR £
(ran,w) = Ll avw) a4}, 0 = ¥8, (av v)
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L. TENSORPRODUCT OQF ALGEBRAS & ModDWLES

ALGEBRA

A Vs
MrAA A

n: RaA—DA
£ COMP. AX(OMS

Q=

V& W=V, e,WN = VECToR SPACE

LETT A-MIDWLE

Vs
DA’ >V
g LAMP. AX(OM S

RIGHT A-MSDILE

V vs

d: VAV
£ COMP. AX(OMS

(81,82)-BimoDALE

> :BeV—NV

d:VeB,—V
£ COMP. AX(OMS
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Exe . GeT
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GRaw?
M@, N
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A-BALANCED UV S ounesn e eV [ (5 ete’) - (§)w)-(5,0)
MAP 7 MAP W, ewW
P e ) S Ye ke () 00) = () )
Z\Js a<A (qu,w\ - (\r, avw)

o BlUNEAR ¢
(ran,0) = (v, avw)

Copyright

W 4@, = ve, (avy)

© 2024 Chelsea Walton



L. TENSORPRODUCT OQF ALGEBRAS & ModDWLES

ALGEBRA

A Vs
MrAAO A

n: RaA—>A
£ COMP. AX(OMS
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V& W=V, e,WN = VECToR SPACE

LETT A-MadDWLE
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L. TENSORPRODUCT OQF ALGEBRAS & ModDWLES

ALGEBRA

A Vs
MrAAO A

n: RaA—>A
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V& W=V, e,WN = VECToR SPACE
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L. TENSORPRODUCT OQF ALGEBRAS & ModDWLES

ALGEBRA

A Vs
MrAAO A

n: RaA—>A
£ COMP. AX(OMS

@":@ul

V& W=V, e,WN = VECToR SPACE

LETT A-MadDWLE

Vs
DA’ >V
g LAMP. AX(OM S
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L. TENSORPRODUCT OQF ALGEBRAS & ModDWLES

ALGEBRA

A Vs
MrAA A

n: ReaA—>A
£ COMP. AX(OMS

@":@ul

V& W=V, e,WN = VECToR SPACE

LETT A-MaDWLE

Vs
DA’ >V
g LAMP. AX(OM S
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V vs

d: VAV
£ COMP. AX(OMS
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A, QA =
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aubiede? (Gt e
A-BACANCED
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L. TENSORPRODUCT OQF ALGEBRAS & ModDWLES

ALGEBRA

A Vs
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£ COMP. AX(OMS
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L. TENSORPRODUCT OQF ALGEBRAS & ModDWLES

ALGEBRA

A Vs
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£ COMP. AX(OMS
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L. TENSORPRODUCT OQF ALGEBRAS & ModDWLES

ALGEBRA
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L. TENSORPRODUCT OQF ALGEBRAS & ModDWLES

ALGEBRA

A Vs
MrAA A

n: RaA—DA
£ COMP. AX(OMS

LETT A-MadDWLE

Vs
DA’ >V
g LAMP. AX(OM S

RIGHT A-MADWLE

V vs

4: VAV
£ COMP. AX(OMS

(81,82)-BlmoDALE

> :BeV—V

d:VeB,—V
£ COMP. AX(OMS

SPECIAC CAJE

TAKE ALGEBRA MORPHISM

¢A-—’)B

TwAz (\I\ = B®A\/
m’_} o R

—

(EFT LEFT
A-Made B-MODILE

TNDWCTION oF WV
To B ALONG &

ExXER. L.\b

B|VA® Aw = V®Aw
\S A

LEFT B\‘MNDMLE
(TAKE Bz= “?\ ~ W|R=Wvg-)

Copyright © 2024 Chelsea Walton
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L. TENSORPRODUCT OQF ALGEBRAS & ModDWLES

ALGEBRA

A Vs
MrAA A

n: RaA—DA
£ COMP. AX(OMS

LETT A-MadDWLE

Vs
DA’ >V
g LAMP. AX(OM S

RIGHT A-MADWLE

V vs

4: VAV
£ COMP. AX(OMS

(81,82)-BlmoDALE

> :BeV—V

d:VeB,—V

SPECIAL CASE

TAKE ALGEBRA MORPHISM

¢ : A-—b B
Tnd (V)= B,V

START ey -

LEFT LEFT
A-MaplLe B-MODLE

R=gbp wim
Dg = Mg
i bdg & = t:,)?é(«\
KNG Mg

TNDWCTION oOF WV
To B ALONG &

Q=

ExXER. L.\b

B|VA® Aw = V®Aw
\S A
LEFT B\‘MNDMLE

£ COMP. AX(OMS

Copyright

© 2024 Chelsea Walton




L. TENSORTPRODACT OF ALGEBRAS & MoDWLES

ALGEBRA

A Vs
MrAQAS A

n: RaA—DA
£ COMP. AX(OMS

LETT A-MadDWLE

Vs
DA’ >V
g LAMP. AX(OM S

RIGHT A-MODWLE

V vs

4: VAV
£ COMP. AX(OMS

LBUB?.)-BUKQD(M—B/

> :BeV—V

d:VeB,—V

SPECIAL CASE

TAKE ALGEBRA MORPHISM

¢ : A-—b B
Tnd (V)= B,V

START ey -

LEFT LEFT
A-MaplLe B-MODLE

R=gBa v
D= My
iLdB& = 57?4(03

Wi Mg

TNDACTION oF WV
To B ALONG &

@"@ug

ExXER. L.\b

B|VA® Aw = VQAN
\S A
LEFT B\‘MNDMLE

£ COMP. AX(OMS

Copyright
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L. TENSORPRODUCT OQF ALGEBRAS & ModDWLES

ALGEBRA

A Vs
MrAA A

n: RaA—DA
£ COMP. AX(OMS

LETT A-MadDWLE

Vs
DA’ >V
g LAMP. AX(OM S

RIGHT A-MADWLE

V vs

4: VAV
£ COMP. AX(OMS

(81,82)-BlmoDALE

> :BeV—V

d:VeB,—V

SPECIAL CASE

TAKE ALGEBRA MORPHISM

= COMPLE X\ F\CAT(ON) =
TAKE THE F(eLlD EXTENS(®N

Re—> ¢

¢ A—7% (ALGERRA MoRPHISM

Tl =BV | Tadg (Y) = Copv
START e~ SIAKT - R-vs  ENd : @-vs
“leFT LeFT

A-Mapue B-MIDNLE

= % WATH
BaED ExeR. 116

b% = M?;
ibd\s“ - ‘o;é("”) Bg\lA ® A\‘\j - \l@g\,\l
ISING Mg \S A

TNDICTION OF NV LEFT B,-MADILE

To B ALONG &

£ COMP. AX(OMS

Copyright
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L. TENSORTPRODACT OF ALGEBRAS & MoDWLES

ALGEBRA

A Vs
MrAQAS A

n: RaA—DA
£ COMP. AX(OMS

LETT A-MadDWLE

Vs
DA’ >V
g LAMP. AX(OM S

RIGHT A-MODWLE

V vs

4: VAV
£ COMP. AX(OMS

LBUB?.)-BUKQD(M—B/

> :BeV—V

d:VeB,—V
£ COMP. AX(OMS

SPECIAL CASE

TAKE ALGEBRA MORPHISM

¢ : A —_ B
[>)
Tnd (V)= B,V
START e
LEFT LEFT
A-MaplLe B-MODLE
%¢ B%A WwWATH
b% = ME
by & = bEla)
)
WING Mg

TNDACTION oF WV
To B ALONG &

= COMPLE XIFICAT (0N =
TAKE THE F(ELD EXTENSION

Re—> ¢

Trdg (V) = CepV
X_Tgﬁ_:)ﬂ%\/s END - €-VS

k. Tndg (R®) = C™°

ExXER. L.\b

B|VA® Aw = VQAN
\S A
LEFT B\‘MNDMLE

Copyright
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T. TENSORTRODUCT OF ALGEBRAS 4 ModULES, RSAD ABOUT ALGEBRAS

ALGEBRA

A VS
M:AAS A

n: RaA—>A
£ COMP. AX(OMS

LETT A-MIDWLE

Vs
DAY >V
£ COMP. AX(OMS

RIGHT A-MaODWLE

V vs

d: VoA —mV
£ COMP. AX(OMS

@\;Bp_)-BIMGD(ALB/

> :beVoV

4:VeB,—V
£ COMP. AX(OMS

! CoNSTRUCTIONS
TAKE ALGEBRA MORPHISM = COMPLE XIF\CAT(ON) =
B:A—7T TAKE THE FELD EXTENSISN
. Re=— €
1"‘““) - B®AV j\o\‘\%\ k\/) = CopV
START 1,y% 2 r—j\ t
“lerT “LerT JMRT: R-vs & :C-vs
A-MaDle B-MoDILE EC. IV\ 0\; (\K@\) ~ Q@#\
%’; B wWATH
e ExeER. .\
b& = MB
i‘odﬁa = L,y?g(&) BI\IA Y Aw = VQAN
WSING Mg \S A
TNDICTION oF WV LEFT B,-MODILE
lo B ALONG &

Copyright
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T. HoM AND DWAL OF ALGEBRAS & ModWLES

AR oM OOW) = (BB - BiModULe
Mm:AAS A AVB\) AWz,

n: R&ADA

£ Lomp. Ax(oMS RecaLL  ltom \k(\' W\ VSPACE :
LEFT A-MODULE Cus)

Vv (F+#)s) = o) +, £Co)
P:A’N >\

£ COMP. AX(OMS \g)(x):= X #(s)
RIGHT A-MIDALE = E(x#,T)

V vs

d: VA ™ \I

£ COMP. AX(OMS

(81,82)-BlmoDALE

> :BeV—V

d:VeB,—V
£ COMP. AX(OMS
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T. HoM AND DWAL OF ALGEBRAS & ModWLES

ALGEBRA

A Vs
MrAAO A

n: R&ADA
£ COMP. AX(OMS

LETT A-MadDWLE

Vs
P:A’Y >V
g LAMP. AX(OM S

RIGHT A-MADWLE

Vs

4: VAV
£ COMP. AX(OMS

(81,82)-BlmoDALE
> :BeV—V
d:VeB,—V

£ COMP. AX(OMS

H-DM A- Moo\(V W\

(Bi,B.)-BIMODWULE

Ao\WN —B—w—)w

A-MoDWLE MAPS

Copyright

AVB() aWg,
oM, _nea (V) w) = H"M\k(y Js\gj\ fFVu?eigiws
SWRSPACE oF V—> W
> (+#/)Cs) = o) 4, £C5)
AN Xy B ) (x) = A% g(s)
aog| 2 |# = g(x%,¥)

© 2024 Chelsea Walton




T. HoM AND DWAL OF ALGEBRAS & ModWLES

ALGEBRA _ _

A \‘\'DMA_MOO\(X,W\ = (B)B.)-bIMoDULE

Mm:AAS A aVe, AWz,

n: R&ADA

£ COMP. AX(OMS \’WMA.MQO\(V/W\ = Hom g(V,W) = Vseace
LEFT A-MODWLE Vs OF LUINEAR MAPS

V vs SWRSPACE oF V— W

DA’ >V A‘MD“&E MAPS (¢+¢/)(\Y) .= ¢(‘0.) “;' %/(\T)
£ COMP. AX(OMS ¢(q > \Y) )

v .=

Vvs = g2 %, ¥)
SN CXERC\SE \.25 dnol

£ COMP. AX(OMS — ' o de!
(81,32)-BlmoDuLE Q’J\ b 7‘)(“'\ r= M"IP'(WKEES
\ A \V . ADAVE
Hienf) | (et =S
d:VeBg,—V

£ COMP. AX(OMS FoR b eBiy baehy B e HvMA_mo\(\IIW\
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T. HoM AND DWAL OF ALGEBRAS & ModWLES

ALGEBRA

A Vs
MrAAO A

n: RaA—DA
£ COMP. AX(OMS

LETT A-MIDWLE

Vs
DA’ >V
g LAMP. AX(OM S

RIGHT A-MSDLE

V vs

4: VoAV
£ COMP. AX(OMS

(81,82)-BlmoDALE

> :baV—V

d:VeBg,—V
£ COMP. AX(OMS

VoS LWy,

H’DMA_MOO\(Y,W\ = (B,B.)-BIMODWULE

oM, Lea (VW) =

SWRSPACE oF

A-MoDWLE MAPS

tom “\(y)\]s‘]\ = J3PACE

V3 OF LINEAR MAPS

V—W

(?‘H")(\r) = g(s) +, £0v)

&g (a v, ¥) o) e .
= aPw ¥ ) (’>\¢)( ) 3"5«?{( )
= g(%,7)
ELEKC\SE .25 = CHeCK THE REST =
(\v\b #)(v) = g4y k) MALES
(B b)) = B0 4y by oo

ToOR B\GB\) by< B ) ¢e HbMA—-uool(Vlw\

Copyright
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T. HoM AND DWAL OF ALGEBRAS & ModWLES

ALGEBRA

A Vs
MrAAO A

n: RaA—>A
£ COMP. AX(OMS

\‘\'DMA_MOO\(Y,W\ = (B,B.)-BIMODWULE

VoS LWy,

LETT A-MadDWLE

Vs
DA’ >V
g LAMP. AX(OM S

RIGHT A-MADWLE

V vs

4: VAV
£ COMP. AX(OMS

(81,82)-BlmoDALE

> :BeV—V

d:VeB,—V
£ COMP. AX(OMS

Ex. \*:= tom (V)R)

V= RIGKT B-ModULE
m> \J¥ = LEFT B-MaDULE

Copyright © 2024 Chelsea Walton




T. HoM AND DWAL OF ALGEBRAS & ModWLES

ALGEBRA

A Vs
MrAAO A

n: RaA—>A
£ COMP. AX(OMS

LETT A-MadDWLE

Vs
DA’ >V
g LAMP. AX(OM S

H-DMA—MOO\(V)W\ = (Bi)Ba_)‘b\MODMLE
AVB\S ,[:AWBL

Ex. \*:= tom (V)R)

V= RIGKT B-ModULE

m> \J¥ = LEFT B-MaDULE

RIGHT A-MADWLE

V vs

4: VAV
£ COMP. AX(OMS

(81,82)-BlmoDALE

> :BeV—V

d:VeB,—V
£ COMP. AX(OMS

RESTRICTI®ON oF
N To A ANONG

B:A—0
ALG. MAP

5 = K
KesA(\y/) 2

LEFT B-M3D  LEFTA-MOD

Copyright © 2024 Chelsea Walton

COINDWCTION OF
N To B ALNG

B:A—B
ALG. MAP

Coinda(V)i= 22
OUAG 5 3 .

LEFT A-M3D  (EFTB-Mm0OD




T. HoM AND DWAL OF ALGEBRAS & ModWLES

ALGEBRA

A Vs
MrAAO A

n: RaA—>A
£ COMP. AX(OMS

\‘\'DMA_MOO\(Y,W\ = (B,B.)-BIMODWULE

VoS LWy,

ex.

LETT A-MadDWLE

Vs
DA’ >V
g LAMP. AX(OM S

V= RIGKT B-ModULE

V7= tom e (V) R)

m> \J¥ = LEFT B-MaDULE

RIGHT A-MADWLE

V vs

4: VAV
£ COMP. AX(OMS

(81,82)-BlmoDALE

> :BeV—V

d:VeB,—V
£ COMP. AX(OMS

Resa (V) =Hom_(®Y)
B=sba

RESTRICTI®ON oF
N To A ANONG

B:A—1
ALG. MAP

(EFTA-MoDULE

Copyright © 2024 Chelsea Walton

COINDWCTION OF
N To B ALNG

B:A—B
ALG. MAP

Coévxo\i(\/ )= HOMA_M(B'V)

b= abe (EFT B—ModULE




T. HoM AND DWAL OF ALGEBRAS & ModWLES

iL\JCfBRA H-DMA MOO\(V W\ (B!) 2..) bIMODWULE
MmrAA- A AVB\) Wi,

w: ReA—DA

* LAMP. AX(OM S L\ KEN‘XE .

LETT A-MODWLE
V us W’MMOO\-A v, V,E’\ (B., Bi )~ BIMODULE

& COMP. AX(OMS

RIGHT A-MSDLE

V vs

d: VA DV
£ COMP. AX(OMS

@\/B?.)‘BIMQD(ALG

> :BeV—V

d4: VeV
£ COMP. AX(OMS

Copyright © 2024 Chelsea Walton



T. HoM AND DWAL OF ALGEBRAS & ModWLES

£ COMP. AX(OMS

pcBRn oM g VW) = (B1,.) - BiMobUALe
MiAAS A AVB\) T»AWBL
n: R&ADA

LIKEWLSE *

LEFT A-MaDNLE
V vs

DA’V >V

£ COMP. AX(OMS

RIGHT A-MSDLE

V vs

4: VoAV
£ COMP. AX(OMS

oM, i A(\I vtsl\ (8., B ) - BIMODALE

B\ A BLWA

RECALL:

V ®A V\’ = (Bl)Bz)-b\MODMLE

(81,82)-BlmoDALE

> :baV—V

d:VeBg,—V
£ COMP. AX(OMS

Copyright

© 2024 Chelsea Walton




T. HoM AND DWAL OF ALGEBRAS & ModWLES

ib\?:éBRA H-DMA—MOO\(Y)W\ = (B‘)BL)_b\MODMLE
miABA— A Voo SWy

w: ReA—DA

£ COMP. AX(OMS RECALL:

EFT A-MODWLE

Ve Vo, W = (B,5.)-bimodike
DA’ >V B\VA ) T’AWB,_

& COMP. AX(OMS

QT Ameonie | TENSOR APTNCTION FoR VECTOR SPACST

V vs H-DMlk(\A®\l) \N\ = HOM(k(V ,Hlek(lA,w))

d:VeA >V

£ COMP. AX(OMS

@\151)—B|M0D&L€ /A(LSQ H’A\Ie .

' \
"Y;u@\’"’\/ )ﬁ“Muz(\)\@V)W\ = H"Mlk("\»ﬂ“”lk(\/)“'))

d4:VeB,—V
£ COMP. AX(OMS

Copyright © 2024 Chelsea Walton



T. HoM AND DWAL OF ALGEBRAS & ModWLES

£ COMP. AX(OMS

pcBRR oM, OV, W) = (BiyB.) - biModULE
MiAAS A AVB\) IEAWBL
n: RaA—>A

RECALL:

LETT A-MadDWLE
Vs

DA’ >V
g LAMP. AX(OM S

RIGHT A-MSDLE

Vs

d: VAV
£ COMP. AX(OMS

\’ ®A V\, = (Bl)Bz)-b\MODMLE
B\VAS T’AW'B;_

TENSOR ADIWNCTI?N TOR VECTOR SPACET :

HUMlk(U\®V)W\ = H°M(k(V»H““lk(U\)\’"))

(81,82)-BlmoDALE

> :BeV—V

d:VeB,—V
£ COMP. AX(OMS

EXER.\|.2S DER\VE TENIOR-HOM ADIANCTIAN
Wow dw'! R BimodwuLes

Hom,, (U)W = thmy, (V,tomy, (W)
W= relhn V= Vu W= W

Copyright © 2024 Chelsea Walton




T. HoM AND DWAL OF ALGEBRAS & ModWLES

ALGEBRA

A Vs
M:AA A
w: ReA—DA
£ COMP. AX(OMS

HoM p oV, W) = (B1yB2) - BiMoDULE
M2 TaWs,

RECALL:

LETT A-MadDWLE
Vs

DA’ >V
g LAMP. AX(OM S

RIGHT A-MSDLE

Vs

d: VAV
£ COMP. AX(OMS

= (Bl) Ba_) -bP\MODWALE
Lw,,

v ®, W

B\VA >

TENSOR ADIWNCTI?N TOR VECTOR SPACET :

HUMlk(U\®V)W\ = H°M(k(V»H““lk(U\)\’"))

(81,82)-BlmoDALE

EXER.\|.2S DER\VE TENIOR-HOM ADIANCTIAN

= HINTS = ok BimodWLeS

o W) =

PPNy How  (UV,W) = thmy, (V,thmy,  WW))
- 5%

d:VeBg,—V

ikCﬁMP.AX(OMS \A“ B‘uA \/‘—' AV n \l““ ?.?.w’.'.
Copyright © 2024 Chelsea Walton




T. HoM AND DWAL OF ALGEBRAS & ModWLES

ALGEBRA

A Vs
M:AAS A
wn: ReA—DA
£ COMP. AX(OMS

HoM p oV, W) = (B1yB2) - BiMoDULE
M2 TaWs,

RECALL:

LETT A-MADWLE
Vs

DA’ >V
g LAMP. AX(OM S

RIGHT A-MADWLE

Vs

d: VAV
£ COMP. AX(OMS

= (Bl) Ba_) -bP\MODWALE
Lw,,

v ®, W

B\VA >

TENSOR ADIWNCTI?N TOR VECTOR SPACET :

HUMlk(U\®V)W\ = H°M(k(V»H““lk(U\)\’"))

(81,82)-BlmoDALE

EXER.\|.2S DER\VE TENIOR-HOM ADIANCTIAN

= HINTS = ok BimodWLeS

v How  (UQV)W) = thm,  (V,thm,, (W)

P :BaV—V Brnod A A-med ’.’- ’

d:VeB,—V

ikUN&P.AX(OMS \A‘“‘ B‘uA \/'-' AV n W:: B'wu
Copyright © 2024 Chelsea Walton




T. HoM AND DWAL OF ALGEBRAS & ModWLES

ALGEBRA

A Vs
M:AAS A
wn: ReA—DA
£ COMP. AX(OMS

HoM p oV, W) = (B1yB2) - BiMoDULE
M2 TaWs,

RECALL:

LETT A-MADWLE
Vs

DA’ >V
g LAMP. AX(OM S

RIGHT A-MADWLE

Vs

d: VAV
£ COMP. AX(OMS

= (Bl) Ba_) -bP\MODWALE
Lw,,

v ®, W

B\VA >

TENSOR ADIWNCTI?N TOR VECTOR SPACET :

HUMlk(U\®V)W\ = H°M(k(V»H““lk(U\)\’"))

(81,82)-BlmoDALE

> :BeV—V

d:VeB,—V
£ COMP. AX(OMS

EXER.\|.2S DER\VE TENIOR-HOM ADIANCTIAN
= CWECk THE REST = R BIMoDULES

AS B~ BIMmeDS
> Y2 VAT

HoMbrm(uch\l’ W) = o, (V) omg (W) )
W= BluA V= W = 5'\"/3,_

Vs,
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T. HoM AND DWAL OF ALGEBRAS & ModWLES

ALGEBRA

A Vs
Mm:AA— A

n: RaA—DA
£ COMP. AX(OMS

EXER.1.ZS | AvE ANQTHER OF VERSION OF:
BIMODULE TENIOR-HOM ADJIWNCTIdN

)

LETT A-MIDWLE

Vs
DA’ >V
g LAMP. AX(OM S

ALSG, HAVE -
oM (WY, W) = H°Mlk(“\»H°Mlk(V)\‘"))

RIGHT A-MSDLE

V vs

d: VAV
£ COMP. AX(OMS

TeNSOR ADTWNCTIAN) ToR VECTOR SPACST :

tome (W@V, WY = Hom (V) Homy (Wyw ))

(81,82)-BlmoDALE

> :baV—V

d:VeBg,—V
£ COMP. AX(OMS

EXER.\|.2S DERWE TENIOR-HOM ADIANCTIBN
AS B,- BIMoDS PR BimovwuLes

¢
HQMBFMOO\(U®A\’) W ) - HDMA—:«A(V ’ Fom B\'M“\(u )\'J) )
W= gl V=,Vg, W= B.wBL
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T. HoM AND DWAL OF ALGEBRAS & ModWLES

ALGEBRA

A Vs
Mm:AA— A

n: RaA—DA
£ COMP. AX(OMS

EXER.1.ZS | AvE ANQTHER OF VERSION OF:
BIMODULE TENIOR-HOM ADJIWNCTIdN

), WANT To TRY (T (22

LETT A-MIDWLE

Vs
DA’ >V
g LAMP. AX(OM S

ALSG, HAVE -
oM (WY, W) = H°Mlk(“\»H°Mlk(V)\‘"))

RIGHT A-MSDLE

V vs

d: VAV
£ COMP. AX(OMS

TeNSOR ADTWNCTIAN) ToR VECTOR SPACST :

tome (W@V, WY = Hom (V) Homy (Wyw ))

(81,82)-BlmoDALE

> :baV—V

d:VeBg,—V
£ COMP. AX(OMS

EXER.\|.2S DERWE TENIOR-HOM ADIANCTIBN
AS B,- BIMoDS PR BimovwuLes

¢
HQMBFMOO\(U®A\’) W ) - HDMA—:«A(V ’ Fom B\'M“\(u )\'J) )
W= gl V=,Vg, W= B.wBL

Copyright © 2024 Chelsea Walton




T. HoM AND DWAL OF ALGEBRAS & ModWLES

ALGEBRA

A Vs
Mm:AAS A

n: RaA—DA
£ COMP. AX(OMS

LETT A-MIDWLE

Vs
DA’ >V
£ COMP. AX(OMS

EXER.1.ZS  DERIWVE TENIOR~HOM ADIANCTIdN
RIS R BimodwLeS

HOMMQ&B:@U@A\I)W) = H“M 2 (“;H“M 22 (V)\’\l))
W= ?.(AZ V= AVBL w: ?.WBL

H“Mua(\)\®\’)w\ = H(’M(k(“\»H“’“\lk(V)\"'))

RIGHT A-MADWLE

V vs

d: VAV
£ COMP. AX(OMS

H-DMMOO\—A (Y)w\ = (Ba_) Bl)"b\MOD\ALE
B\VA) T'BLWA

LBUB:.)-BUKQD(M—B/
Vs

> :b eV

d:VeBg,—V

£ COMP. AX(OMS

EXER.|\.ZS DERIWVE TENIOR-HOM ADIANCTI™N
R BimovwuLes

AS B~ Bimaods
o
HoMbrm\(uch\” W) = tom, (V) tomg (GW) )
W= BluA V= AVB,_ \"‘: 5'\"]3,_
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T. HoM AND DWAL OF ALGEBRAS & ModWLES

ALGEBRA

A Vs
Mm:AAS A

n: RaA—DA
£ COMP. AX(OMS

LETT A-MIDWLE

Vs
DA’ >V
£ COMP. AX(OMS

EXER.1.ZS  DERIWVE TENIOR~HOM ADIANCTIdN
RIS R BimodwLeS

How  (UGV,W) 2 tom (U, tom,, (VW)
U= 0, V= Ve, W= Wg,

H“Mua(\)\®\’)w\ = H(’M(k(“\»H“’“\lk(V)\"'))

RIGHT A-MADWLE

V vs

d: VAV
£ COMP. AX(OMS

H-DMMOO\—A (Y)w\ = (Ba_) Bl)"b\MOD\ALE
B\VA) T'BLWA

LBUB:.)-BUKQD(M—B/
Vs

> :b eV

d:VeBg,—V

£ COMP. AX(OMS

EXER.|\.ZS DERIWVE TENIOR-HOM ADIANCTI™N
R BimovwuLes

AS B~ Bimaods
o
HoMbrm\(uch\” W) = tom, (V) tomg (GW) )
W= BluA V= AVB,_ \"‘: 5'\"]3,_
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T. HoM AND DWAL OF ALGEBRAS & ModWLES

ALGEBRA

A Vs
Mm:AAS A

n: RaA—DA
£ COMP. AX(OMS

LETT A-MIDWLE

Vs
DA’ >V
£ COMP. AX(OMS

EXER.1.ZS  DERIWVE TENIOR~HOM ADIANCTIdN
RIS R BimodwLeS

How  (UGVIW) 2 tom (U o, o (VW)
U= g Uy V=Ve, W= W,

B\
H“Mua(\)\®\’)w\ = H(’M(k(“\»H“’“\lk(V)\"'))

RIGHT A-MADWLE

V vs

d: VAV
£ COMP. AX(OMS

H-DMMOO\—A (Y)w\ = (Ba_) Bl)"b\MOD\ALE
B\VA) T'BLWA

LBUB:.)-BUKQD(M—B/
Vs

> :b eV

d:VeBg,—V

£ COMP. AX(OMS

EXER.|\.ZS DERIWVE TENIOR-HOM ADIANCTI™N
R BimovwuLes

AS B~ Bimaods
o
HoMbrm\(uch\” W) = tom, (V) tomg (GW) )
W= BluA V= AVB,_ \"‘: 5'\"]3,_

Copyright © 2024 Chelsea Walton




T. HoM AND DWAL OF ALGEBRAS & ModWLES

ALGEBRA

A Vs
Mm:AAS A

n: RaA—DA
£ COMP. AX(OMS

LETT A-MIDWLE

Vs
DA’ >V
£ COMP. AX(OMS

EXER.1.ZS  DERIWVE TENIOR~HOM ADIANCTIdN

A'.m-maz R BlMmodWULES
H (U® V) \N) (‘ HDM (ul H“MMQO\—‘SSV)N))
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H“Mua(\)\®\’)w\ = H(’M(k(“\»H“’“\lk(V)\"'))

RIGHT A-MADWLE
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B\V T"BLWA
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> :b eV

d:VeBg,—V
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EXER.|.ZS DERWE TENIOR-HOM ADIANCTIdN
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\'\GMBFM(U@A\’) W) 2 thm oo o\(\I ) Mg LWl )
W= BluA V= \"‘: 5'\"]3,_

Vs,
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ALGEBRA
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n: RaA—DA
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ALGEBRA
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n: RaA—DA
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ALGEBRA ASSAME F ALGERBRA MA? F:A—B
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2 = TENSOR - R D
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£ COMP. AX(OMS
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MATH 400 /56k CHEEA WALTN)
SPRING 2024 RICE W.

LECTWRE =ﬂ=4

ToP(cS:

e

I/DIREQT PRODUCT, SUM, DIRECT SUM OF ALGEBRAS & ModuLeS (§i4.1)

I\l’/ TENSORPRODUCT OF ALGEBRAS & ModWLES  (ffi4.2, (4)

Iy HOM AND DWAL OF ALGEBRAS & ModWLES  (§8L4.3 ) L)
NEXT TIME : CLASSIFSIN G NICE ALGEBRAS
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Enjoy this lecture?
You'll enjoy the textbook!

C. Walton’s “Symmetries of Algebras, Volume 1” (2024)

Available for purchase at :

619 Wreath (at a discount)

/ SYMMETRIES \
‘( o F \

ALGEBRAS https://www.619wreath.com/

VOLUME |

Also on Amazon
&
Google Play

CHELSEA WALTON

Lecture #4 keywords: Bimodule Tensor-Hom adjunction, coinduction, direct product/direct sum of algebras,

direct product/direct sum of modules, Frobenius Reciprocity, induction, restriction, tensor product of modules






