Math 211

Lecture #9




Uniqueness Theorem

Theorem: Suppose the function f(¢,y) and its partial
derivative 0f /0y are continuous in the rectangle R in the

ty-plane. Suppose that (tg,zo) € R. Suppose that

gj/ = f(t,,flj) and y/ — f(tvy)a




Theorem: Suppose f(t,y), Of /Oy are continuous in
the rectangle R. Let

af

3—y(tay)|-

M = max
(t,y)ER

Suppose that (tg, zg) and (tg,yg) both lie in R, and




Continuity in Initial Conditions

o Inequality: |z(t) — y(t)| < |zg — yoleMIt—tol,

e [he good news:




Sensitivity with Respect to Initial

Conditions
o Inequality: |z(t) — y(t)| < |zg — yoleMIt—tol,

e [he bad news:




Qualitative Analysis of Autonomous

Equations

e \Ways to discover the properties of solutions without
solving the equation.

What happens to solutions y(t) as t — oc.

/




Equilibrium Points & Solutions
Autonomous equation: y' = f(y).
e Equilibrium point: f(yg) = 0.

e Equilibrium solution: y(t) = yo.

e Example: ¢y =siny




Between the Equilibrium Points
Example: ¢y’ = siny.
e O<y<m
y'(t) =siny(t) > 0 = y(t) is increasing
By uniqueness, 0 < y(t) < 7 for all ¢.

= y(t 7w ast — oo and y(t Oast — —o0




Stable & Unstable EPs

An equilibrium point yq is

e asymptotically stable if all solutions starting near g

converge to yg as t — Q.
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A Phase Line for y' = f(y)

e A phase line is a y-axis, showing
the equilibrium points and

the direction of the flow between the equilibrium

points.
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Example — Terminal Velocity

e Assume the magnitude of the resistance is proportional
to the square of the velocity:

/

v' = —g — klv|lv/m




Qualitative Analysis of 3" = f(y).

1. Graph y — f(y).

Return

12

[ steps




Qualitative Analysis of 3" = f(y).

2. Find the equilibrium points where f(y) = 0.

Return

Graph

13

[ steps
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Qualitative Analysis of v = f(v).

3. Determine the behavior between eq. pts.

Return Graph EPs 7 steps
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Qualitative Analysis of v = f(v).

4. Analyze the equilibrium points.

Return Graph EPs Between 7 steps




Qualitative Analysis of v = f(y).

5. Transfer the phase line to ty-space.

Return

Graph

EPs

Between

Anal
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[ steps




6. Plot the equilibrium solutions.

Return

Qualitative Analysis of v = f(y).

Graph

EPs

Between

Anal

Transfer
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[ steps




(. Plot other solutions approximately.

Qualitative Analysis of v = f(y).

18

Return

Graph

EPs

Between

Anal

Transfer

ESols

[ steps
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Seven Steps

1. Graph y — f(y).
2. Find the equilibrium points where f(y) = 0.

3.  Determine the behavior between eq. pts.




