Math 211

Lecture #35




Forced Harmonic Motion

Assume an oscillatory forcing term:

y' + 2cy’ + w(Q)y = Acoswt




Forced Undamped Motion
y" +wiy = Acoswt, where w # wy

e The solution with initial conditions x(0) = z/(0) = 0:

A Asin ot

sin wt,
2w0

t) = t— t| =
x(t) e [cos wt — cos wyt]




Forced Undamped Motion (cont.)

y" +wiy = Acoswpt, where w = wy

e An exceptional case.

e Solution with initial conditions z(0) = 2'(0) = 0:




Forced, Damped Harmonic Motion
" + 2cx’ + wir = Acoswt
Use the complex method.
e Solve 2" + 2¢2' + wiz = Ae™".
o We try 2(t) = ae""’ and get

t

2" + 22 + wiz = [(iw)? + 2c(iw) + wae™




Example

2 + 52’ + 4x = 50 cos 3t

e P(A\) =X\ +5)\+4.




The Transfer Function
e The complex solution is

1

— A wt H(iw) A twt
2(t) Pliw) e (w)Ae™",
1

Is called the transfer function.

where H (iw) =




The Gain and Phase Shift

o If P(\) = A2 + 2c\ + wj is the characteristic
polynomial, then P(iw) = Re'® where

R = \/(wg — w?)2 + 4c%2w?2, and
2 _ 2
¢ = arccot (w02 - > :

Cw




e The complex particular solution is

2(t) = H(iw)Ae™?! = G(w)e ™ - Ae™*
= G(w)Ae!«t=9),
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e The general solution is

5(t) = p(t) + 2 (t)
= G(w)A cos(wt — @) + xp(t),

where xp(t) is the general solution of the homogeneous
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Example

" + 52" + 4 = 50 cos 3t

1
G(w) = and
* Gl) V(4 — w?)2 + 25w?

4 — 2
¢ = arccot ( = ) :
dw
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The Steady-State Solution
z,(t) = G(w)A cos(wt — ).

e The forcing function is A cos wt.

e Properties of the steady-state response:
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The Gain

Glw) = .

V(W — w?)2 + 4c2w?

Set w = swy and ¢ = Dwy /2 (or s = w/wqy and




