Math 211

Lecture #33

Harmonic Motion




Harmonic Motion
e Spring: ¥y + £y + %y = LF().

o Circuit: I” + 2I' + =1 = 1 E'(1).

e Essentially the same equation. Use




The Equation for Harmonic Motion

" 4 2cx’ + wiz = f(b).

® wy is the natural frequency.

Spring: wg = \/k/m.




Simple Harmonic Motion

No forcing, and no damping.

" + wiz =0

e p(A) = N 4+ wi, A = Fiwg.




Amplitude and Phase

e Put (', and (5 in polar coordinates:

C1 = Acos ¢, & Cy = Asin ¢.




Examples

e C1=3,0Cy=4 = A=5¢=09273.




Example

" 4+ 16x =0, 2(0) = -2 &_2'(0) = 4

e Natural frequency: w2 =16 = wgy =4.

e General solution: x(t) = Cy cos4t + Cs sin 4¢.




Damped Harmonic Motion

" 4+ 2cx’ +wir =0

o p(A) = A% + 2cA + w3; roots —c 4 /2 — W2




Underdamped Case

e c < wy

e [Two complex roots A and X, where A\ = —¢ + iw and

w=\/wi —c2.
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Overdamped Case

e c > wy, so two real roots

e ]2 2
A = —cC \/c w§

)\2:—C_|_ \/62—(4}8.




Critically Damped Case

C — Wy

e One negative real root A\ = —c with multiplicity 2.
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Inhomogeneous Equations
y' +py +aqy = f(t)

e [he corresponding homogeneous equation is

y' +py +qy=0
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Theorem: Assume

e y,(t) is a particular solution to the inhomogeneous
equation " + py’ + qy = f(1);
e y1(t) & y2(t) is a fundamental set of solutions to the

homogeneous equation vy + py’ + qy = 0.
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Method of Undetermined Coefficients

v +py 4+ qy = f(t)
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Exponential Forcing Term
y' +py' +qy = Ce”

o Example: vy + 3y’ 4 2y = 4e™ ¢

3

o Try y,(t) =ae™ "% a to be determined.

Particular solution: y,(t) = 2e~ 4.
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Trigonometric Forcing Term

y” —I-py’ + qy = Acoswt + B sinwt

e Example: vy + 4y’ + 5y = 4 cos 2t — 3 sin 2t
o Try y,(t) =acos2t+ bsin2t
Particular solution: y,(t) = [28 cos 2t + 29 sin 2t]/65.

/! /
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Complex Method

2" + px’ +qgxr = Acoswt or

y" + py’ + qy = Asinwt.
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Example

2" + 42’ + bx = 4 cos 2t

e Solve 2"’ 4+ 4z + 5z = 4e2*t,

Try z(t) = ae?®.
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Polynomial Forcing Term

y"' 4+ py' + qy = P(t)

e Example: v/ — 3y + 2y =1 — 4¢.
Try y(t) = a + bt.
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Exceptional Cases

e Example: 3y — 3y’ + 2y = 3e’.

Try y(t) = ae’

1

The method does not work because e* is a solution

to the associated homogeneous equation.
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Combination Forcing Term

Example " + 5y + 6y = 2e** — 5 cost

e Solve




