Math 211

Lecture #20

November 7, 2000

Higher Dimensional Systems

x' = Ax

e Ais an n x n real matrix.

e If \is an eigenvalue and v # 0 is an

associated eigenvector, then x(t) = e*v is a
solution.
Proposition: Suppose that A1, ..., Ag are
distinct eigenvalues of A, and that vy, ..., v

are associated nonzero eigenvectors. Then vy,
..., Vi are linearly independent.
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Theorem: Suppose the n x n real matrix A
has n distinct eigenvalues A1, ..., A\, and that
Vi, ..., Vy, are associated nonzero eigenvectors.
Then the exponential solutions x;(t) = e*itvy,
1 < i <n form a fundamental system of
solutions for the system x' = Ax.

e Example
17 -30 -8
A=| 16 -29 -8
—-12 24 7

Complex Eigenvalues
Suppose A is a real n X n matrix.

e Suppose A is a complex eigenvalue and w is
an associated nonzero eigenvector.

e Then X is an eigenvalue and W is an
associated nonzero eigenvector.

e z(t) = Mw and Z(t) = eMW are linearly
independent complex valued solutions.

e x(t) = Re(z(t)) and y(t) = Im(z(t)) are
linearly independent real valued solutions.

[Een]

Example

21 10 4
A= -70 =31 —10

30 10 -1

e The theorem applies if some of the
eigenvalues are complex and we replace
complex conjugate pairs of solutions by their
real and imaginary parts.

[hcoen]
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Repeated Eigenvalues — Example 1
-5 —10 6
A= 8 19 12)
12 30 -19
e p(A)=(A+3)(A+1)?

e Eigenspace for the eigenvalue \; = —3 has
dimension 1 = one exponential solution

-1/3
xp(t) = e3¢ ( 2/3 )
1

LJExample1a} JFaample 2} JFaample 22} JAcalysis] JRetar) |

Repeated Eigenvalues — Example 1

e Eigenspace for the eigenvalue A\ = —1 has
dimension 2 = two linearly independent

exponential solutions

—5/2 3/2
xp(t) = et 1 ) & x3(t)=et[ 0O )
0 1

Repeated Eigenvalues — Example 2
12 -1
A= (4 -7 4
—4 -4 1
e p(A)=(A+3)(A+1)?

e Eigenspace for the eigenvalue \; = —3 has
dimension 1 = one exponential solution

~1/2
xp(t) = e3¢ ( 3/2 )
1

L JExample 1} JPaamplela) JFaample?a) JAcalysis] JRetam) |
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Repeated Eigenvalues — Example 2
e Eigenspace for the eigenvalue Ay = —1 has
dimension 1 = only one exponential solution

_1/2
Xg(t) =e! 1
1

e Need a third solution.

LJExmple 1} JEcampielal JFuample2] fanahsa] JRetam) |

Multiplicities
A an n X n matrix
e Distinct eigenvalues A1, ..., Ag.

e The characteristic polynomial is

PO = (A= AT (A= A2)% (A= Ag)%.

o The algebraic multiplicity of A; is g;.

o The geometric multiplicity of A; is d;, the
dimension of the eigenspace of ;.

[Een]

Multiplicities (cont.)
We always have:
* q1tqt T qr=mn.
o 1<d; <gqj.

e There are d; linearly independent exponential
solutions corresponding to A;.

o If d; = g; for all j we have n linearly

independent solutions.

M p e
L —
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Examples
In both p(A) = (A + 1)%(A + 3).

In both Ao = —1 has algebraic multiplicity 2.

In Ex. 1 Ao = —1 has geom. multiplicity 2.
e In Ex. 2 Ay = —1 has geom. multiplicity 1.

e Problems arise when d; < g;.

= = =

New Approach
e D=1z =ax
o Solution z(t) = Ce?.
e D>1x'=Ax
o Tried x(t) = eMv.
o Why not x(t) = e!4v?

e But what is et4?

Exponential of a Matrix

Definition: The exponential of the n x n
matrix A is the n X n matrix

A 1 1
=71+ — A2 — 3+

oo 1 N
=;aA.
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Examples

Properties 1
e A commutes with e?.
o If A and B commute, then e85 = ¢4 . ¢B.

The inverse of e is e~ 4.

d tA _ fptA.

dt

Properties 2

e The solution to the intial value problem

x' = Ax with x(0)=v

x(t) = e!tv.

John C. Polking




The Key Idea

Let A be a number (an eigenvalue), and A4 an

n X n matrix.
o A=A+ (A—-X); M & A— I commute.

otA — otH(A-AD)

oA GtH(A=XD)

— Mt HAAD

t2
o1

B e B (TR B e S

A=+ ]

M T4 t(A— )+

20

Eigenvector

Let A be an eigenvalue and v an associated

eigenvector. = (A — A)v=0.
otAy — oM. GHA=AD)
t2
=eMI+HA - )+ 5(A- M)+ v
.t2
=My +t(A— )V + E(A — M)AV + -]

=€ Vv

21

Matrices with One Eigenvalue
A an n X n matrix with characteristic polynomial
p(A) = (A= A)™
e Cayley-Hamilton Theorem: If p(}) is the

characteristic polynomial of the matrix A
then p(A) = 0I.

e Inour case (A — M\ I)" =01.
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Matrices with One Eigenvalue
(cont.)

e =Mt T4 t(A—\T)

t2
+§(A—>\11)2+~-~

LA
+ (77/— 1)[( - Al ) }
Example 1

o« (V) = (A +2)

11
A+21:( . 1) (A+20)? =01

et = e[+ t(A + 21)]
L1t Y
—t 1+t

Cete] el EE [Reen]
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Example 2

0 -9 27
A= (2 3 18)
-1 3 -12

e p(A\)=(A+3)3 (A+3D)2=0I.

et = e 3 + t(A + 31)]

143t -9t 27t
et —2t 146t —18¢ |.

—t 3t 1-9t

B o] Fawe]  [Re]
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Example 3 (a)

1 2 -1
A= -4 -7 4
-4 -4 1
e Earlier example.
o p(N) = (A +3)(A+1)?

e Distinct eigenvalues \; = =3 & Ay = —1

e Different from previous two examples.

26

Example 3 (b)

e Eigenspace for the eigenvalue \; = —3 has
dimension 1 = one exponential solution

x1(t) = eMivy
—-1/2
=e 3 3/2
1

27

Example 3 (c)

e Eigenspace for the eigenvalue Ao = —1 has
dimension 1 = only one exponential solution

Xo(t) = eMlvy
~1/2

1

o However, null((A — A\21)2) has dimension 2.

[en]

9
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Example 3 (d)
o If v € null((A — A21)?) then
ety = e I + t(A — Ao 1)
t2 2
=M v+ t(A— M)V
t2 2

=M v+ t(A — N I)V].

B ] B LETIT S e S

29

Example 3 (e)
o null(A + I)? has basis

R

e Third solution:

Xg(t) = €tAV3 = eit[V(; + f(A + I)Vg}

IKF Ideal 3(d)
| NSCam— | e
30
Example 3 (f)
x3(t) = e ![vs + t(A + I)v3)
= e vy — 4tvy)
1+2¢
=et —4t | .
—4t
3(b) 3(c)
e e
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Summary

e In Examples 1 & 2 the matrix has one

eigenvalue.

o The series for e!(A=*) truncated to a

finite sum.
e In Example 3 the matrix had two eigenvalues.
o The series for et(A=*21) does not truncate.

o The series for et(A=*2D)y does truncate if
(A — /\2[)2V =0.

IKP Idpql I 7| I?(;\\I I?(d\l IRPtumI
| MSAm— | Rl =i L 1 1 | i |
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Generalized Eigenvectors

Definition: If A is an eigenvalue of A and
(A — AM)Pv = O for some integer p > 1, then v
is called a generalized eigenvector associated
with .

e The series for ¢!A=* )y truncates to a finite
sum if v is a generalized eigenvector

associated with .

e We can compute et4v.

IKe Ideal ISummar I
| —— | S—

Generalized Eigenvectors

Theorem: If X is an eigenvalue of A with
algebraic multiplicity g, then there is an integer
p < ¢ such that null((A — AI)P) has dimension q.

e For each generalized eigenvector v we can

compute e*dv.

e We can find ¢ linearly independent solutions

this way.

11

I Key ldea I
| ———
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Procedure (a)

To find ¢ linearly independent solutions
associated with an eigenvalue X of algebraic
multiplicity g.

e Find the smallest integer p such that
null((A — AI)P) has dimension q.

e Find a basis vy, v, ..., v4 of
null((A — A\I)P).

35

Procedure (b)

e Forj=1,2,...,q
x;(t) = e'v;
=My +t(A - N)v;
t2

2
+ (A= APV,
p—1 1
_ p— .
+ = 1)!(A AP~ v
IKe Ideal
—
36
Example

12
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Procedure (c)

If X is complex of algebraic multiplicity g. Then
X also has multiplicity q.

e Find the smallest integer p such that
null((A — AI)P) has dimension q.

o Find a basis wi, wa, ..., wg of
null((A — AI)P).

38

Procedure (d)
e Forj=1,2,...,q

z;(t) = eMw; + (A — \)w;
t2 2

tp—1

(p—1)!

+ (A= AD)P~'w]

e For j=1,2,...,¢ set x,(t) = Re(z;(t)) and
y;(t) = Im(z;(t)).

I Key Idea I
| N———
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