Math 211

Lecture #21

Determinants




Nonsingular Matrices

Let A be an n X n matrix. We know the following:

e A is nonsingular if the equation Ax = b has a solution
for any right hand side b. (This is the definition.)

e |f A is nonsingular then Ax = b has a unique solution




Determinants in 2D

e How do we decide if a matrix A is nonsingular?

e A is nonsingular if and only if when put into row
echelon form, the matrix has nonzero entries along the

diagonal.

e Example: the general 2 X 2 matrix




Determinants in 3D
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e The same (but more difficult) argument shows that A

is nonsingular if and only if




Main T heorem

We will define the determinant of a square matrix A so
that the next theorem is true.

Theorem: The n X n matrix A is nonsingular if and
only if det(A) # 0.




Matrices and Minors

The general n X n matrix has the form
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Definition of Determinant

Definition: The determinant of an n X n matrix A is
defined to be

det(A) = zn:(—l)j+1a1j det(Alj).

g=1




Example

2 1 0
det 3 -2 4
-1 5 3

—2 4
(=1)? x 2 x det
5 3




Expansion by the ith Row

For any 7, we have

n

det(A) =) (—1)""ay; det(A;;).
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Properties of the Determinant

e The determinant of a matrix A is the sum of n!
products of the entries of A (sometimes x — 1.)

Each summand is the product of n entries, one from

each row, and one from each column.
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Row Operations and Determinants
If B is obtained from A by

e adding a multiple of one row to another, then

det(B) = det(A).

e interchanging two rows, then
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Example

A=125 -9 -—12
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More Properties

e If A has two equal rows, then det(A4) = 0.

e If A has a row of all zeros, then det(A) = 0.
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Column Operations and Determinants
If B is obtained from A by

e adding a multiple of one column to another, then

det(B) = det(A).

e interchanging two columns, then
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Expansion by a Column

We can also expand by a column.

det(A) = ) (=1)""a;; det(A;;).
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Determinants and Bases

Proposition: A collection of n vectors vy, v, ...,v,
in R" is a basis for R” if and only if
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Examples

11 1 1
dt(2 1 -1 —2\_1
€ _q 1 — 1.
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