Math 211

Lecture #26




Procedure to Solve x' = Ax

e Find the eigenvalues of A, which are the roots of
det(A — A1) = 0.

e For each eigenvalue A find the eigenspace, which is
equal to null(A — A\I).




Planar System x' = Ax

a= (o o) ena o= (1)

e T[he characteristic polynomial is




e The eigenvalues of A are the roots of
p(A) = X2 —TA+ D,
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Complex Eigenvalues

o If the discriminant T2 — 4D < 0 we have complex
eigenvalues
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e Example:




Complex Numbers - |
e z=zx+1iy, z,y € R, i’ =—1.
r = Re(z), y = Im(2).

z = x — 1y is the complex conjugate of z.

2| = \/x2 + 32 is the absolute value of z.




Complex Numbers - ||
o Euler’s formula: e*¥ = cosy + isiny.
e* = e*TW = e%e' = e%[cosy + i siny].

The complex exponential behaves like the real

exponential, so e*T% = e* - eV.




Complex Matrices

Matrices (or vectors) with complex entries inherit many of

the properties of complex numbers.

o M = A +1B where A = ReM and B = ImM are real
matrices.




Complex Eigenpairs
A a real matrix

e Suppose that A is a complex eigenvalue with associated
eigenvector w. Then Aw = \w.

e Conjugating we get
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e Thus complex eigenvalues come in conjugate pairs A
and \.

e [he associated eigenvectors also come in conjugate
pairs w and w.

e A\ = wand W are linearly independent.
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(1) = x(t) — iy(t)

z(t) = x(t) + iy(t)
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Solutions in Our Example

-5 2
x' = Ax where A= o 20
-2 7

e The eigenvalues are: A=1+2iand A =1 — 2i.

e An eigenvector associated to \ is w = (3 —4,1)L.

e Complex solutions:
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e Real solutions:

cos 2t

x(t) = Re(z(t)) = ¢t (

3 cos 2t + sin 2t>
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Initial Value Problem

Solve x’ = Ax, where

A:<:Z 270>, and x(0)=<g).

The solution is
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Summary — Complex Eigenvalues

Suppose A is a real 2 x 2 matrix with

e complex conjugate eigenvalues )\ and )\, and

e associated nonzero eigenvectors w and w.

Then
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Examples

x' = Ax

where
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Eigenvectors are Linearly Independent

The problem of determining that solutions are linearly
independent is eased by the following result.

Su

Proposition: ose that A\ Mo are eigenvalues of




