Math 211

Lecture #29

Phase Plane Portraits




Planar System x' = Ax

e Equilibrium points for the system

Set of equilibrium points equals null(A).

A nonsingular = only equilibrium point is O.




Distinct Real Eigenvalues
o p(A\) =2 —TA+ D with T2 — 4D > 0.

T — T2 —4D T+ VT? —4D
— <)\2:

A
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e Eigenvectors v; and vy. General solution




Complex Eigenvalues
o p(A) =A2—TA+ D with T2 — 4D < 0

A=a+10 and A=a—10.

e Eigenvector w = vy + 1vy associated to .

e General solution




Planar Systems
A — (an CL12>
az1 Ad22
e The characteristic polynomial is p(\) = A\ — TX + D.
where

T=trA=a a9 and




o )\ & \g are the roots of p(A\) =\ —TA+ D, so

p(A) = (A= A1) (A = A2)
— )\ — (A1 + A2)A 4+ A1 Ao




Trace-Determinant Plane
e T2 4D >0

= distinct real eigenvalues A; & Ao
D = M)y < 0 = Saddle point.




o T2 — 4D < 0 = complex eigenvalues

A=a+10 and A=a—1i0.




Types of Equilibrium Points

e (Generic types

Saddle, nodal source, nodal sink, spiral source, and
spiral sink.

All occupy large open subsets of the
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Higher Dimensional Systems

x = Ax

e A is areal n X n matrix.

e If )\ is an eigenvalue and v # 0 is an associated
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Proposition: Suppose that \{, ..., \; are distinct

eigenvalues of A, and that vq, ..., v are associated
nonzero eigenvectors. Then vy, ..., v are linearly
independent.

Theorem: Suppose the n X n real matrix A has n
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Examples:

-2 3 -4
o A= O 1 0
0O 4 -1




13

Complex Eigenvalues

A a real n X n matrix with a complex eigenvalue A and

assoclate eigenvector w.

e = )\ is an eigenvalue and W is an associated nonzero

eigenvector.
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Example

21 10 4
A= | -70 —31 -10

30 10 —1
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Repeated Eigenvalues — Example 1

-5 —10 6
A= 8 19 12
12 30 -—19

e p(A) = (A +3)(A+1)?
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0)\2:—1

Eigenspace has dimension 2 = two linearly
independent exponential solutions

Eigenspace has basis vo = (—5/2,1,0)% and
V3 = (3/27 0, 1)T

Linearly independent solutions
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Repeated Eigenvalues — Example 2

1 2=l
. ( 5 )
—4 —4 1

e p(A) = (A+3)(A+1)?
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0)\22—1

Eigenspace has dimension 1 = only one exponential
solution

—1/2
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Multiplicities
A an n X n matrix

e Distinct eigenvalues A\q, ..., Ax.

e T[he characteristic polynomial is
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e We always have:

g1 +q2 + -+ qg =n.
lgdquj

There are d; linearly independent exponential




