Math 211

Lecture #6

Mixing Problems




Solving the Linear Equation
' = a(t)x + f(t)
Four step process:

1. Rewrite as 2’ — azxz = f.

2. Multiply by the integrating factor




Mixing Problem #1

A tank originally holds 500 gallons of pure water. At t =0
there starts a flow of sugar water into the tank with a
concentration of 2 Ibs/gal at a rate of 5 gal/min. There is
also a pipe at the bottom of the tank removing 5 gal/min

from the tank. Assume that the sugar is immediately and




Model

e S(t) = the amount of sugar in the tank in Ibs.

e Concentration = pounds per unit volume.

o(t) = S‘(/t) ';j

e Modeling is easier in terms of the total amount, S(?).

e Draw a picture.




The Rate of Change of S(%)

e Balance Law:
Rate of change = Rate in - Rate out

e Rate = volume rate X concentration

e For the problem




Solution

@ — Rate in - Rate out
dt

_25-




Other possible initial conditions

e There is initially 20 |bs of sugar in the tank.




Mixing Problem #2

A tank originally holds 500 gallons of sugar water with a

concentration of % Ib/gal. At t = 0 there starts a flow of
sugar water into the tank with a concentration of % Ibs/gal
at a rate of 5 gal/min. There is also a pipe at the bottom

of the tank removing 10 gal/min from the tank. Assume




Solution
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dS
—— = Rate in - Rate out

dt
25
— 2.5 —
: 100 — t’

e General solution:
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Qualitative Analysis

e Do solutions always exist?

e How many solutions are there to an ODE?

How many solutions are there to an initial value
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Example of Non-existence

e Initial value problem:

sin(t)y’ = cos(t)y +sin?(t) with y(0) = 1.

e Every solution to the differential equation has the form
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Existence of Solutions

e Put the equation sin(t)y’ = cos(t)y + sin”(t) into

normal form

, cost
y:

y + sin t.

sin t
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Existence T heorem

Theorem: Suppose the function f(t,y) is defined and
continuous in the rectangle R in the ty-plane. Then given
any point (tg,yo) € R, the initial value problem

y' = f(t,y) with y(to) = yo
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What i1s a Theorem?

e A theorem is a logical statement.

e |t contains

hypotheses (the assumptions made)
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Example of a “I'heorem™

If it rains the sidewalks get wet.




17

Mathematics and Proof

e [heorems are proved by logical deduction.

e All of mathematics comes from a small number of very
basic assumptions.

Called axioms or postulates.
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Existence of a Solution

e The existence theorem does not guarantee an
explicitly defined solution.

e In the proof, the solution is constructed as the limit of

a sequence of explicitly defined functions.




