Math 211

Lecture #5




Existence of Solutions

e Initial value problem:

sin(t)y’ = cos(t)y +sin®(t) with y(0) = 1.

e Every solution to the differential equation has

the form

no solution.




Existence of Solutions

e Put the equation sin(t)y’ = cos(t)y + sin”(t)
into normal form

, cost

Yy = ——y + sint.
Sin t




Existence | heorem

Suppose the function f(t,y) is defined and
continuous in the rectangle R in the ty-plane. Then
given any point (to,y0) € R, the initial value problem

y' = f(t,y) with y(to) = yo




Interval of Existence

o Example: v =1+9° with y(0) =0.

e RHS f(t,y) = 1+ y* is defined and continuous
on the whole ty-plane. The rectangle R can be

any rectangle in the plane.




Uniqueness of Solutions

e [he uniqueness of solutions to an initial
value problem is the mathematical equivalent
of being able to predict results in science and

engineering.




Unigueness of Solutions

e [nitial value problem

y =y with y(0) = 0.

e The constant function yi(t) = 0 is a solution.




T heorem

Suppose f(t,y), 0f /0y are continuous in the

rectangle R. Let Back

Suppose that (tg, xo) and (¢ both lie in R, and




Uniqueness I'heorem

Suppose the function f(t,y) and its partial derivative
Of /Oy are continuous in the rectangle R in the ty-plane.

Suppose that (tg,zg) € R. Suppose that

x/ — f(t,aj) and y/ — f(tay)a
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Geometric Interpretation

e Solution curves cannot cross.

e [hey cannot even touch at one point.

e ' =(y—1)(cost —y) and y(0) = 2. Show
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Existence and Uniqueness for Linear
Equations

y' = a(t)y+g(t) with y(to) = yo
Suppose that a and g are continuous on an interval
I = (a,b). Then

which exists for all t € 1.
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DEIELDS
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Continuity in Initial Conditions

Back to Theorem

2(t) — y(t)] < |z — yole™ "L,

e The good news:

continuous in the initial

conditions.
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Sensitivity with Respect to Initial
Conditions

Back to Theorem

z(t) — y(t)] < |zo — yole™ 0.

e [he bad news:

sensitive to initial

conditions.
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DEIELDS

Target practice with the equation

' = xcosx +tsint.




