Math 211

Lecture #23

Qualitative Analysis




General System in 2D
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General System in Higher D
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Vector Notation — General
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Initial Value Problem

x' =f(t,x) x(tg) = xo.

e Each component of x(ty) must be specified.




Existence & Uniqueness
General System x’ = f(t, x)
e x in an openset U C R"

e tin an interval I = (a.b




Theorem: Suppose that f(¢,x) is continuous in R, and
that all first partials of f are also continuous in R. Then
given any tg € I and xg € U there is a unique solution to
the initial value problem

x' = f(t,x) with x(t9) = xq.




Autonomous Systems

System of the form

e Look at solution curves t — x(t) € R".




Unigueness in Phase Space

Two solution curves in phase space for an
autonomous system cannot meet at a point unless the

solution curves coincide.

e If n =2, two solution curves in the phase plane cannot
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Equilibrium Points & Solutions
x' = f(x).

e [he system is autonomous.

e Xg is an equilibrium point if f(xg) = 0.

e X(t) = xq is the corresponding equilibrium solution.
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Example

x’=x2—y

y' =z —wxy
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Linear Systems

A system is linear if the unknown functions appear linearly
in the right-hand sides.

e Appear linearly means that there are no products,

powers, or higher order functions.
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Planar Linear Systems

A planar linear system is one of the form

' =a(t)x 4+ b(t)y + f(¢)
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General Linear Systems

/
r7 = a11T1 + a12%2 + -+ - + a1nTn + f1

/
Ty = A21T1 + A22%2 + - -+ + a2nTn + fo
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e Set

X = (x1, Ta, ..., Tp

f(t) = (f1(t), fo(®), ..o fu)"
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Existence & Uniqueness

Theorem: Suppose the matrix-valued function
A = A(t) and the vector-valued function f(t) are defined
and continuous in an interval I = (a, 3). Then for any tg

in I and any xg in R", the initial value problem
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Homogeneous Systems

A homogeneous system is one of the form
x = Ax

Proposition: Suppose that x1(t), x2(t), ..., and xi (%)
are solutions to the homogeneous system, and ¢y, ¢, ...,

and ¢ are scalars. Then




