Math 211

Lecture #35

Forced Harmonic Motion




Forced Harmonic Motion

Assume an oscillatory forcing term:

y" +2cy’ + wiy = Acoswt

e A is the forcing amplitude




Forced Undamped Motion

" + wly = Acoswt

e Homogeneous equation: 3" + wiy = 0

General solution




o w#wo

Initial conditions z(0) = 2'(0) =0 =

(t) 4 [cos wt — cos wyt]
z(t) = cos wt — cos wotl.
w%—wQ 0

Setw:w0+w and 5:wo—w

2




y" + wiy = Acoswpt.

An exceptional case. Particular solution

A .
T, (t) = Z—wotsmwot.




Forced, Damped Harmonic Motion

z" 4 2cx’ + wir = Acoswt

e Homo. equation: 2’ + 2cx’ + wix = 0

e Ch. polynomial: P(\) = A2 + 2¢c\ + w

e Assume the underdamped case, where ¢ < wy.




Inhomogeneous equation

" + 2cx’ + wir = Acoswt

e Use the complex method. Solve
2+ 22 +wiz = Ae™”.
Try z(t) = ae™".

t

2"+ 2¢c2 + wiz = [(iw)? + 2c(iw) + w]ae™




Example

2" + 52" + 42 = 50 cos 3t

e P(\) =)\ +5)\+4.

P(iw) = P(3i) = —5 + 15i
1




Transfer Function
e Complex solution:

1 : :
Ae™t = H(iw)Ae™".

‘0= Py
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e The characteristic polynomial P(iw) = Re'?
R = +/(w? — w?)2 + 4c%w?

2 2
¢ = arccot (Woz - )

CW

e I[ransfer Function

H (iw) = ; = le_igb = G(w)e .
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e The complex particular solution is

2(t) = H(iw)Ae™?
(w)e—z’qﬁ : Aez’wt
W

(w) A"t =9),

&
=G
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e General Solution
v(t) = 2y (t) + n(t)
= G(w)A cos(wt — ¢)

+ e~ “[C} cos nt + Cy sin nt].
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e Example: " + 52’ 4+ 4x = Acoswt

1
G(w) = and
* Glw) V(4 — w?)2 + 2502 ’

4 — 2
gb:arccot< ~ ) :
W

With w = 3,
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Steady-State Solution
z,(t) = G(w)Acos(wt — ).

e The forcing function is A coswt.

e [he steady-state response is oscillatory.
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e Set




