Math 211

Lecture #23




Second Order Equations

Theorem: Suppose that y;(t) & y2(t) are
linearly independent solutions to the equation

y"' 4+ py' + qy = 0.

Then the general solution is




Real Roots

e If \is a root to the characteristic polynomial
then y(t) = et is a solution.

e If \is a root to the characteristic polynomial




Complex Roots

o If \=a+ 10 is a complex root of the
characteristic equation, then so is A\ = a— if3.

e A complex valued fundamental set of
solutions is z(t) = e and z(¢) = e,




Harmonic Motion (1)
o Spring: y’ + £y' 4+ £y = LF(¢).
o Circuit: I” + 2I' + 71 = T E'(t).

e Essentially the same equation. Use




Harmonic Motion (2)

" 4+ 2cx’ + wiz = f(t).

e wy Is the natural frequency.

Spring: wy = /k/m.




Simple Harmonic Motion

No forcing, and no damping.

" + wiz =0

o p()\) = e w%, A = tiwyg.




Simple Harmonic Motion (2)

General solution

x(t) = Cq coswot + Cs sin wyt.




Amplitude and Phase

Put C7 and C5 in polar coordinates:

C1 = Acos o, &(Cy = Asin ¢.

Then
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Amplitude and Phase (2)

e A is the amplitude; A = /C? + C3.
e ¢ is the phase; tan¢p = C5 /(.
e 0, =3 Co=4 = A=5 ¢=0.9273.
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Example
" + 162 =0, 2(0) = —2& 2'(0) = 4

QW%ZlG = wo = 4.

e General solution z(t) = C7 cos 4t + Cs sin 4t.
o IC: —2=2(0) =C1, and 4 = 2'(0) = 4C%.
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Damped Harmonic Motion

x4+ 2cx’ + wgaz =

e p(A) = A% + 2c) + wé; roots —c = \/02 — wp.

e [ hree cases
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Underdamped

o ¢ < Wy

e Two complex roots A and )\, where

A= —c+iwand w = y/w? — 2 .




Overdamped

® c > wq, So two real roots

e — a2 — 2
c \/c wh

A1

A2

C

\/02—w

2

Oo
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15

Critically Damped
® Cc = Wy

e One negative real root A = —c with

multiplicity 2.
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Inhomogeneous Equations

Theorem: Assume

e y,(t) is a particular solution to the IHE
v+ oy +aqy = f(Q);
o y1(t) & ys(t) is a fundamental set of

solutions to the HE v"” + py’ + qy = 0.




17

Method of Undetermined

Coefficients
v +py +ay=f(t)
If the forcing term f(¢) has a form which is
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Exponential Forcing Term

y" +py' +qy = Ce

o Example: y” + 3y’ + 2y = 4e™ !
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e Homogeneous equation:

" +3y +2y=0 ODE
M +3X+2=0 Ch. poly.
A +2)(A+1) =0
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Trigonometric Forcing Term

y” —I—py' + qy = Acoswt + Bsinwt

e Example: y"” + 4y’ + 5y = 4 cos 2t — 3 sin 2t
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e Particular solution if

a+ 8b =4 a = 28/65
or
b—Sa—=—3. b= 29/65
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e Homogeneous equation:
" +4y" +5y =0 ODE
AN +4X+5=0 Ch. poly.

e Roots: A\ = —2+1
2t

cost & e ?tsint.

e Fund. set of sol'ns: e—
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Complex Method

v +px’ +qgr = Acoswt or

y" + py' + qy = Asin wt.
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e Example: 2" + 42’ + 5x = 4 cos 2t
o Solve 2" + 47" + 52 = 4e*.

o Try z(t) = ae®™.

2+ 42 + 52 = (1 + 8i)ae"
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e Particular solution
2(t) = (4 — 32i)e*"' /65
= (4 — 32i)[cos 2t + i sin 2t| /65
= |4 cos 2t + 32sin 2t] /65

+ 2 (4 sin 2t — 32 cos 2t| /65.




26

Polynomial Forcing Term

y' +py +qy=P(t)

e Example: ¢y — 3y" + 2y =1 — 4¢.
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e Particular solution if

a—3b=1 b= —2
or
20 = —4 a=—9

e Particular solution




28

Exceptional Cases

e Example: v’ — 3y’ + 2y = 3¢€l.

o Try y(t) = ae

y" — 3y + 2y = 0.
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o Try y(t) = ate’
y" — 3y’ + 2y = —ael

e Particular solution if a = —3.

e General solution
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Combination Forcing Term
Example 3" + 5y’ + 6y = 2e?* — 5cost

e Solve

//—|—5/—|—6 :26275




