Math 211

Lecture #34

Inhomgeneous Equations




Inhomogeneous Equations

Theorem: Assume

e y,(t) is a particular solution to the inhomogeneous
equation 3" + py’ 4+ qy = f(t);

e y1(t) & y2(t) is a fundamental set of solutions to the




Method of Undetermined Coefficients

v +py 4+ qy = f(t)

The mantra for finding a particular solution is as follows:




Exponential Forcing Term
' +py +qy = Ce”

o Example: y" + 3y’ + 2y = 4e™ 3¢

3

o Try y,(t) = ae™"%; a to be determined.

Particular solution: y,(t) = 2e~ 4.




Trigonometric Forcing Term

y” —I-py’ + qy = Acoswt + B sinwt

e Example: vy’ 4+ 4y’ + by = 4cos2t — 3s8in 2t
e Try y,(t) = acos2t + bsin 2t
Particular solution: y,(t) = [28 cos 2t + 29 sin 2t]/65.
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Complex Method

2" + px’ +qgxr = Acoswt or

y" + py’ + qy = Asinwt.

e Solve 2" + pz’ 4+ gz = Ae™?.




Example

2" + 42’ + bx = 4 cos 2t

e Solve 2"’ 4+ 4z + 5z = 4e2*t,

Try z(t) = ae?®.




Polynomial Forcing Term

y"' 4+ py' + qy = P(t)

e Example: v/ — 3y + 2y =1 — 4¢.
Try y(t) = a + bt.




Exceptional Cases

e Example: 3y — 3y’ + 2y = 3e’.

Try y(t) = ae’

1

The method does not work because e* is a solution

to the associated homogeneous equation.
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Combination Forcing Term

Example " + 5y + 6y = 2e** — 5 cost

e Solve
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Forced Harmonic Motion

Assume an oscillatory forcing term:

y' + 2cy’ + w(Q)y = Acoswt
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Forced Undamped Motion

y" + wiy = Acoswt

e Homogeneous equation

/! 2
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o w;éwo

y" + wly = Acoswt

ook for a particular solution of the form
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o w#wo

General solution

cos wt.

z(t) = Cy coswot + Ca sinwpt + —5——

Initial conditions z(0) = 2'(0) =0 =
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o w#wo

wWo + W

Set w = and 5:w0—w

2 2
= w=w—0 and wg=w-+09, and
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o w#wo

Example:

w=2-85 and ¢ =0.5.

Envelope: Slow oscillation with frequency 9,
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y" + wiy = Acoswpt.
We have an exceptional case. Try

T, (t) = tla coswt + bsin wt].

We find
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® W — W

Initial conditions z(0) =z'(0) =0 =

x(t) = %t sin wot.

» Example: wg = 5, and A = 2wy = 10.




