Math 211

Lecture #22




Systems of Differential Equations

Example: A mixed population of predators (foxes) and
prey (rabbits).

e The prey, z(t), flourish in the absence of the predators.




Predator-Prey Model

The basic model is 2" =r, -z and ¥y =r, - y, where 7,
and r, are the reproductive rates.

e ., =a >0 if y=0, and decreases as ¥y increases.

re: = a — by.




General System in 2D

x' = f(t,z,y)

y' = g(t,x,y)

e Example:




General System in Higher D

xll — fl(taxlaxQV")xn)

CC/2 — f2(taxlax27° . 73377,)




Vector Notation — 2D
e In 2D set uy(t) = x(t) & us(t) = y(t), and

w0 = (1 )




Vector Notation — Planar System

e For the general case use vector notation and set

F(t,u) = (

f(t,ul,u2)>.

g(ta Uy, U’Z)




Vector Notation — General

e In higher dimensions, set

t

((0)\ [ (%)
x(t) = xz:( " e

f2 (t, X)




Vector Notation — Predator-Prey Model

For the predator-prey model set u; = x, and uy = y.
Then the system can be written

’ u} (a — bug)uy




10

Initial Value Problem

x' = f(t,x) x(ty) = xo.

e Each component of x(ty) must be specified.

e Example:
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Reduction of Higher Order Equation to a
System

For any higher order equation there is a first order system
which is equivalent to it, in the sense that solutions of the

system lead easily to solutions of the equation, and vice
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Example of Reduction

e Third-order equation: 4" + 2yy’ = 3 cost

e Set x1 =y, x2 =9, and z3 = y".

e [hen
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Geometric Interpretation of Solutions

e Parametric plot

Tangent vectors




