Math 211

Lecture #36

Forced Harmonic Motion

Nonlinear Systems

November 21, 2001

Forced, Damped Harmonic Motion
2"+ 2cx’ + wiz = Acoswt
e Ch. polynomial: P()\) = A% + 2\ + w?
o General Solution
z(t) = G(w)Acos(wt — @) + zp ().
¢ Transient term xp,(t) dies out exponentially.
¢ Steady-state solution x,(t) = G(w)A cos(wt — ¢).
> Gain: G(w) = 1//(wg — w?)? + 4c2w?.

> Phase: ¢ = arccot (w3 — w?)/2cw) .

Steady-State Solution
2p(t) = G(w)Acos(wt — ¢).
e The forcing function is A coswt.
e The steady-state response is oscillatory.

¢ The amplitude is G(w) times the amplitude of the
forcing term.

¢ The steady-state oscillation is at the forcing
frequency.

¢ There is a phase shift of ¢/w.
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Interacting Species
e Two species with populations x; & 5.

e Interaction between the species can be helpful or
detrimental.

e Basic model
) =ria

Th = roTs

e 11 & 1o are the reproductive rates.
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Reproductive Rates
e If 2o = 0 the reproductive rate for z is
T = a1 — blIl.
¢ a; > 0 = natural growth.
¢ a1 <0 = natural decline.

¢ by = 0 Malthusian growth.

¢ by > 0 logistic growth.

e If x5 > 0 the reproductive rate for zy is
r1=a; — bizy + c1za.
¢ ¢; >0 = interaction is helpful to x;.

¢ ¢1 <0 = interaction is detrimental to x;.

¢ The reproductive rate for z3 is

ro = ag — baxgy + coxy.

The model for interacting species is
2} = (a1 — b121 + c122) 71

1'/2 = ((12 — bawo + szl)IQ
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Predator Prey Model

Rabbits & foxes, fish & sharks, and cottony cushion scale
insect & ladybird beetle.

e [ = fish & S = sharks.
F'=(a—bS)F
S" = (—c+dF)S

or
F'=(a—eF —bS)F

S' = (—c+dF)S

—— T —d

Competing Species
Cattle and sheep.
e x; and x5 competing for resources.

2} = (a1 — b1x1 + c172) 71

xh = (ag — baxa + c271) T2

¢ a;>0,b;>0,& ¢;<0
e Example:
2 =(5-2z—y)r

y = (7T—22—3y)y

Linearization
The principal idea of differential calculus:

e Approximate nonlinear mathematical objects by linear
ones.

e Example: Approximate the function f(y) near yo by a
linear function.
flyo+h) = f(yo) + f'(yo)h + R(h)

where lim @ =0.
h—0 h

¢ The linear function is L(h) = f(yo) + f'(yo)h.
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Linearization of an ODE
v = f(y)

e Assume f(yo) =0 and f’(yo) # 0.
e Set y =y + u. Get

u' = f(yo +u)
= f'(yo)u + R(u)

e Approximate by the linear differential equation

@' = f'(yo)u
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nonlinear equation at yo.
¢ f'(yo) > 0 = yo is unstable.
¢ f'(yo) <0 = yq is asymptotically stable.

e We can solve the linearization explicitly.

o If f'(yo) # 0 the equilibrium point of the linearization
at 0 has the same stability properties as that of the

Linearization of a Planar System

z' = f(may)
Y =g(z,y)

e Asume (z0,%o) is an equilibrium point, so

f(z0,90) = g(z0,90) =0
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We have by Taylor's theorem
fzo+u,y0 +0)
— o fan o+ 5L () + Ryu)
9(xo + u, Y0 +v)

= %(l’oa Yo)u + %(1’07 Yo)v + Ry(u,v)
Ry (u,v) Ry(u,v)

where ———= — 0 and ———= — 0
Vu? +v? Vu? +v?

e Set x =9+ u and y = yo + v. The system becomes

0 0
o = oyt G e mn)o + By a,0)

7] 7]
U= £<I07yo)u+ 85/(900,1/0)” + Ry(u,v)

|E§Eurn! Taylor's thearem
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Linearization at (g, yo)

of _ 0 N
= %(Iov Yo)i + %(Imyo)v

0, 17)
o= £($07y0)ﬁ + i(ﬂ»yo)ﬁ
e This is a linear system.

¢ We can solve it explicitly.

¢ Does it give information about the original nonlinear
system?
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Matrix Form of the Linearization

Set u = (i1, 9)"and introduce the Jacobian matrix

P) P)

. E{;(roﬁyo) Fi(mo’yO)
N om0 Zwo,w)
o 0, Y0 By 0, Y0

e The linearization becomes

u = Ju.

Theorem: Consider the planar system
2’ = f(a,y)
y' =g(z,y)

where f and g are continuously differentiable. Suppose
that (zo,yo) is an equilibrium point. If the linearization at
(z0,y0) has a generic equilibrium point at the origin, then
the equilibrium point at (zg,yo) is of the same type.
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Generic Equilibrium Points

e Saddle, nodal source, nodal sink, spiral source, and
spiral sink.

¢ All occupy large open subsets of the
trace-determinant plane.

o Nongeneric types

¢ Center and others. Occupy pieces of the boundaries.
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e Predator prey

Examples

e Competing species

o Center
2 =y + azx(@? +y?)
y' =z +ay(a® +y°)
[Retuma] [Thearem]
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