Math 211

Lecture #7

Existence & Uniqueness




Qualitative Analysis

e Do solutions always exist?

e How many solutions are there?




Existence T heorem

Theorem: Suppose the function f(t,y) is defined and
continuous in the rectangle R in the ty-plane. Then given
any point (tg,yo) € R, the initial value problem

y' = f(t,y) with y(to) = yo




Mathematics and Proof

e [heorems are proved by logical deduction.

e All of mathematics comes from a small number of very
basic assumptions.

Called axioms or postulates.




Existence of a Solution

e The existence theorem does not guarantee an
explicitly defined solution.

e In the proof, the solution is constructed as the limit of

a sequence of explicitly defined functions.




Interval of Existence
o Example: 4/ =1+ 9y* with y(0) = 0.

e RHS f(t,y) = 1 + y? is defined and continuous on the
whole ty-plane. The rectangle R can be any rectangle

in the plane.




Uniqueness of Solutions

e How many solutions does an initial value problem have?

e The uniqueness of solutions to an initial value problem

Is the mathematical equivalent of being able to predict




Example of Non-uniqueness

e Initial value problem

y =y with y(0) =0.

e The constant function y;(t) = 0 is a solution.

e Solve by separation of variables to find that




Uniqueness Theorem

Theorem: Suppose the function f(¢,y) and its partial
derivative 0f /0y are continuous in the rectangle R in the
ty-plane. Suppose that (ty,zg) € R. Suppose that

gj/ = f(t,CC) and y/ — f(t7 y)7

and that
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Geometric Interpretation

e Solution curves cannot cross.

e [hey cannot even touch at one point.

e y = (y—1)(cost —y) and y(0) = 2. Show that
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E & U for Linear Equations

Theorem: Suppose that a(t) and g(t) are continuous
on an interval I = (a,b). Then given tq € I and any yj,
the initial value problem

y' =a(t)y+g(t) with y(to) =yo

has a unique solution y(t) which exists for all t € 1.
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DEIELDS




13

Theorem: Suppose f(t,y), Of /Oy are continuous in
the rectangle R. Let

af

6_y(t’y)|'

M = max
(t,y)ER

Suppose that (tg, zg) and (tg,yg) both lie in R, and

v = f(t,x), x(tg) =20 &
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Continuity in Initial Conditions
o Inequality: |z(t) — y(t)| < |zo — yoleMIttol.

e T[he good news:

By making sure that ¢ and yg are very close we can
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Sensitivity with Respect to Initial

Conditions
o Inequality: |z(t) — y(t)| < |zg — yoleMIt—tol,

e The bad news:




