Math 211

Lecture #41




Basic Question about y’ = f(y)

e The (forward) limit set of the solution y(¢) that starts
at y, is the set of all limit points of the solution curve.

It is denoted by w(y,).




Theorem: If S is a nonempty limit set of a solution of a
planar system defined in a set U C R?, then S is one of
the following:

e An equilibrium point.




Poincaré-Bendixson T'heorem

Theorem: Suppose that R is a closed and bounded
planar region that is positively invariant for a planar

system. If R contains no equilibrium points, then there is a




Examples

o # 1.
' =z +y—xz(z* + 3y?)

/

y =~z +y—2y°




The Pendulum

e The angle 6 satisfies the nonlinear differential equation

mL0" = —mg sinf — D',

or




The Pendulum System

e Introduce w = 0’ to get the system

0 = w

w' = —bsinf —dw




The Inverted Pendulum

e The angle 6 measured from straight up satisfies the
nonlinear differential equation

mL0" = mg sind — D¢,




The Inverted Pendulum System

e Introduce w = 0’ to get the system
0 = w

w' =bsinf —dw

e The equilibrium point at (0,0)? is a saddle point and
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The Control System

e If we apply a force v moving the pivot to the right or
left, then 6 satisfies

mL0" = mg sind — DO — v cosb,

e [he system becomes

/
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The Controlled System

e [he Jacobian at the origin is

0 1
J =
(b—Cl —d—Cz)




