Math 211

Lecture #17




Solving x" = Ax
e Homogeneous linear system.

e Assume the system has constant coefficients,

so A is a constant matrix.
—4 2




Solution Strategy

Definition: A set of n linear independent
solutions to the n X n homogeneous system
x' = Ax is called a fundamental set of solutions.

e [ he obvious strategy for completely solvin




Structure of the Solution Space

Theorem: Suppose that x;(t), x2(%), ..

and x,,(t) are linearly independent solutions to
the n X n homogeneous system x’ = Ax on the

interval I. Then every solution to the system is a
linear combination of x1(t), x2(¢), ..., and




LLinear Independence

Definition: A set of k solutions to the linear
system x’ = Ax is linearly independent if they

are linearly independent at one value of t.




e One equation: 2z = ax

a 1S a constant.

e Solution:  x(t) = Ce*




Exponential Solutions to x' = Ax

e Can we find a solution of the form
x(t) = e*v, where v is a vector with

constant entries?

o X = \eMv




Eigenvalues & Eigenvectors

Definition: X\ is an eigenvalue of A if there is
a nonzero vector v such that Av = \v.

If X is an eigenvalue of A, then any vector v
such that Av = A\v is called an eigenvector

associated with .




Finding Eigenvalues

A is an eigenvalue of A if there is a vector v # 0
such that Av = \v.
< v # 0 and

0=Av —\v
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Example
A:(—4 2)
~3 1

AN — e 2
-3 I — A
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Characteristic Polynomial of A

/CL11 12 - Qip
a21

Q22 - A2p

A =

\anl An?2 - UAnn
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Characteristic Polynomial of A

e The characterisitic polynomial of A is
p(A\) = det(A — AI).

e If Aisan n xn matrix p(\) is a polynomial
of degree n.

e Each root of p(A) = 0 is an eigenvalue of A.
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Finding Eigenvectors

Vv is an eigenvector associated with A if

Av = Av.
(A - MN)v=0.
v enull(A — AI).
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Example

—4 2
A= ( 1) has eigenvalues A\{ = —1 and
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Example (cont.)

0)\2:—2

4192 9 9 9
A I—=[ =7 _
3 149 3 3

1
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Example (cont.)

—4 2
x' = Ax where A =
-3 1

has solutions
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Example (cont.)

—4 2
x' = Ax where A =
-3 1

e The general solution is the set of all linear

combinations:

X(t) — 01X1 (t) —+ CQXQ (t)
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Procedure to Solve x' = Ax

e Find the eigenvalues of A

the roots of det(A — AI) =0

e For each eigenvalue A find the eigenspace

= null(A — A\I)
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Cases

e Distinct real eigenvalues.
In this case the method works as described.

e Complex eigenvalues.

\/
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Planar System x' = Ax

A= (o o) e = (0]

In nonvector form
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Characteristic Polynomial

p(A) = det(A — \I)

aj; — A 19

= det
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Cont.
o Set D = det(A) = 11092 — A12091

e The trace of A is tr(A) = a11 + ass.
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Eigenvalues of A
e Roots of p(A\) = \2 —TAX+ D = 0.

. T++T?—4D
— > ,

A

e [ hree cases:
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Eigenvectors

The problem of determining that solutions are
linearly independent is eased by the following.

Proposition: M\; # Ay eigenvalues of A.
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Two Distinct Real Eigenvalues

T —+T?—-4D  T+VT?—-4D

)\1 )\2

2 ’ 2
o 7% —4D > 0s0 A\ < \o.
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Two Distinct Real Eigenvalues

If Ais a 2 x 2 matrix with

e two real eigenvalues A1 # \g, and

e associated nonzero eigenvectors v and vs
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Example

—6 -8
x' = Ax where A =
4 6

e p(\) = \? — 4. Eigenvalues: —2 and 2.

e Eigenvectors: and
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Complex Eigenvalues

T —iv4D —T?
2

\_ T +iviD — T

L A=

2

(=5 20
amplie:
Xampie- {5 4
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Example

e Solution

z(t) = eMw
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Euler's Formula

e Define

e’V = cosy + tsiny

e Define

:13—|—zy — e ez'y
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Example

e Solution
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Complex Conjugate Eigenvalues

If Ais a2 x 2 matrix with

e complex eigenvalues )\ and )\, and

e associated nonzero eigenvectors w and w
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Real Solutions

We have solutions

2(t) = x(t) + iy(t) and Z(t) = x(t) — iy(t)

Thus




