Math 211

Lecture #37




| inearization

The principal idea of differential calculus:

e Approximate nonlinear mathematical objects by linear
ones.

e Example: Approximate the function f(y) near yo by a




Linearization of a Planar System




Taylor's Theorem

e We have by Taylor's theorem

f(xo +u,y0 +v)

of of

— _(anyO) U+ 8_y(x07y0) U —I—Rf(u,?})

ox




The Linearization at (g, %)
e Set t = x9g+wuw and y = yg + v. The system becomes
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Matrix Form of the Linearization

Set u = (u,7)? and introduce the Jacobian matrix
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Properties of the Linearization

e The linearization gives us information about the
original system.

Theorem: Consider the planar system

v = f(z,y)




Generic Equilibrium Points

e Saddle, nodal source, nodal sink, spiral source, and
spiral sink.

All occupy large open subsets of the




Examples

e Center.
' =y + az(z® + y°)

y = —x + ay(x® + y°)
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Linear Analysis of Equilibrium Points

e Provides a good qualitative picture of how solutions
behave near generic equilibrium points.

e Provides limited qualitative information about the

solutions near nongeneric equilibrium points.
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Higher Dimensional Systems

Autonomous equation y’ = f(y).

e y=(y1,%2, ,yn)’, ¥, is an equilibrium point.

o f(y) = (fi(y), fo(y), -, fuly))”

e J is the Jacobian matrix
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Theorem: Suppose that y, is an equilibrium point for
y' = f(y). Let J be the Jacobian of f at y,.

1. Suppose that the real part of every eigenvalue of J is
negative. Then y, is an asymptotically stable

equilibrium point.
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Example
' = -2z — 4y + 2zy

y/=$—6y—|-5132—y2

e The origin (0,0) is an equilibrium point.




