Math 211

Lecture #20




Higher Dimensional Systems

x' = Ax

e A isan n x n real matrix.




Proposition: Suppose that Ay, ..., A\x are
distinct eigenvalues of A, and that vy, ..., v

are associated nonzero eigenvectors. Then vy,




Theorem: Suppose the n x n real matrix A
has n distinct eigenvalues Aq, ..., A,, and that
Vi, ..., V, are associated nonzero eigenvectors.
Then the exponential solutions x;(t) = e?itv;,
1 <3¢ <n form a fundamental system of

solutions for the system x’ = Ax.

e Example




Complex Eigenvalues

Suppose A is a real n X n matrix.

e Suppose A is a complex eigenvalue and w is
an associated nonzero eigenvector.

e Then A is an eigenvalue and W is an

assoclated nonzero eigenvector.




Example

21 10 4
A= | —-70 =31 —10

30 10 —1




Repeated Eigenvalues — Example 1

-5 —10 6
A=| 8 19 12
12 30 —19

e p(A\) = (A +3)(A+1)?

e Eigenspace for the eigenvalue \; = —3 has




[Repeated Eigenvalues — Example 1

e Eigenspace for the eigenvalue Ay = —1 has
dimension 2 =- two linearly independent

exponential solutions

—5/2 3/2




Repeated Eigenvalues — Example 2

1 2 -1
A=\ -4 -7 4
—4 —4 1

e p(A\) = (A +3)(A\+1)?

e Eigenspace for the eigenvalue \; = —3 has




10

IRepeated Eigenvalues — Example 2

e Eigenspace for the eigenvalue Ao = —1 has

dimension 1 = only one exponential solution

~1/2
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Multiplicities
A an n X n matrix

e Distinct eigenvalues A1, ..., Ag.

e [he characteristic polynomial is
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Multiplicities (cont.)
We always have:

® 1 +G2+ -+ qr="n.

o 1§dj§q]'.
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Examples
e In both p(A\) = (A + 1)*(\ + 3).

e In both Ay = —1 has algebraic multiplicity 2.

e In Ex. 1 Ay = —1 has geom. multiplicity 2.
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New Approach

e D=12 =ax

Solution z(t) = Ce®.

e D >1x'=Ax
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Exponential of a Matrix

Definition: The exponential of the n X n

matrix A is the n X n matrix
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Examples
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Properties 1

e A commutes with e?.

A+B _ LA B

e If A and B commute, then e
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Properties 2

e [he solution to the intial value problem

x' = Ax with x(0)=v
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The Key ldea

Let A be a number (an eigenvalue), and A an
n X n matrix.

o A=+ (A—-X); M & A— Al commute.

tA _ JHA+(A=AD)]

€
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Eigenvector

Let A be an eigenvalue and v an associated
eigenvector. = (A — A )v=0.

ptAy — oAt pt(A=AD)

2
= eMT+t(A— M t—A—)\IQ AT
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Matrices with One Eigenvalue

A an n X n matrix with characteristic polynomial
P(A) = (A =A™
e Cayley-Hamilton Theorem: If p()) is the
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Matrices with One Eigenvalue
(cont.)

et =Mt [T+ t(A— M)
2
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Example 1

= ()
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Example 2

0 -9 27
A=| -2 3 —18
-1 3 12

e p(A\) = (A+3)3. (A+3I)2=0I




25

Example 3 (a)

1 2 -1
A=\ -4 -7 4
—4 —4 1

e Earlier example.
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Example 3 (b)

e Eigenspace for the eigenvalue A\; = —3 has
dimension 1 = one exponential solution

x1(t) = eMlvy
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Example 3 (c)

e Eigenspace for the eigenvalue A\ = —1 has
dimension 1 = only one exponential solution

Xo(t) = e*?'vy

—1/2
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Example 3 (d)
o If venull((A— XaI)?) then

ety = eI + t(A — \oT)
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Example 3 (e)

e null(A + I)? has basis
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Example 3 (f)

x3(t) = e "[vs + t(A + I)vs]

— € :V3 — 4tV2]
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Summary

e In Examples 1 & 2 the matrix has one
eigenvalue.

The series for e!A=*D) truncated to a
finite sum.

® I XAITIPIC
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&
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Generalized Eigenvectors

Definition: [f A is an eigenvalue of A and
(A — A )Pv = 0 for some integer p > 1, then v

is called a generalized eigenvector associated
with A.

t(A—NI)
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Generalized Eigenvectors

Theorem: If X is an eigenvalue of A with
algebraic multiplicity g, then there is an integer
p < ¢ such that null((A — AI)P) has dimension gq.

e For each generalized eigenvector v we can
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Procedure (a)

To find ¢ linearly independent solutions
associated with an eigenvalue X\ of algebraic
multiplicity gq.

e Find the smallest integer » such that
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Procedure (b)

e Forj=1,2,....¢q

x;(t) = etv;

= eMv; +t(A — M)V,
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Example
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Procedure (c)

If X\ is complex of algebraic multiplicity g. Then
A also has multiplicity g.

e Find the smallest integer p such that
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Procedure (d)

e Forj=1,2,....¢q

Zj (t) — 6>\t [Wj —+ t(A — )\I)WJ

t2 )
+5(A—AI) Wi+ -




