Math 211

Lecture #6




Qualitative Analysis

e Ways to discover the properties of solutions
without solving the equation.

e Works best with autonomous equations




Properties of Autonemous

Equations

e T[he direction field does not depend on ¢

e Solution curves can be translated left and




Equilibrium Points & Solutions

y =f(ly) ¢y =siny

e Equilibrium point: f(yg) = 0.

orium solution: y(t) = yo.

e Equi




Between the Equilibrium Points

If 0 < y < m, then siny > 0.
hus 4/ (t) = siny(t) > 0, so y(t) is increasing if
0<y(t) <m




Between the Equilibrium Points

If —m <y <0, then siny < 0.
hus 4/ (t) = siny(t) < 0, so y(t) is decreasing if
- <y(t) <0




Stable & Unstable EPs

An equilibrium point vy Is

e asymptotically stable if all solutions starting
near yy converge to yg as t — 0.

e unstable if there are solutions starting




The Phase Line for v/ = f(y)

e [he phase line is a y-axis, showing

the equilibrium points and

the direction of the flow between the




Terminal Velocity

e Magnitude of the resistance proportional to
the square of the velocity:

/

V' = —g— klvlv/m




Qualitative Analysis of 4 = f(¥).

1. Graph y — f(y).
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Qualitative Analysis of 4 = f(¥).

2. Find the equilibrium points where f(y) = 0.
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Qualitative Analysis of 4 = f(v).

3. Determine the behavior between eq. pts.
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Qualitative Analysis of 4 = f(v).

4. Analyze the equilibrium points.
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Qualitative Analysis of 4" = f(v).

5. Transfer the phase line to ty-space.
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Qualitative Analysis of 4" = f(v).

6. Plot the equilibrium solutions.
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Qualitative Analysis of 4" = f(v).

(. Plot other solutions approximately.
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Modeling Population

Assume population changes due to births and
deaths. Births are roughly proportional to

population
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Modeling Population

Hence

dP
— =B-D
dt

=bP — dP
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The Malthusian Model

e Birth and death rates are not necessarily
constants, but can depend on P, and perhaps

also on ¢t.

e |If there exist sufficient resources in term of
nutrients and space, the birth and death
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The Malthusian Model

dP
—- =rP with P(0) =Ry

Solution:

P(t) — Poert
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The Malthusian Model

Under what circumstances could the Malthusian
model be a good model?

e Requires unlimited resources.

e |Laboratory experiments with small
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The Logistic Vodel

e As the population increases individuals
compete for resources — for food and for

Space.
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The Logistic Model

e The birth rate b = probability of an individual
producing offspring in a fixed period of time.

e As P increases, b decreases because of
competition between individuals. Competition
between individuals is a result of encounters

between individuals. The number of encounters
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The Logistic Model

e Similarly, the increase in d is proportional to
P

d=dy+ d, P.

e [he reproductive rate is
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The Logistic Model
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The Logistic Model

dP P
i Y
dt r( K)

e Equation is autonomous.
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Irhe Logistic Vodel

P P
d_:f,«<1_E>P with  P(0) = P,

dt




